
ANALYSIS QUALIFYING EXAM - JANUARY 2019

Attempt the following six problems. Please note the following:

• Throughout this exam, Lp(X) denotes the Lp-space of a measure space (X,M, µ)
with the associated norm of a function being ‖f‖p. Subsets of Rd are equipped
with the Lebesgue sigma algebra and Lebesgue measure unless otherwise stated.

• Partial credit will be given for partially correct solutions, even if incomplete.

• The parts of problems are not equally difficult, and will not be weighted equally.

• Good luck!

(1) Let { fn } be a sequence of non-negative real valued measurable functions on a
measure space (X,M, µ). Suppose that

∞∑
n=1

µ ({x ∈ X : fn(x) > 1 }) <∞.

Show that for µ-almost every x ∈ X, lim sup
n→∞

fn(x) ≤ 1.

(2) Show that if f ∈ Lp(R) for some p ∈ [1,∞) then

lim
t→∞

tp ·m ({x : |f(x)| > t }) = 0.
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(3) Let f ∈ L1(R). Prove that

lim
t→0

∫
R
|f(x+ t)− f(x)| dx = 0.

(4) Define fk : R→ R by fk(x) = xke−x
2/2, for k = 0, 1, . . . .

(a) Prove that ‖fk‖22 ≤ k! for all k ∈ N.

You may assume without proof that ‖f0‖22 ≤ 1.

It may help to observe that ‖fk‖22 =
∫∞
0
yk−1/2e−ydy for k ≥ 1.

(b) Show that for any λ ∈ R, the series
∞∑
k=0

ikλkfk
k!

converges in L2(R) to the function gλ(x) = eiλx−x
2/2.

You may assume without proof that n! ≥
√

2πnn+1/2e−n; this is a consequence
of Stirling’s approximation.

(5) Let f ∈ L1(R), and let g ∈ Lp(R) for some p ∈ [1,∞). Define their convolution
by

(f ∗ g)(x) :=

∫
R
f(y)g(x− y)dy.

Assuming that the function y 7→ f(y)g(x−y) is measurable for fixed x ∈ R, show
that (f ∗ g)(x) is well-defined for almost all x ∈ R, that the resulting function is
in Lp(R), and that ‖f ∗ g‖p ≤ ‖f‖1‖g‖p.

(6) Let µ and ν be finite, positive measures on a measurable space (X,M). Prove
that the following are equivalent:

(a) ν is absolutely continuous with respect to µ.

(b) for every ε > 0 there exists δ > 0 with the following property: if A ∈M and
µ(A) < δ then ν(A) < ε.


