ANALYSIS QUALIFYING EXAM, SPRING 2022

e Throughout this exam (X, ) denotes an arbitrary measure space,
and LP(u) the corresponding Lebesgue space. Also, m denotes the
Lebesgue measure in RY, and LP(E) denotes the Lebesgue space
(real-valued functions) of a subset E of RY with respect to m.

e Partial credit will be given for partially correct solutions, even if in-
complete.

e The parts of problems are not equally difficult, and will not be
weighted equally.

o Good luck!

Problem 1
Let £ C R? be a Lebesgue measurable set with m(E) > 0. Show that there
exists # € E such that for all 6 > 0, we have m(E N B(z,d)) > 0, where
B(z,0) denotes the open ball centered at x of radius 9.
Problem 2
For f € L'(R), define a function f by
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a. Show that f is continuous and bounded on R.
b. Show that f(t) — 0 as [t| — oco.

Problem 3

Let f : X — [0,00] be measurable. Suppose that ¢ := [ fdpu satisfies
0 <c<oo,and let 0 < a < 1. Prove that
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Problem 4

Let £ C R be Lebesgue measurable. Define
F:={xeR:m(I,NE) >0},
where I, := (z — 1,2+ 1). Show that F' is Lebesgue measurable.

Problem 5

Let (fn) be a sequence of measurable real-valued functions on R, and for
€> 0, let

Enc:={z eR:|fp(x)] > €}.
a. Show that if > m(E, ) < oo for each € > 0, then f, — 0 almost every-
where on R.

b. Show that if (f,) C LP(R) for some p € [1,00) and if f, — 0 in LP(R),
then m(E, ) — 0 as n — oo, for each € > 0.

Problem 6

Let f,g : X — (0,00) be measurable functions with [ fdu = [gdp = 1.
Show that if flogg € L'(u), then

[ oetan= [ frosgdn.



