
Karl Hrbacek’s nonstandard set theory
Logical symbols: . , , ,  , , , 
Other symbols, 0, 1, <, +, *  are nonlogical. 
A language is a set of nonlogical symbols.

Example:   ={<, +} 

-structures:  A = /R, <, +\,  B = /R, >, -\

 A= /A, ...\  B = /B, ---\ iff A  B and the relations and 
operations of A are the restrictions of those of B to A.

  ={<}   ={+, 0}

/R, <\  /R, \ ? / \  /R, +, 0\ ?  0,, , 1 



  ={<, +, 0}   

Terms: x, y, x  y, 0, x  0  y, ...
Atomic formulas:  x  y, x  0, x  y  z
Quantifier-free formulas: x  0, x  y  x  y, x  y  y  x
General formulas: xy x  y  y  x, x x  y,
xy x  y  z x  z z  y
Sentences: formulas without unquantified (free) variables
x  x1, x2, ..., xn
For a, b in the universe of A,

 a formula of a language ,x, y

A   means  is true about a, b in A. a, b x, y

  ={<, +, 0, 1}

 A= /Z, \ , , 0, 1
A  ? 0  0
A   ? 1  1  1
A    a, b



 DEFINITION: A  B, A is an elementary substructure of  B iff
for every formula  with  elements from Aa a

A   B  a   a

Which are elementary substructures?
/{0,1,2,...}, <, 0\   /Z, <, 0, 1\ ?

        /Z, <, 0, 1\    /R, <, 0, 1\ ?

        /Q, <, 0, 1\    /R, <, 0, 1\  ?



TARSKI’S CRITERION. If A= /A, ...\ B = /B, ---\ then A B 
if  for all , all :  c  A
      with  B   B b  B  c, b  a  A  c, a
PROOF. We show by induction on the number of quantifiers in

 that A   B when .   a   a a  A
This is true for atomic formulas by definition of  . 
This then also holds for all quantifier-free formulas since
A   B  and   a  a
A   B   a   a
implies 
A  B  and  a   a
A   B  a a   a a
A   B  a a   a a
We now prove the case for  . The case for  isxc, x 
similar.
A  A by induction,  xc, x  a  A  c, a ,

 B  B by assumptiona  A  c, a  b  B  c, b

                                 B   b  xc, x



        /Q, <\    /R, <\ ?

        /Q, +, x, 0, 1\    /R, x, 0, 1\  ?

THEOREM. If   A    A1   A2    A3     ...   then  A Ai          i

SKOLEM’S THEOREM. Every structure has a countable
elementary substructure. 

SKOLEM’S PARADOX.  Let V = /V, i, Q, R\ be the universe of
set theory. Then this has a countable elementary substructure
which contains R. How can the substructure be countable and
contain an uncountable set?

GÖDEL’S CONSTRUCTIBLE UNIVERSE L.  Start with the empty
set. At each step form a structure whose universe is the
collection of all objects previously constructed and whose sole
relation is i. Then add all sets which can be defined in this
structure. This construction continues into the transfinite
through all ordinals. L is the class of all sets so constructed.



SCOTT’S THEOREM.  Given a measurable cardinal, there are
only countably many reals in the Gödel’s constructible
universe.

/V, i, Q, R\    /L, i, Q, R\?

DEFINITION.  A theory S  is a set of sentences. A type  G is a
set of formulas  with say x as the only free variable. Ax
structure A is a model of a theory S if the sentences of S are
true in A. A type G is realized in A if there is an a in A for
which all the formulas of  G are true. A theory is consistent if
it has a model. This is equivalent (Gödel’s Completeness
Theorem) to saying one cannot prove a contradiction from the
sentences of the theory. A type is consistent with A if every
finite subset if realized in A. In this case we allow the
formulas to have parameters from A (new constants which
name element of A) in addition to the constants of the
language. 

COMPACTNESS THEOREM. If every finite subset of a theory is
consistent then the theory is consistent. 



DEFINITION.  Suppose  A B. Then we will say that B is an
elementary extension of A. B is saturated over A if, in
addition, every type with parameters from A and which is
consistent (finitely realizable) with A is realized in A.

THEOREM. Every A has an elementary extension B such that
B is saturated over A. 

Suppose  R = /R, <, +, x, 0, 1\ and suppose R  R+ which is
saturated of R. 

Prove that R+ has an infinitesimal element, i.e., an e>0
which is < every element positive real. 

Prove that R+ has an infinite integer, i.e., an integer > every
integer in R.

THEOREM (Hrbacek?). There is set of a densely ordered
(ordered by inclusion 9) collection of universes of set theory
with the initial universe being /V, i, Q, R\ such that each
larger universe is a saturated elementary extension of each
smaller universe. 




