DeriniTION. A theory is a set of sentences. A type Is a set of
formulas ¢(x) in some fixed variable x. A structure 20 is a
model of a theory If all the theory’s sentences are true in 2.
A type is realized in 2 if there is an a in A which makes all
the type’s formulas true. A theory iIs consistent if it has a
model. By Gddel’s Completeness Theorem, this is equivalent
to saying one cannot prove a contradiction from the theory.
A type is finitely realized in 2 if every finite subset Is
realized in 2. In this case we allow the formulas to have
parameters from AU (new constants which name elements of
N).

CowmpAacTNEss THEOREM. If every finite subset of a theory Is
consistent then the theory Is consistent.

DeriniTioN. B Is saturated over 2 if A <B (VW Is an
elementary extension of ) and, in addition, every type with
parameters from 2 which is finitely realized in 2 is realized
In V.

THeorem. Every 2 has an elementary extension 2 such that
B Is saturated over .



Exercise: Suppose R =(R, <, +, x, 0, 1) and suppose R <
R™ which is saturated over R.

Prove that R™ has an infinite integer: an integer n > every
Integer in R.
1<X, 2<X, 3<X, 4<X, ..

Prove that R™ has an infinitesimal element: a positive ¢
which is < every positive real: 0 < ¢ < R*.
0<X X<3, X<3, X<7, ...



THeorem (Hrbacek?). There is a dense linearly ordered (by
inclusion <) collection of universes of set theory with initial
universe {V, €, &, R) such that:
- Each larger universe is a saturated elementary extension
of each smaller universe.
« For any set x in the union of these universes, there is a
minimal universe V(X) containing this set. Every universe is
the minimal universe of some set x.
. Every universe U satisfies a strong comprehension axiom:
For every A, formula ¢(x,C) (A, T need not be in U), there
IS

dBe U suchthat vxeU[xeB & xe A &p(x,C)].

DeriniTiOoN Relative to any universe U,
nis infinite If R{ < n, otherwise it is finite.
m << n Iff R_L'_J(m) <N
g Is Infinitesimal Iff |e| < R{.
r~s, r,sareultraclose, Iff |r—sg|is infinitesimal.

ProPosITION UcCV & X=yYy = X=yYV



THeoreM. Every finite real is ultraclose to a standard real.

Proof. Let r* be a finite real (presumably nonstandard).
Let r be the (standard) least upper bound of
{standardx : x <r*}. Then r is ultraclose to r* since:

If r Is a standard distance above r*, then r is not the least
upper bound.

If r Is a standard distance below r*, then r is not an upper
bound for numbers < r*,

THEOREM (IN HRBACEK’S UNIVERSE). Relative to a universe U,
(1) For every infinite n, there Is an intermediate infinite m,
RT™ <<m<<n.

(2) For every infinitesimal €, there Is a intermediate
Infinitesimal 0: ¢ <<o <RY;.

Proof: (1) Use the density of universes to pick m’s universe
to be between U and n’s universe. U < U(m) < U(n).



ProposiTION. For any a, any real function f in any universe
U:

e lim.a, =b Iff ay = b forall infinite N.
- T is continuous at a Iff f(x) ~f(a) when x ~ a.

In single-level nonstandard analysis, you can use this to
prove polynomials are continuous on the standard reals. But
to prove they are continuous on nonstandard reals, you have

to return to the -6 method. Here, you don’t.

The next two proofs use of multiple levels of nonstandard
reals. Both are from Hrbacek’s “Analysis with ultrasmall
numbers”, American Mathematical Monthly, Nov. 2010.



THEOREM (EULER). Iimn_,oo(1+%)n =20 nl (=e)
Proof. Since the right sum convergences by the ratio test, it

suffices to show that (1+ )N = =g = for all infinite N.
Given N, pick an intermediate infinite M: R™ << M << N.

(1+ N)N n:O (N— n)| nl 1N_n . (%)n (binomial theorem)

_ ZN N (N-1) (N-2) ... (N—-(n-1)) 1
o = n! NN

L(1-\)A-F)-- (155

:Zhl:O n!
1(1-+)(1=2)...(1-2L
_ym, 2k nN!)( o callinis Ly

1(1-+)(1- 1-
+ 3N =il n.)( ) (call this K)

=L+K




Recall: R* << M << N.

Thus, in the universe of M, M is finite but N is infinite. Thus

%,%, ey nﬁl,% are infinitesimal.

Hence 1-x~1, 1-4=~1, .., 1-t~1
Hence 1(1—+)(1—%)...(1— n_l) ~m 1 sinceitis a

finite product of numbers ultraclose to 1.

Hence
1(1-+)(1-2)...(1-2L)
M N N N M 1 o 1
L=xM, - ”M 20 T FR 20 T
1(1-3)(A-F)-(1-55)
K = Zn M-+1 nl IS

1(1)(1)...(1
<>N. 1 ()(n? S, <M o > ~r 0 since 2* o

converges and M is infinite.
Hence, in the standard universe of R,
A+E3N=L+Kr X2y +0=X%, = for all infinite N,

Hence liMno(1+F)" =270+ ©



L’HospITAL’s RULE FOR oo/00, Suppose f and g are
differentiable in the deleted neighborhood of a. Suppose

/

: I . :
L =limy.agy exists and limy.a f(X) = limy.a g(x) = o.

. 0 _ . '
Then limeagry = liMaygig -

f
Proof. We must show™ that for all x ultraclose to a, g% ~ L.

We prove the case for a < x.
Choose y such that x —a <<y—a<<R*. Hencea<x<y.
By Cauchy’s mean value theorem, Jc < (x,y) such that

oty _ 1o fo o toty
909-9(y) ~ g'(e) PN C=A gie) ¥ g(0-g(y) ¥+

In y’s universe, X is ultraclose to a but y is not. Thus

f (y) and g(y) are finite but f (x) and g(x) are infinite (since

: f
limy_4 f(X) = limy_5 g(X) = ). Hence fg;, 883 are ~ 0.

Hence, for all x ultracloseto a, L =

-ty 10 HWI®  fe )
g(x)-g(y) — g "~ 1-g(y)/gx) =Y 9 which was to be shown™.




