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ABSTRACT. Nous introduisons une nouvelle propriété des systemes
dynamiques topologiques, que nous appelons complexité dynamique
finie. Les produits-croisés de C'*-algebres associés aux systemes dy-
namiques ayant cette propriété peuvent étre décomposés en parties
plus simples, ce qui permet de calculer leurs groupes de K-théorie,
via des méthodes de K-théorie controlée.

Dans cet article, nous illustrons cette idée en donnant une nou-
velle preuve de la conjecture de Baum-Connes pour les actions de
complexité dynamique finie. Nous avons essayé de rendre 'article
aussi indépendant du reste de la littérature que possible, afin qu’il
reste accessible pour quelqu’un n’ayant suivi qu'un premier cours
de K-théorie opératorielle. En particulier, nous ne supposons au-
cune connaissance préalable de la K-théorie controlée, et nous util-
isons un nouveau modele concret pour la conjecture de Baum-
Connes a coefficients qui n’utilise pas la K-théorie bivariante de
Kasparov.
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ABSTRACT. In this paper, we introduce a property of topological
dynamical systems that we call finite dynamical complexity. For
systems with this property, one can in principle compute the K-
theory of the associated crossed product C*-algebra by splitting
it up into simpler pieces and using the methods of controlled K-
theory. The main part of the paper illustrates this idea by giving
a new proof of the Baum-Connes conjecture for actions with finite
dynamical complexity.

We have tried to keep the paper as self-contained as possible: we
hope the main part will be accessible to someone with the equiva-
lent of a first course in operator K-theory. In particular, we do not
assume prior knowledge of controlled K-theory, and use a new and
concrete model for the Baum-Connes conjecture with coefficients
that requires no bivariant K-theory to set up.
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1. INTRODUCTION

Throughout this paper, the symbol ‘I' G X’ will mean that I' is a
countable discrete group, X is a compact Hausdorff space, and I' acts
on X by homeomorphisms. We will abbreviate this information by
saying that ‘I' G X is an action’.

Our work here is based around a new property for actions, which
we call finite dynamical complexity. This is partly inspired by the
geometric notion of finite decomposition complexity, introduced by the
first and third authors together with Tessera [8], and by the notion of
dynamic asymptotic dimension, which was introduced by the current
authors in earlier work [10].

The precise definition of finite dynamical complexity requires groupoid
language to state; rather than get into details here, we just give an idea
and refer the reader to Definition (see also Definition for the
precise version. Roughly, then, we say an action I' G X decomposes
over some collection C of ‘dynamical systems’ (more precisely, étale
groupoids) if it can be ‘locally cut into two pieces’, each of which is in
C. The action I' G X has finite dynamical complexity if it is contained
in the smallest class C that is: closed under decompositions; and con-
tains all dynamical systems that are ‘essentially finite’ (more precisely,
have compact closure inside the ambient étale groupoid).

This definition allows the K-theory groups K,(C(X) x, I') to be
computed, at least in principle: the idea is that one can often com-
pute the K-theory of essentially finite pieces using classical (‘commu-
tative’) techniques from algebraic topology and the theory of type I
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C*-algebras, then use generalized (‘controlled’ [19]) Mayer-Vietoris ar-
guments to reassemble this into the K-theory of the whole crossed
product C(X) x, I'. Strikingly, the C*-algebras C(X) x, I' to which
these methods apply are often simple; thus one has no hope of apply-
ing classical Mayer-Vietoris techniques, as these require the presence
of non-trivial ideals. This strategy works particularly well when one is
trying to show vanishing of certain K-theory groups.

To illustrate this strategy for computing K-theory, the main part of
this paper applies the idea above to the Baum-Connes conjecture for
an action I' G X with finite dynamical complexity. This conjecture (a
special case of the Baum-Connes conjecture for I' with coefficients [4])
posits that a particular assembly map

(1.1) i KD, 0(X)) — K. (C(X) %, T)

is an isomorphism; here the domain is a topologically defined group
associated to the action, and the codomain is the operator K-theory
of the reduced crossed product C*-algebra C'(X) x, I', an analytically
defined object. The existence of such an isomorphism relating two quite
different aspects of the action has important consequences for both: for
example, it has consequences for Novikov-type conjectures associated
to I', and implies the existence of various tools to better understand
the K-theory of the crossed product.

The main part of the paper proves the following result, which is
inspired in part by the third author’s work [38] on the coarse Baum-
Connes conjecture for spaces with finite asymptotic dimension, the first
and third authors” work with Tessera on the bounded Borel conjecture
for spaces with finite decomposition complexity [§], and the work of all
three authors on dynamic asymptotic dimension [10].

Theorem 1.1. Let I' G X be an action with finite dynamical com-
plexity, where X is a second countable compact space. Then the Baum-
Connes conjecture holds for I' with coefficients in C'(X).

Our proof of Theorem starts by replacing the problem of prov-
ing that p as in line (1.1)) above is an isomorphism with the prob-
lem of showing that the K-theory of a certain obstruction C*-algebra
A(l' G X) vanishes. For this obstruction C*-algebra one can apply
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the strategy for computing K-theory outlined above, and show that it
is indeed zero.

The hypotheses of Theorem cover many interesting actions: we
refer the reader to our companion paper [10], particularly the introduc-
tion, for a discussion of the case of finite dynamic asymptotic dimen-
sion. We suspect that finite dynamic dimension implies finite dynami-
cal complexity, but did not seriously pursue that problem.

Relating the above to the literature, we should note that Theorem
is implied by earlier work: indeed, it follows from work of Tu [31]
on the Baum-Connes conjecture for amenable groupoids and the fact
(Theorem below) that finite dynamical complexity of a groupoid
implies amenability. Some of the key tools in Tu’s proof are the Dirac-
dual-Dirac method of Kasparov [16], the work of Higson and Kasparov
on the Baum-Connes conjecture for a-T-menable groups [11], and Le
Gall’s groupoid-equivariant bivariant K-theory [1§]. As already hinted
at above, our proof is quite different: it gives a direct way of under-
standing the group K,(C(X) %, I') that uses much less machinery.

Our motivations for giving a new proof of Theorem are four-
fold. First, we want to illustrate the controlled methods for computing
K-theory as already mentioned above. Second, we want to make the
Baum-Connes theory more direct so that it might be adapted to com-
putations of K-theory for much more general classes of C'*-algebras
with an eye on the Kiinneth theorem and UCT problem as pursued
in [20, 34] and [36] respectively. Third, we want to make techniques
from the Baum-Connes theory more algebraic, so as to highlight and
strengthen interactions with the Farrell-Jones theory in algebraic topol-
ogy [2, B]. Fourth, the proof is fairly self-contained: we have tried to
make it accessible to a reader who has understood an introduction to
C*-algebra K-theory at the level of [27] or [32].

On this fourth point, we hope that the paper can be read with-
out prior knowledge of Baum-Connes theory, groupoids, controlled K-
theory, or even crossed product C*-algebras. This makes the proof
more elementary than most existing proofs of special cases of the Baum-
Connes conjecture. In order to do this, we introduce a direct geometric
/ combinatorial reformulation of the Baum-Connes conjecture; we show
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that it agrees with the traditional one using Kasparov’s K K-theory [4]
in an appendix. Using these elementary methods also has the advan-
tage that Theorem remains true (correctly interpreted) if one drops
the second countability assumption on X.

To conclude this introduction, we should note that this paper only
just starts the study of finite dynamical complexity and its relation to
other properties. We ask several open questions in through
below: some of these might be difficult, but we suspect some are quite
accessible.

Outline of the paper. Section [2] builds a concrete model for the Baum-
Connes assembly map for an action I' G X based on the localization
algebras used by the third author to give a model for the coarse Baum-
Connes assembly map [37]. Section |3| introduces some language from
groupoid theory that will be useful in carrying out various decom-
positions, and which is crucial for the definition of finite dynamical
complexity given at the end of that section. Section [4| gives a self-
contained description of the controlled K-theory groups we will need
for the proof, following work of the third author [38], and of Oyono-
Oyono in collaboration with the third author [19]. Section [5|lays out
the strategy for proving Theorem [I.I| which is based roughly on the
proof of the coarse Baum-Connes conjecture for spaces with finite as-
ymptotic dimension of the third author [38], and the work of the first
and third authors with Tessera [8] on the stable Borel conjecture; in
particular, it reduces the proof to two technical propositions. These
technical propositions are established in Sections [6] and [7] There are
two appendices, which require a bit more background of the reader.
Appendix [A] relates our finite dynamical complexity to finite decompo-
sition complexity in the sense of [8], and to topological amenability [I]
as well as asking some questions; this requires some background in the
general theory of étale groupoids. Appendix |B|identifies our model for
the Baum-Connes assembly map with one of the standard models using
K K-theory; as such, it requires some background in equivariant K K-
theory. The appendices are included to connect what we have done
here to preexisting theory, and are certainly not needed to understand
the rest of the paper.
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2. ASSEMBLY MAPS

Throughout this section, I' G X is an action in our usual sense: I'
is a countable discrete group, X is a compact Hausdorff topological
space, and I' acts on X by homeomorphisms. Our goal in this section
is to develop a concrete and elementary model for the Baum-Connes
assembly map for I" with coefficients in C'(X). The construction is mod-
eled on the localization algebra approach to the coarse Baum-Connes
conjecture of the third author [37].

We will assume throughout that I" is equipped with a proper length
function and the associated right invariant metric as in the next defi-
nition.

Definition 2.1. A (proper) length function on a group I' is a function
|- | : ' > N that satisfies the following conditions:

(i) |g| = 0 if and only if g = e (where e is the identity element of T');
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(ii) |gh| < |g| + |hl;
(i) |9~ = lgl;
(iv) for any r = 0, {g € T' | |g| < r} is finite.

Associated to such a length function is a metric defined by d(g, h) :=
lgh™"].

Note that the right action of the group on itself preserves the metric
associated to a length function, and that if the length function is proper,
then for any r > 0 there is a uniform bound on the cardinality of all r-
balls. Examples of length functions and associated metrics are provided
by word metrics associated to finite generating sets, when such exist.
Length functions always exist on a countable group, whether or not it is
finitely generated, and the metrics they define are unique up to ‘coarse’
(large-scale) equivalence: see for example [33, Proposition 2.3.3]. Our
use of a length function will only depend on the coarse equivalence
class, and therefore fixing one makes no real difference.

Definition 2.2. Let s > 0. The Rips complex of I" at scale s, denoted
P,(T"), is the simplicial complex with vertex set I', and where a finite
subset E of I' spans a simplex if and only if

(2.1) d(g,h) < s forall g,h e E.

Points z € Ps(I') can be written as formal linear combinations

z = Ztgg,

gel’
where each t, is in [0,1] and >} ., = 1. We equip the space Ps(I')
with the ¢'-metric

d(Ztgg,Z sgg> = Z |ty — 54l

gel’ gel’ gel’

The barycentric coordinates on Py(I') are the continuous functions (¢, :
Py(I") — [0,1])4er indexed by g € I' that are uniquely determined by
the condition

Z= 2 ty(2)g

gel

for all z € Py(T).
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Using the fact that balls of radius s in I' are (uniformly) finite, it
is straightforward to check that Ps(I") is finite dimensional and locally
compact. Note also that the right translation action of I' on itself
extends to a right action of I" on P,(I") by (isometric) simplicial auto-
morphisms.

We now want to build Hilbert spaces and C*-algebras connected
to both the large scale geometry of T' (called ‘Roe algebras’) and the
topological structure of Py(T") (called ‘localization algebras’).

Definition 2.3. For each s > 0, define

Zy = { Y tyg e P(T)

gel

ty € Q for allgef}.

Note that Z, is [-invariant, so the ['-action on Ps(I") induces a (right)
action on each 7.

Let (?(Z,) denote the Hilbert space of square-summable functions on
Z,. Let (2(X) denote the Hilbert space of square-summable functions
on X. Fix also a separable infinite dimensional Hilbert space H, and
define

H,:=*(Z,)®F*(X)® H® ().

Equip H, with the unitary I' action defined for g € I' by
Ug : 5z®6x®77®5h = 5zg—1 ®6gx®77®5gh7

where z € Z,, v € X, n€ H and h € I'. When convenient, we will use
the canonical identification

(2.2) H, = (*(Z, x X,H® (*(T))
of H, with the Hilbert space of square-summable functions from Z, x X

to H® (*(T).

Note that if sg < s then Py (I") identifies equivariantly and isometri-
cally with a subcomplex of Ps(I"), and moreover Z,, < Z;. Hence there
are canonical equivariant isometric inclusions

(2.3) H,, < H,
which we will use many times below.

Write now Kr for the compact operators on H®¢*(T") equipped with
the I' action by =-automorphisms that is induced by the tensor product
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of the trivial action on H and the (left) regular representation on ¢*(T").
Equip the C*-algebra C'(X, Kr) = C(X) ® Kr of continuous functions
from X to Kr with the diagonal action of I' induced by the actions
on C(X) and Kr. Note that the canonical faithful representation of
C(X,Kr) on (*(X)® H®¢*(T) is covariant for the unitary representa-
tion defined by tensoring the canonical permutation action on ¢*(X),
the trivial representation on H, and the regular representation on £%(T").

Definition 2.4. Let T be a bounded operator on H;. We may think
of T as a Z; x Zs-indexed matrix T = (7,.), where each entry is a
bounded operator on £*(X)® H ® (*(T"). We will be interested in the
following properties of such T

(i) T is I'-invariant if u,Tu} = T for all g€ T'.
(ii) The Rips-propagation of T is the number

r = sup{dp,)(y,2) | Ty,. # 0}.

(iii) The I'-propagation of T is the supremum (possibly infinite) of the
set

{dr(g,h) | T,. # 0 for some y, z € Zs with t,(y) # 0, t5(z) # 0},

where t,,t, : Ps(I') — [0, 1] are the barycentric coordinates asso-
ciated to g and h as in Definition above.
(iv) T is X-locally compact if for all y, z € Z,, the operator T, , is in
the C*-subalgebra C'(X, Kr) of the bounded operators on £*(X)®
H ® (*(T"), and moreover if for any compact subset K of P,(T),
the set
{(,2) € K x K| T, # 0}

is finite.

Remark 2.5. (This remark relates the definition above to earlier ones
in the literature, and can be safely ignored by readers who do not know
the earlier material). Traditionally in this area (see for example [37])
one defines a suitable length metric on each Rips complex Ps(T"), and
uses only the propagation defined relative to this metric. We have
‘decoupled’ the notion of propagation into the I-propagation (relevant
only for large-scale structure) and the Rips-propagation (relevant only
for small scale structure). The reason for doing this is that in the
traditional approach the metric depends on the Rips parameter s, and
it is convenient for us to have metrics that do not vary in this way.
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Definition 2.6. Let C[[' G X s] denote the collection of all I'-invariant,
X-locally compact operators on H,, with finite I'-propagation. It is
straightforward to check that C[I' G X;s] is a =-algebra of bounded
operators.

Let C*(I' G X;s) denote the closure of C[I' G X;s| with respect
to the operator norm. The C*-algebra C*(I' G X; s) is called the Roe
algebra of I' G X at scale s.

We will always consider C[I' G X;s] and C*(I' G X;s) as con-
cretely represented on Hy, and equipped with the corresponding oper-
ator norm. Elements of C*(I' G X s) can be thought of as matrices
(Ty.2)y,2ez, With entries continuous equivariant functions 7, , : X — Kr
in a way that is compatible with the =-algebra structure; we will fre-
quently use this description below.

Remark 2.7. The Roe algebras C*(I' G X; s) are all isomorphic to the
stabilization of the reduced crossed product C*-algebra C'(X) x,.I'. We
do not need this remark in the main body of the paper, but include it
now as it may help orient some readers. See Appendix [B|for a proof.

Note that the Rips-propagation is not relevant to the definition of
the Roe algebras; it is, however, used in a crucial way in the next
definition.

Definition 2.8. Let C[I' G X s]| denote the *-algebra of all bounded,
uniformly continuous functions

a:[0,00) - C[I' G X; 5]
such that the I'-propagation of a(t) is uniformly finite as ¢ varies, and
so that the Rips-propagation of a(t) tends to zero as ¢ tends to infinity.

Let C¥(I' G X;s) denote the completion of C,[I' G X;s] for the
norm

lall :=sup fa(t)[c*rcx.s)-
te[0,00)

The C*-algebra C}(I' G X s) is called the localization algebra of T' G
X at scale s.
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Note that an element a of CF(I' G X;s) comes from a unique
bounded, uniformly continuous functions

a:[0,0) - C*(I'G X;s)

(satisfying some additional properties). We will think of C,[[' G X s]
and C7(I' G X;s) as concretely represented on the Hilbert space
L?[0,00) ® H, in the obvious way.

Finally in this section, we come to the definition of the assembly
map. First, let

(2.4) e : K (Ci(I G X;8)) > K (C*T G X 9))

denote the evaluation-at-zero *-homomorphism a — a(0). Assume that
50 < s. Then the isometric equivariant inclusion H,, < H; from line
(2.3) above induces isometric inclusions

C'"I'G X;80) cC*(I' G X )

and

Ci(FG X;s0) < Ci(T G X;8)
of C*-algebras, and thus we get directed systems (C*(I"' G X s))5>0
and (CE(F G X; s))8>0 of C*-algebra inclusions. Moreover the evaluation-

at-zero maps from line (2.4) are clearly compatible with these inclu-
sions, whence we may make the following definition.

Definition 2.9. The assembly map for I' G X is the direct limit
€ lim K, (C;(I' G X)) — lim K, (C*(I' G X s))

S§—00 §—00

of the evaluation-at-zero maps from line (2.4]) above.

Remark 2.10. This map identifies naturally with the Baum-Connes as-
sembly map for I with coefficients in C'(X'), whence the name. Analo-
gously to Remark above, we do not need this fact in the main body
of the paper, but include it now in case it is helpful for some readers.
See Appendix [B] for a proof.

Our main goal in this paper is to prove the following theorem.

Theorem 2.11. Let I' G X be an action with finite dynamical com-
plexity. Then the assembly map is an isomorphism.
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Remark 2.12. Thanks to the results of Appendix [B], this is the same
result as Theorem from the introduction, although without the
assumption that X is second countable. The only reason for includ-
ing second countability of X in the statement of Theorem is to
avoid technical complications that arise in the traditional statement of
the Baum-Connes conjecture with coeflicients in a non-separable C*-
algebra. Assuming separability would make no difference for the proof
of Theorem however, so we omit the assumption here.

In order to prove this theorem, it is convenient to shift attention to
an ‘obstruction group’.

Definition 2.13. Let C},(I' G X;s) denote the C*-subalgebra of
CH(I' G X;s) consisting of functions a such that a(0) = 0. The C*-
algebra C7 o(I' G X s) is called the obstruction algebra of I' G X at
scale s.

There is clearly a directed system ( 1o G X; s))s2 , of obstruction
algebras. The following straightforward lemma explains the terminol-
ogy ‘obstruction algebra’: the K-theory of these algebras obstructs
isomorphism of the assembly map.

Lemma 2.14. The assembly map of Definition [2.9 is an isomorphism
if and only if
lim K,(C7 (' G X;5)) = 0.

S§—00

Proof. The short exact sequence
0——=Ciol' G X;5) —=Ci' G X;5) —=C*(I' G X;5) 0

gives rise to six term exact sequence in K-theory. The lemma follows
from this, continuity of K-theory under direct limits, and the fact that
a direct limit of an exact sequence of abelian groups is exact. O

Thus in order to prove Theorem [2.11] it suffices to prove that the
group in the statement of Lemma [2.14] vanishes whenever I' G X
has finite dynamical complexity. The proof of this occupies the next
five sections. We spend the next two sections developing machinery: in
Section |3 we introduce some convenient language from groupoid theory,
use this to define useful subalgebras of the obstruction algebras, and
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introduce finite dynamical complexity; and in Section |4 we introduce
controlled K-theory, which gives us extra flexibility when performing
K-theoretic computations.

Having built this machinery, Section |5| sketches out the strategy of
the proof of Theorem [2.11} the basic idea is to first use a homotopy
invariance result to show that the K-theory of the obstruction algebra
associated to an ‘essentially finite’ dynamical subsystem of I' G X
vanishes; and then to use a Mayer-Vietoris type argument to show that
the class of dynamical subsystems of I' G X for which the K-theory of
the obstruction algebra vanishes is closed under decomposability. The
proofs of the homotopy invariance result, and of the Mayer-Vietoris
type argument are somewhat technical, and are carried out in Sections
[6] and [7] respectively.

3. GROUPOIDS AND DECOMPOSITIONS

Our goal in this section is to show how ‘subgroupoids’ of the action
I' G X give rise to C*-subalgebras of the Roe algebras and localization
algebras of Section [2 We try to keep the exposition self-contained: in
particular, we do not assume that the reader has any background in
the theory of locally compact groupoids or their C*-algebras.

Throughout this section I' G X is an action in our usual sense: I’
is a countable discrete group and X is a compact space equipped with
an action of a I' by homeomorphisms. We also fix a (proper) length
function on I' and associated right-invariant metric as in Definition [2.1}

Definition 3.1. The transformation groupoid associated to I' G X,
denoted I' x X, is defined as follows. As a set, I' x X is equal to

{(gr,9,2) e X xT'x X |geT,z e X}.

The set I' x X is equipped with the topology such that the (bijective)
projection I' x X — I' x X onto the second and third factors is a
homeomorphism.

The topological space I'x X is equipped with the following additional
structure.
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(i) A pair ((hy,h,y), (9z,g,x)) of elements of ' x X is composable
if y = gx. If the pair is composable, their product is defined by
(hgx,h, gz)(gz, g, ) := (hgz, hg, ©).
(ii) The inverse of an element (gzx, g, z) of I" x X is defined by

(92, 9,2)"" == (w,97", g).
(iii) The units are the elements of the open and closed subspace
T x X)) :={(z,e,2) eT x X |z € X}
of I' x X.

We can now discuss the algebra of supports of elements in the Roe
algebra. For this, recall from Definitions and that we can think
of an operator T in C*(I' G X;s) as a matrix (7}, ), ez indexed by
Zs with entries continuous functions 7}, , : X — Kr.

Definition 3.2. Let s > 0, and let P,(I") be the associated Rips com-
plex with barycentric coordinates ¢, : Ps(I') — [0, 1] as in Definition
Define the support of z € Py(I") to be the finite subset

supp(2) 1= {g € I' [ t4(2) # 0}
of T'. Define the support of T € C*(I' G X; s) to be the subset

gz, gh™t hz) | there are y,z € Z; with T, ,(x) # 0 }

el'x X and g € supp(y), h € supp(z)

—_—r

of I' x X.

Note that for T e C[I" G X; s], the T-propagation of T" as in Defi-
nition [2.4]is equal to the largest value of |k| such that (z, k,y) appears
in supp(7’) for some z,y € X.

Supports of operators behave well with respect to composition and
adjoints; this is the content of the next lemma. To state it, note that

the groupoid operations on I' x X extend to subsets in natural ways:
if A,B< I x X then we define

A i={a" ae A}

and
AB :={ab|a€ A,be B and (a,b) composable}.
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Lemma 3.3. Let S, T € C*(I' G X;s). Then

supp(S*) = supp(S)™'  and supp(ST) < supp(S)supp(T).
Proof. As the adjoint of S has matrix entries (S*), . = S7,, the state-
ment about adjoints is clear. To see the statement about multiplication,
say T, S € C*(I' G X;s), and (gz,gh™!, hx) is a point in the support
of T'S. Then there are y,z € Z; such that g € supp(y), h € supp(z),
and (T°S),.(x) # 0. Hence there is w € Z; with T}, (z) # 0, and
Sw:(x) # 0. Say k is any point in supp(w), so we must have that
(g, gk~ ', kz) is in the support of T and (kz,kh™!, hz) is in the sup-
port of S. As

(9z,gh™ ", ha) = (gz, gk~ ", kx)(kz, kh™", hx),

this shows that the support of T'S is contained in the product of the
supports of T and S. O

The lemma implies that subspaces of I' x X that are closed under
the groupoid operations will give rise to *-subalgebras of C[I' G X s].
The relevant algebraic notion is that of a subgroupoid as in the next
definition.

Definition 3.4. Let I' x X be the transformation groupoid associated
to the action I' G X. A subgroupoid of I" x X is a subset G of I' x X
closed under the operations in the following sense.

(i) If (hgz, h,gx) and (gz, g, x) are in G, then so is the composition
(hgx,hg, x).
(i) If (g, g,z) is in G, then so is its inverse (x, g7, gz).
(iii) If (gz, g, ) is in G, then so are the units (z,e,x) and (gz, e, gz).

A subgroupoid is equipped with the subspace topology inherited from
I'x X.

The following lemma is now almost clear.

Lemma 3.5. Let G be an open subgroupoid of I' x X . Define C[G; s] to
be the subspace of C[T' G X; s] consisting of all operators T with sup-
port contained in a compact subset of G. Then C[G; s] is a =-subalgebra

of C[I' G X s].
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Proof. Lemma|3.3| gives most of this: the only remaining point to check
is that a product of two relatively compact subsetd]| of G is relatively
compact, which we leave it to the reader (or see for example [10, Lemma
5.2] for a more general statement and proof). U

Using this lemma, the following definitions make sense.

Definition 3.6. Let G be an open subgroupoid of I' x X. Let C.[G; s]
denote the =-subalgebra of C,[I' G X;s] (see Definition above)
consisting of all a such that [ J, supp(a(t)) has compact closure inside
G. Let Cp|G;s] denote the ideal of C.[G; s] consisting of functions
such that a(0) = 0.

Let C* (G s), CE(G; s), and Cf (G} s) denote the closures of C[G s],
CL[G;s], and Cp[G;s] inside C*(T' G X;s), Ci(I' G X;s), and
70(I' G Xj s) respectively.

Note that operators of finite I'-propagation always have support con-
tained in some compact subset of I' x X. Hence if G = I' x X then
C*(G;s) is just C*(I' G X;s), and similarly for the localization and
obstruction algebras.

Remark 3.7. (This remark may be safely ignored by readers who do
not have any background in groupoids and the associated C*-algebras.)
Analogously to Remark [2.7] for any open subgroupoid G of I x X, the
C*-algebra C*(G} s) is Morita equivalent to the reduced groupoid C*-
algebra C*(G); this makes sense, as an open subgroupoid of I" x X is
étale so has a canonical Haar system given by counting measures. We
only include this remark as it might help to orient some readers; we
will not use it in any way, or prove it.

Our next goal in this section is to construct filtrations on these C*-
algebras in the sense of the definition below, and discuss how they
interact with the subalgebras coming from groupoids above.

Definition 3.8. A filtration on a C*-algebra A is a collection of self-
adjoint subspaces (A4,),>o of A indexed by the non-negative real num-
bers that satisfies the following properties:

'Recall that a subset of a topological space is relatively compact if its closure is
compact.
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(i) if r; <o, then A,, € A,;
(ii) for all ry, 79, we have A,, - A, S Apjiros
(iii) the union | J,-, A, is dense in A.

As the case of the obstruction C*-algebras will be particularly im-
portant for us, we introduce some shorthand notation for that case.

Definition 3.9. For an open subgroupoid G of I'x X and s > 0, define
A*(G) to be the C*-algebra CF (G5 s). For each r € [0, 00), define

A*(G), :={a e CLp|G; s] | a(t) has I'-propagation at most r for all ¢},
and define A°(G)q := CLo[G; s]. In the special case that G =T x X,

we omit it from the notation and just write A® and AZ.

When convenient, we will consider all these C*-algebras as faithfully
represented on the Hilbert space

L2([0, ), H,) = L*[0,0) ® (3(Z,) ® *(X) ® H ® (2(T).

Lemma 3.10. For any open subgroupoid G of I' x X and any s = 0,
the subsets (A*(G),)r=o0 define a filtration of A*(G) in the sense of

Definition [3.8

Proof. An element a € A*(G) is in A*(G), if and only if it is in the dense
x-subalgebra Cp,o[G; s] and if whenever (gz,g,z) is in supp(a(t)) for
some t, we have |g| < r. The filtration properties follows directly from
this, the facts that |gh| < |g||h| and |g~!| = |g|, and Lemma[3.3, O

Our next goal in this section is to discuss what happens when we
take products of elements from A% and A*(G) for some G and r. Note
first that analogously to the case of subgroups, one may build a sub-
groupoid generated by some S < I' x X by iteratively closing under
taking compositions, inverses, and units in the sense of parts (i)-(iii)
of Definition above. From this, it is straightforward to check that
if S is an open subset of I' x X, then the subgroupoid it generates is
also open: see [10, Lemma 5.2] for a proof.

Definition 3.11. Let » > 0 and G be an open subgroupoid of I' x X,
and H be an open subgroupoid of G. The ezxpansion of H by r relative
to G, denoted H*", is the open subgroupoid of I' x X generated by

Hu{(gz,9,2) e G ||g| <r, xe HO}.
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Note that the expansion H*" depends on the ambient groupoid G;
we do not include G in the notation, however, to avoid clutter, and as
which groupoid we are working inside should be clear from context.

We now have two basic lemmas.

Lemma 3.12. Let G be an open subgroupoid of I' x X, and H an open
subgroupoid of G. Let r,s = 0. Then

AS(H) - A%(G) U A(G) - A*(H) < AS(H™).

Proof. Immediate from Lemma [3.3 O

Lemma 3.13. For any ry,72 = 0 and open subgroupoid H of an open
subgroupoid G of T x X, we have that (H*™)*" < FH(ritra)

Proof. Clearly H™™ < H*(+72) 5o it suffices to show that if z is in
the unit space of H™™ and |g| < rq is such that (gz, g, z) is in G, then
(gz,g,7) is in H*("*72) Indeed, as z is in the unit space of H*™
there is (hz,h,z) € G with h € ', |h| < ry, and hx € H®. Hence
(g9z,gh™", hz) and (hx, h,z) are in HT("1#72) and we have

(glL’,g,:E) = (gl’,gh_l,hﬂf)(hl', h,[L‘) S H+(T1+r2)

as required. O

Finally, we conclude this section with the definition of finite dynam-
ical complexity and a basic lemma about the property.

Definition 3.14. Let I' G X be an action, let G be an open sub-
groupoid of I' x X, and let C be a set of open subgroupoids of I' x X.
We say that G is decomposable over C if for all » = 0 there exists an
open cover G = U, u Uy of the unit space of G such that for each
i € {0, 1} the subgroupoid of G generated by

{(gl’,g7$) eG ’ T e Ui7 ’g‘ < 7"}

(i.e. the expansion U;"" relative to G of Definition [3.11]) is in C.

An open subgroupoid of I' x X (for example, I' x X itself) has fi-
nite dynamical complexity if it is contained in the smallest set D of
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open subgroupoids of I' x X that: contains all relatively compact open
subgroupoids; and is closed under decomposabﬂityﬂ.

We will need a slight variation of this definition.

Definition 3.15. Say that an open subgroupoid G of I" x X is strongly
decomposable over a set C of open subgroupoids of I x X if for all » > 0
there exists an open cover G = Uy u U; of the unit space of G such
that for each i € {0, 1}, if G; is the subgroupoid of G generated by

{(gl',g,ff) G | T e Uiv |g’ < T})

then G (with expansion taken relative to G) is in C. Let Dy be the
smallest class of open subgroupoids of G that contains the relatively
compact open subgroupoids, and that is closed under strong decom-
posability.

The following lemma records two basic properties of finite dynamical
complexity that we will need later.

Lemma 3.16. With notation as above:

(i) if G is an open subgroupoid of T' x X in the class D (respectively
D), then all open subgroupoids of G are in D (respectively Dy );
(11) we have D = D;.

Proof. For part (i), we just look at the case of D; the case of Dy is
similar. Let D’ be the set of all open subgroupoids of I' x X, all of
whose open subgroupoids are in D. Clearly D’ < D, and D’ contains
all open subgroupoids with compact closure. To complete the proof
of (i), it suffices to show that D’ is closed under decomposability. Say
then G is an open subgroupoid of I" x X that decomposes over D’. Say
H is an open subgroupoid of G and r > 0. Let {Uy, U;} be an open
cover of G such that for each i € {0,1}, the subgroupoid G; of G
generated by
{(9z,9,2) e G|z e U, |g| <r}

isin D'. Let V; = U; n H®. Then {V;, V1} is an open cover of H©)
such that the (open) subgroupoid H; of H generated by

{(97,9,v) e H |z eV, |g| <r}

2More precisely, we mean ‘upwards closed’: if G decomposes over D, then G is
in D.
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is contained in G;. As each G; is in D', this implies that each H; is in
D; in other words, H decomposes over D, and is thus in D as required.

For part (ii), it clearly suffices to prove that D is closed under strong
decomposability, and that D; is closed under decomposability. For the
former, say that GG strongly decomposes over D. Then for any r > 0,
there is an open cover {Up, U;} of G such that if G; is generated by

{(gl',g,f) eG | TE Uia |g| < T}7

then G" is in D. However, G; is an open subgroupoid of Gf" whence
is in D by part (i). Hence G decomposes over D, and thus is in D as
required.

For the other case, say G decomposes over Dy and let r = 0. Then
there is an open cover G(®) = Uy u U; such that the subgroupoid H; of
G generated by

{(g$agax)EG|eria |g|<27“}
is in D,. We claim that if G; is the subgroupoid of G' generated by
{(g$7g7I>EG|QJEUi7 |g’<T}7

then G/7 is an open subgroupoid of H;; this will suffice to complete
the proof by part (i). Indeed, we have that G" is generated by G; and

(3.1) {(gz,9,2) e G|z e G, |g| <r};

as G; is clearly contained in H;, it suffices to show that the latter set
is in H;. Let then (gz, g, x) be in the set in line . Asx e GEO), we
have = = ky for some y € U;, and k € T" with |k| < r. Hence we may
rewrite

(9z,9,2) = (gky, 9, ky) = (gky, gk, y)(y, k™", ky);

as y € U; and |gk|, |k™!| < 2r, the product on the right is in H; and we
are done. 0

4. CONTROLLED K-THEORY

In this section we will introduce the main general tool needed for the
proof of Theorem [2.11} controlled K-theory.



22 ERIK GUENTNER, RUFUS WILLETT, AND GUOLIANG YU

Our treatment in this section is based on the detailed development
given by Oyono-Oyono and the third author [19]. Our controlled K-
theory groups are, however, both more general in some ways, and more
specific in others, than those of [19]. We thus try to keep our exposition
self-contained; in particular, we assume no background beyond the
basics of C*-algebra K-theory as covered for example in [27] or [32].
Throughout, we provide references to [19] for comparison purposes,
and the reader is encouraged to look there for a broader picture of the
theory.

We now define the controlled K-groups that we need. Compare [19,
Section 1.2] for the following definition.

Definition 4.1. Let A be a C*-algebra. A quasi-projection in A is an
element p of A such that p = p* and |p*—p| < 1/8. If S is a self-adjoint
subspace of A, write M, (S) for the matrices in M,,(A) with all entries
coming from S, and Py ®(S) for the collection of quasi-projections in
M,(S).

Let X = Xx(1/2,5] be the characteristic function of (1/2,0]. Then x is
continuous on the spectrum of any quasi-projection, and thus there is
a well-defined map

w2 PYA(S) = Pu(A), p > x(p),
where P,(A) denotes the projections in M,,(A).

Remark 4.2. The choice of ‘1/8 in the above is not important: any
positive number less than 1/4 would do just as well. In some arguments
in controlled K-theory, it is useful to allow the bound on the ‘projection
error’ ||p? — p|| to change; for this reason in [19, Section 1.2], what we
have called a quasi-projection would be called a (1/8)-projection. We
do not need this extra flexibility, so it is more convenient to just fix
an absolute error bound throughout. Similar remarks apply to quasi-
unitaries as introduced in Definition 4.4 below.

If A is a C*-algebra we denote its unitization by A. For a natural

number n, let 1,, denote the unit of M, (A). For the following definition,
compare [19, Section 1, particularly Definition 1.12].

Definition 4.3. Let A be a non-unital C*-algebra, and let S be a
self-adjoint subspace of A. Let S denote the subspace S + C1 of A.
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Using the inclusions

~

- 0
Pr@)ape (5 ) € PAG)

we may define the union
ee}
PYAE) = | P (3.

n=1

~

Let C([0,1],S) denote the self-adjoint subspace of the C*-algebra
C([0,1], A) consisting of functions with values in S. Define an equiva-
lence relation on P;D/S(S) x N by (p,m) ~ (q,n) if there exists a positive

integer k and an element h of Pig/g(C([O, 1], 9)) such that

h(0) = (g 1n0+k> and h(1) = (g 1:+k).

For (p,m) € ry ®(S) x N, denote by [p,m] its equivalence class under

~ ~

Let now p : M,,(S) — M, (C) be the restriction to M, (S) of the map
induced on matrices by the canonical unital *-homomorphism p: A —
C with kernel A. Finally, define

Ky%(S) == {[p,m] € (PY3(S) x N) / ~ | rank(x(p(p))) = m}.

The set Ké/ S(S ) is equipped with an operation defined by

[p,m] + [g,n] := [(ﬁ 2) ,m+n].

Using standard arguments in K-theory, one sees that KS/ ®(S) is an
abelian group with unit [0, 0]: compare [19, Lemmas 1.14 and 1.15].

We now look at controlled K groups. Compare [19, Section 1.2] for
the following definition.

Definition 4.4. Let A be a unital C*-algebra. A quasi-unitary in A
is an element u of A such that |1 —wu*|| < 1/8 and ||1 — u*u| < 1/8.
If S is a self-adjoint subspace of A containing the unit, write Uy 8(5)
for the collection of quasi-unitaries in M, (.S).
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Note that as |1 — u*ul < 1/8 < 1, u*u is invertible whence there is
a well-defined map
K UYR(S) = Un(A), u— u(u*u) 2,
where U, (A) denotes the unitaries in M, (A).

For the following definition, compare [19, Section 1, particularly Def-
inition 1.12].

Definition 4.5. Let A be a non-unital C*-algebra, and let S be a self-
adjoint subspace of A. Let A denote the unitization of A and let S be
the subspace S + C1 of A.

Using the inclusions
vir@ (5 1) evind®

we may define the union

U (S) == | UB(S).

n=1

Define an equivalence relation on Uy 8(§ ) by u ~ v if there exists an
element h of Uolo/s(C([O, 1],5)) such that A(0) = v and h(1) = v. For
uwe UY 8(5 ), denote by [u] its equivalence class under ~.

Finally define
K*(8) = UL*(S) / ~
The set K 11/ S(S ) is equipped with the operation defined by

[u] + [v] = lg 8]

Using standard arguments in K-theory, one sees that the operation
on K,/3(S) makes it into an abelian monoi with unit [1]: compare
[19, Lemmas 1.14 and 1.16].

Definition 4.6. Let A be a C*-algebra and S a self-adjoint subspace
of A. Define
KY(S) = Ky*(S) @ K7°(S).

3The usual arguments showing K 1(A) has inverses do not apply as they involve
multiplying elements together, and so potentially go outside S.
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The (graded, unital, abelian) semigroup Ky 8(5’) is called the controlled
K -theory semigroup of S.

Note that K./ 8(5 ) depends on the embedding of S inside the ambient
C*-algebra A; which embedding is being used will always be obvious,
however, so we omit it from the notation.

Remark 4.7. If S < T are nested self-adjoint subspaces of a (non-unital)
C*-algebra A, then we may consider elements of matrix algebras over
S as elements of matrix algebras over T. This clearly gives rise to a
map on controlled K-theory

(4.1) KYS(S) — KY3(T)

induced by the inclusion. To avoid clutter, we will not use specific nota-
tion for these inclusion maps; sometimes we refer to them as ‘subspace-
inclusion” maps. We also sometimes abuse terminology and say some-
thing like ‘let  and y be elements of Ki/g(S) that are equal in K}/S(T)’;
more precisely, this means that x and y are elements of Ky S(S ) that
g0 to the same element of K,/ ®(T) under the map in line above.

For the next definition and lemma, which compares controlled K-
theory to the usual K-theory groups of a C*-algebra, compare [19,
Remark 1.18 and surrounding discussion]. Let K,(A) := Ky(A) @
K;(A) denote the usual (topological) K-theory group of a C*-algebra
A.

Definition 4.8. Let A be a non-unital C*-algebra, and let S be a self-
adjoint subspace of A. Let x be one of the maps from Definition
and [4.4| (it will be obvious from context which is meant). Define maps

o 155/°(8) = Ko(A), [p.m] = [5(p)] — [Lu]
e KyN(S) = Ki(A), [u] = [x(u)]
ci=co®c : KY8(9) — K, (A).
We call cq, ¢q, and ¢ the comparison maps.
Standard arguments in C*-algebra K-theory show that ¢, ¢; and

¢ are well-defined unital semigroup homomorphisms. The map c¢ is
‘almost isomorphic’ in the following sense.
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Proposition 4.9. Let A be a C*-algebra. Let (S;)ier be a collection of
self-adjoint subspaces of A such that the union | J,.; S; is dense. Then
for any x € K,(A) there exists S; and y € Kl/S(Si) such that c(y) = x.

Assume moreover that the collection (S;)r is directed for the partial
order given by inclusion. Then if z,y € Ky (S;) are such that c(x) =
c(y) there exists S; containing S; such that x and y become equal in

Ki/8(5j) in the sense of Remark .

In particular, if S is a dense self-adjoint subspace of A, then the
comparison map c : KI/B(S) — K, (A) is an isomorphism.

Proof. We just look at the case of K;: the Ky case is similar. Let [u]
be a class in K;(A). As [, S; is dense in A, for any € > 0 there is an
1 € I and v in a matrix algebra over the unitization of .S; such that
|u—wv| < €. For € suitably small, this implies that v is a quasi-unitary,
and moreover that ||k(v) — u/ < 2, whence [k(v)] = [u] in K;1(A).

The injectivity statement follows on applying a similar argument
to homotopies Indeed, it suffices to show that any homotopy A in
C([0,1], M,,(A)) can be approximated by a homotopy in C([0, 1], M, (5;))
for some 7. For this, note that density gives us elements ay, ..., a,, with
ap in some Mn(éjk) such that the map ¢ : [0, 1] — A which sends k/m
to a; and linearly interpolates between these points is a good approxi-
mant to h. The directedness assumption implies there is some S; that
S;,., s0 g is in C([0, 1], M,(S))). O

tm>)

contains all of S;, ....,

The most important examples of subspaces we will use (particularly
in the context of Proposition come from filtrations as in Defini-
tion (see Definition and Lemma for examples). It will
be convenient to have some additional notation in the case when A is
filtered.

Definition 4.10. Let A be a non-unital filtered C*-algebra, and S be
a self-adjoint subspace of A. For each r > 0 and i € {0, 1, »}, define

K'3(9) = K35 n A,).

1

Note that in the case that S = A, our notation agrees with that of [19
Section 1.3].
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5. STRATECGY OF PROOF OF THEOREM [2.11]

In this short section, we set out our strategy for the proof of Theorem
2.101] Our goal is to reduce the proof to two technical propositions and
show how finite dynamical complexity can be used as an input for these.
The two propositions will be proved in the next two sections.

Throughout this section, I' G X is an action as usual, and we use the
shorthand notations of Definition [3.9) for the obstruction C*-algebras
and their groupoid versions.

Here are the two technical propositions, which should be thought of
as the base case and inductive step in the proof. The names ‘homotopy
invariance’ and ‘Mayer-Vietoris’ will be explained in later sections.

Proposition 5.1 (Homotopy invariance argument). Let G be an open
subgroupoid of I' x X, and assume s = 0 is such that

Gc{(g9r,9.2) e ' x X | [g] < s}
Then K.(A*(G)) = 0.

Proposition 5.2 (Mayer-Vietoris). Let G be an open subgroupoid of
I' x X that is in the class D of Definition |3.14), and let ro,sy = 0.
Then there is s = max{ro, so} depending on 1o, so and G such that the

subspace-inclusion map (cf. Remark
K3 (A%(G)) — KpV3(A%(G))
s the zero map.
Proof of Theorem[2.11. We need to show that for any so = 0 and any
class x € K,(A®) there is s > sq such that the subspace-inclusion map
K. (A%) - K,(A%)

sends x to zero. Proposition implies that there is rq > 0 such that
x is in the image of the comparison map ¢ : K" S(A%) - K, (A%)
from Definition 4.8, Proposition [5.2|applied to G = I' x X implies that
there is s = max{rg, so} such that the subspace-inclusion map

K;’o,l/S(ASo) N K:’l/s(AS)
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is zero. Consider the diagram

K, (A%) K, (A%)

| |

K (A) —— KA

where the two horizontal arrows are induced by subspace inclusions,
and the two vertical arrows are comparison maps; it is clear from the
definition of the comparison maps that it commutes. We have that the
element x € K,(A®*) is in the image of the left comparison map ¢, and
that the bottom horizontal map is zero. Hence the image of x under
the top horizontal map is zero as claimed. U

6. HOMOTOPY INVARIANCE

In this section, we prove Proposition [5.1} which we repeat below for
the reader’s convenience.

Proposition Let G be an open subgroupoid of I' x X, and assume
s =0 is such that

G < {(gz,9,2) e x X | |g| < s}.
Then K.(A*(G)) = 0.

The proof is based on a technique of the third author: see for ex-
ample [38, Lemma 4.8]. The K-theory of the localization algebra is an
(equivariant) generalized homology theory in an appropriate sense, and
the point of the proof is to show that this homology theory is homo-
topy invariant. Having done this, the condition on s in the statement
implies that if {(¢12,g,2), ..., (gn, gn, x)} are elements of G for some
x € X, then {g1,...,g,} spans a simplex in P,(I"); hence the relevant
space becomes contractible in an appropriate sense, and so the result
follows from homotopy invariance.

To try to make the proof more palatable, we will separate it into two
parts. The first is purely K-theoretic: it gives a sufficient condition
for two *-homomorphisms to induce the same map on K-theory. The
second part uses the underlying dynamics to build an input to this
K-theoretic machine, and completes the proof.
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K-theoretic part. We start the K-theoretic part with three basic K-
theory lemmas; they are well-known, but we include proofs where we
could not find a good reference. Recall first that if A is a C*-algebra,
represented faithfully and non-degenerately on a Hilbert space H, then
the multiplier algebra of A is

M(A) :={be B(H) | ba, abe A for all a € A};

it is a C*-algebra. The strict topology on M(A) is the topology gener-
ated by the seminorms

b— bal, b~ ab]

as a ranges over A. The multiplier algebra and strict topology do
not depend on the choice of H up to canonical isomorphism: see for
example [21), Section 3.12].

Lemma 6.1. Leta: A — C be a =-homomorphism of C*-algebras, and
v a partial isometry in the multiplier algebra of C' such that a(a)v*v =
a(a) for alla € A. Then the map

a — va(a)v®
is a =-homomorphism from A to C, and induces the same map as o on
the level of K-theory.

Proof. See for example [I4, Lemma 2 in Section 3]. O

Lemma 6.2. Let I be an ideal in a unital C*-algebra C, and define
the double of C' along I to be the C*-algebra

D = {(Cl,CQ)EC@C‘Cl—CQEI}.

Assume that C has trivial K-theory. Then the inclusion v : I — D
defined by ¢ — (c¢,0) induces an isomorphism on K-theory, and the
inclusion k : I — D defined by ¢ — (c,c) induces the zero map on
K -theory.

Proof. Note that +(I) is an ideal in D, and D/¢(I) is isomorphic to C'
via the second coordinate projection. Hence ¢ is an isomorphism by
the six-term exact sequence. On the other hand, s factors through the
inclusion C' — D defined by the same formula ¢ — (¢, ¢), and thus

k« = 0 on K-theory as K,(C) = 0. O
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Lemma 6.3. Say o, : C — D are =-homomorphisms between C*-
algebras with orthogonal images (this means that a(cy)B(c2) = 0 for all
C1,Co € Cv.

Then a + B is a =-homomorphism from C to D, and as maps on
K-theory o + By = (a0 + [)s.

Proof. Orthogonality of the images of a and S directly implies that
a + (3 is a =-homomorphism. For ¢ € [0,7/2], consider the map ~; :
C' — My(D) defined by

= (0 0)+ (Sl ) (0 sto) (it i)

One directly checks that this is a homotopy of *-homomorphisms.
Moreover, identifying K.(D) with K,(My(D)) in the canonical way
via the top-left-corner inclusion D — My(D), it is straightforward to
check that (70)x = ax + B and (71)x = (@ + ). O

Before getting to the main result, we need one more preliminary.
First, a definition.

Definition 6.4. Let A be a C*-algebra. A stability structure for A
consists of a sequence of isometries (u,)7_, in M(A) and a topology
7 on M(A) such that multiplication is continuous on norm-bounded
Set{f] with the properties that:

(1) wiumy, = 0 for n # m;

(i) for all a € A,

0
Z Upauy,
n=0

T-converges to an element of M (A);
(iii) there is an isometry v € M(A) such that

0 0
v( Z unau:> vt = Z upau,,
n=0 n=1

Note that a stable C*-algebra has a stability structure in a natural
way: indeed, if H is a separable infinite-dimensional Hilbert space, fix

4For example, the strict topology could be used here, but we will need something
a little different.
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isometries u, : H — H with mutually orthogonal ranges such that
D, Un converges strongly to the identity; then w, naturally defines
a multiplier of A ® K(H), which acts by u,(a ® k) = a ® u,k on
elementary tensors (and similarly for multiplication on the right); then
the isometries (u,,) together with the strict topology 7 define a stability
structure. This is the motivation for the terminology.

Lemma 6.5. Let A have a stability structure as in Definition [6.4).
Then K.(M(A)) = 0.

Proof. Using continuity of multiplication on bounded sets for the 7
topology,
o0
w:M(A) - M(A), a— Zunauz
n=0
is a *-homomorphism. Let v be the isometry appearing in Definition

Using Lemma [6.1] x induces the same map on K-theory as the
map a — vpu(a)v*, i.e. as

e @]
p(a) = Z Up QU .
n=1
Let u°(a) = upaut. Then the images of 1 and p™ are orthogonal, and
clearly 4 + pu*! = p, whence by Lemma

M*:M2+#:1:H2+M*

as maps on K-theory. Hence u? = 0. However, by Lemma again,
p2 is the identity map on K,(M(A)). O

Definition 6.6. Let A be a C*-algebra which is faithfully and non-
degenerately represented on a Hilbert space H, and which is equipped
with a stability structure (u,)°_, and 7 as in Definition |6.4}

Let vy and vy be isometries on H that conjugate A to itself. We say
that vy and v, are stably equivalent if there are in addition isometries
(v,)r_, on H that conjugate A into itself and that satisfy:

(i) for any a € A, the sum

o0
2 UpVpaviuy
n=0

T-converges to an element of M(A);



32 ERIK GUENTNER, RUFUS WILLETT, AND GUOLIANG YU

(ii) for all 0 < n < ©, v,4qvF is in M (A) (where o0 + 1 = o0) and the
sums
o0 o6}
Z UpUpp1Upty  and Z Up VooV Uy
n=0 n=0
T-converge to elements of M(A);
(ili) for any a in A, the difference

e @] a0
Z U VpQUAUY — Z UpVop QU U

of elements of M(A) is in A;
(iv) forallae A

ee} ee}
* * * * % *
Z Un (Voo — Vp 10} Juy  and Z U (Voo U, — Up g1V QU

are in A.

For readers who know the terminology, compare condition above
to the definition of a quasi-morphism in the sense of Cuntz [5, Section

17.6).

Here is the main K-theoretic ingredient we need.

Proposition 6.7. Let A be C*-algebra faithfully represented on a Hilbert
space H equipped with a stability structure (u,) and 7. Let vy and vy
be stably equivalent isometries for this representation. Then the homo-
morphisms

¢07¢OO:A*>A

induced by conjugation by vy and vy, tnduce the same map on K-theory.

Proof. Let
D :={(a,b) e M(A)® M(A) |a—be A}

be the double of M(A) along A as in Lemma[6.2] Note that Lemma
implies that K,(M(A)) = 0, so we may apply the conclusions of
Lemmal6.2to D. Let

o0
C = {(c, d)eD|d= Z UpVpaviu’ for some a € A},

n=0
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which is a C*-subalgebra of D. Define also
e 0] e @]
wy = 2 UpUpp1Uplls ) Wo 1= Z Un VoV U
n=0 n=0
(which are elements of M (A) by condition in Definition and
set w := (w1, ws) € M(A)@® M(A). We claim that w is actually in the
multiplier algebra of C.

Indeed, if (¢, d) is in C, then dwy = wed = d, so it suffices to show
that cw; — d and wyc — d are in A; we focus on wic — d, the other case
being similar. We have

wic —d = wi(c—d) + (wd — d),

whence as ¢ — d € A and w; € M(A), it suffices to show that w;d — d
is in A. There exists a € A with

0

wid —d = Z U (Vn 41V V@V — Vpavl Jult

n=0

o0

% * % %

= Z U (V410 — VopU ) U @U U
n=0

and this is in A by condition of Definition , completing the proof
of the claim.

Now, provisionally define *~-homomorphisms
a,f:A—-C

by the formulas

0 0
ala) = Z UpVpQUEUY Z UpVep QUL U
n=0 n=0
and

0 0
L * * * %
Bla) = Z UpUn 100, Uy Z Up VoV s | .

n=0 n=0

It is clear from our assumptions that o : A — C' is a homomorphism.
That £ is a homomorphism and has image in C' follows as w is in the
multiplier algebra of C', and as wa(a)w* = f(a) for all a € A. Moreover,
a direct computation gives that a(a)w*w = «(a), whence o« and f
induce the same map K, (A) — K,(C) by Lemma[6.1] Post-composing
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with the map K,(C) — K,(D) induced by the inclusion of C' into D,
it follows that o and /8 induce the same map K,(A) — K.(D).

Let now v € M(A) be the isometry with the property in Definition
m Then (v, v) is a multiplier of D; conjugating by (v, v) and applying
Lemma shows that 8 induces the same map K,(A) — K.(D) as
the »-homomorphism v : A — D defined by

o0 0
- — * ok L
v(a) = Z UpVp QU Z Un V@V U |
n=1

n=1

On the other hand, the *-homomorphism ¢ : A — D defined by
d:a— (Ugvepaviug , UgUepaviug)

induces the zero map on K-theory (by Lemma and has orthogonal
image to 7. Hence from Lemma[6.3] the sum € := v+ is a well-defined
x-homomorphism that induces the same map on K-theory as .

Compiling our discussion so far, we have
(6'1) Oy = s = Vs = Vs + 05 = €

as maps K,(A) — K,(D). Let ¢y, 1y : A — D be the »-homomorphisms
defined by

% ca= (Uovoavgus7 0)7 and woo ca—= (UOUOOCLU:OUS? 0)7

and define ( : A — D by

o0 e¢]
P &% * ok
C(a) := Z UpVpQUEUY Z UV @V US|
n=1 n=0

Note that ¢ has orthogonal image to 1y and 1, and that
Yo+ C=a and Yy,+(=c¢
hence from Lemma and line ,
(Y0)s + Cu = @ = € = (Yo)s + (e

Cancelling (, thus gives that ¢y and 9, induce the same maps on
K-theory.

Finally, note that if + : A — D is the map of Lemma[6.2] then
Yi(a) = uot(gi(a))ug
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for all a € A and i € {0,00}. This implies the desired result as Lemmas
and [6.2 show that conjugation of D by (ug,ug) and ¢ : A — D both

induce isomorphisms on K-theory. O

Dynamical part. We now provide the dynamical input for Proposi-
tion [6.7 needed to complete the proof of Proposition[5.1} Recall that we
want to show that K,(A*(G)) is zero whenever the open subgroupoid
G of I' x X and number s > 0 satisfy

(6.2) G < {(gz,9,7) eT x X [ |g| < s}.

For the remainder of the section, fix s and G satisfying these hypothe-
ses.

We will start by building a convenient representation of the C*-
algebra A*(G). For z € P,(I'), recall from Definition [3.2| that supp(z)
consists of those g € I' spanning the minimal simplex containing 2, and
define

Py(G) :={(z,2) € Ps(I") x X | (9x,¢9,2) € G for all g € supp(z)}.
Recall from Definition that Z is our fixed dense subset of Py(I).
Define Zg := (Z; x X) n Ps(G) and

Hg :=*(Za, H® *(T)) = (*(Zg) ® H ® (*(T)

which is a subspace of H, = (*(Z, x X, H ® (*(T')) as described in
line above. We have the following lemma; the proof involves
essentially the same computations as Lemma (3.3 above, and is thus
omitted.

Lemma 6.8. The faithful representation of C*(G;s) on H restricts
to a faithful representation on Hg. O

For the remainder of this section, we will consider C*(G} s) as faith-
fully represented on Hg, and A*(G) := Cf ,(G;s) as faithfully repre-
sented on L?([0,0), Hg) in the obvious way.

Now, the assumption in line implies that if (z,z) € Ps(G) and
supp(2) = {g1,-.-,9n}, then {e,¢1,...,g,} also spans a simplex A in
P,(I") such that A x {z} is contained in P;(G). Hence the family of
functions

F,: P(G) —» P,(G), (z,2)— ((1=r)z+re,x), 0<r<1
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defines a homotopy between the identity map on P,(G) and the obvious
projection onto the subset {(z,x) € Ps(G) | z = e}, which is just a copy
of the unit space G©.

Let 7 : Zg — Z, denote the projection onto the first coordinate, and
let Z denote the image of . Note that Z is countable, whence as H
is infinite dimensional we may find a family {w, },cz of isometries on
H such that ) ., w. ow}, converges strongly to the identity. For each
ze Z,let w, : HR (*(I') - H ® (*(T") be the isometry defined by
W, 1= wz 0 ® ler).

Now, for each 7 € Q n [0, 1] define
w(r) : (*(Zg) @ HR *(T) — 1*(Zg) @ H® (*(T)
52,90 N — 6Fy(z,ac) QX w,n

which is a well-defined isometry by definition of Z, (Definition
above) and of Zg; note that the different w(r) have mutually orthogonal
ranges as r ranges over Q n [0, 1]. For each t € [0,00) and n € N U {00}
(we assume N includes zero), define an isometry

vn(t) : C(Ze) @ H® C(T) — (*(Ze) @ HQ (D)

by the following prescription. First, we define for m e N

w(0) m<n
vp(m) =< w(t(m—n)) me (n,2n)nN .
w(1) m = 2n

Schematically, we thus have

Un(m) = EU(O% ) w(ozv EU(%% w(%)? ) w(nTilza EU(1>7 w(l)v o
meE),n] me(ynﬂn) me[;n,oo)

Now we interpolate between these values by defining for ¢ = m+ s with
se (0,1),
™ . T
vp(t) = cos(Es)vn(m) + 81n(§s)vn(m +1).
It is not difficult to check that the map
[0,00) = B(l*(Zg) @ HR (*(T')), t— v,(t)

is norm continuous for each n (and in fact, the family is equicontinuous
as n varies), and that the image consists entirely of isometries. The
following schematic may help to visualize the operators v, (t).
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e o6 o o

Here v, (t) is constantly equal to w(0) in the left triangular region, and
constantly equal to w(1) in the right triangular region. Along each
of the horizontal arrows in the intermediate region, v,(t) interpolates
between w(0) and w(1), taking longer and longer to do so as n increases.

We are now ready to construct isometries as demanded by the defi-
nition of stable equivalence. Define an isometry

v, : L*([0,0), Hg) — L*([0,0), Hg)
for each n by defining for each £ € L*([0, ), Hg)
(0n€) (1) == va(t)(£(1))-

On the other hand, choose a unitary isomorphism

0
H>~@®H
n=0

and use this to define isometries w,o : H — H with mutually or-
thogonal ranges such that the sum )} u, ou; , converges strongly to the
identity operator. Define

(6.3) u, : L*([0,0), Hg) — L*([0,0), Hg)
to be the isometry on
L*([0,0), Hg) = L*[0,0) ® *(Zg) ® H @ (*(T)

induced by tensoring w, with the identity on the other factors. We
may think of elements of M (A*(G)) as functions from [0, o) to M (C*(G; s))
(subject to various additional conditions, but those are not important
here). Thought of like this, let 7 be the topology of pointwise strict
convergence on M(A*(G)), i.e. a net (m;) converges to m if and only
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if (m;(t)) converges to m(t) strictly for all ¢ € [0,00). It is then not
difficult to see that (u,) and 7 together define a stability structure,
where we take the isometry v needed by the definition to be

0
L *
v i= Up+1Up,
n=0

noting that the sum 7-converges to an element of M (A*(G)).

Lemma 6.9. With notation and stability structure as above, the isome-
tries vy and vy are stably equivalent (in the sense of Deﬁm’tz’on with
respect to the C*-algebra A*(G).

Proof. Let a be an element of Cp |G} s], and let T' = a(t) for some fixed
t € [0,00). The matrix entries (v, ()T, (£)*)y,-(z) of v, (t)Tv,(t)* will
then be a linear combination of at most four terms of the form

w:TFrl (y)vFTQ (Z) <x>w;;

where 7 and ry are in Q0 [0, 1], and |r; —re| < 1/m whenever ¢ > 2m.
From this description, it is straightforward to check that the Rips-
propagation of v, (t)a(t)v,(t)* is at most the Rips-propagation of a(t)
plus min{1,2/(¢t — 1)}; and therefore in particular that v,av} is in
Cro|G;s]. Condition follows from this estimate on Rips propa-
gation and equicontinuity of the sequence of maps (¢t — v,(t)).

To see that v, v} is a multiplier of A*(G), note that the operators
Sy i= V1 (H)v,(t)* on 2(Zg) @ H ® £2(I') have matrix entries (S;),..
that act as constant functions X — B(H ® ¢*(T")); that their Rips-
propagation tends to zero as t tends to infinity uniformly in n; and
that they have I'-propagation at most s for all t. Condition follows
from this.

Finally, the fact that the operators

0

o0
Z UpVp Qv — Z Up Vo QU U
n=0

n=0

as well as

0 0

Z Un (V¥ — Vp 1) Juy  and Z U (Voo U, — Up g1V QAU

n=0 n=0
are in A*(G) for all a € A%(G) follows from the above discussion and
as for any fixed ¢t and all n > t, v, (t) = v, (t). O
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Let now
G0, oo+ Ku(A*(G)) — Ki(A(G))

be the maps induced on K-theory by conjugation by vy and by vg.
Proposition[6.7jand Lemmal6.9)imply that these are the same map. The
following two lemmas will now complete the proof of Proposition [5.1]

Lemma 6.10. The map
G0+ Ku(A*(G)) — Ki(A°(G))

constructed above is the identity map.

Proof. The map ¢ is given by conjugation by the isometry w(0) (con-
stantly in the ‘localization variable’ t), which is in the multiplier algebra
of A*(G). Hence it induces the identity on K-theory by Lemmal[6.1] [

Lemma 6.11. The map
¢o : Ki(A%(G)) — K.(A%(G))

constructed above is the zero map.

Proof. Let G be the unit space of G, which is an open subgroupoid
of I'x X, and thus 4°(G®)) makes sense. It is straightforward to check
that ¢¢ fits into a commutative diagram

K.(A%(@)) % K.(A%(@))

\/

K, (A*(G©))

whence it suffices to show that K,(A*(G©®)) = 0.

Say now that a is an element of A%(G®)) and t € [0, ), y, z € Py(T),
and x € X are such that a(t),.(x) # 0. Then by the condition that
the support of a(t) is contained in G® (compare Definitions and
above), we must have that for all g € supp(y) and all h € supp(z),
(gz,gh™", hz) is in G, This forces gh™" to be the identity element of
[' and thus g = h. As this happens for all g € supp(y) and h € supp(z),
this forces supp(y) and supp(z) to both reduce to a single element
of I, and moreover that these elements are necessarily the same. In
particular, a(t) has zero Rips-propagation for all ¢.
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Now, let u, : L*([0,2), Hg) — L*([0,%0), Hg) be the isometries
constructed in line (6.3) above. For each n € N and element a of
A3(GO®), define a™ to be the function

n a(t—m) t=n
a()(t)={0< ) t<n

in A*(G)). Define

n

a: A(GO) - A5G, a — Z upa ™,
n=0

As every element of A°(G(®) has zero Rips-propagation and satisfies
a(0) = 0, a is a well-defined »-homomorphism. It thus induces a map
on K-theory

oy - KL (A(G?)) - K,(A(GO)).

However, if 1 : A*(G(©) — A%(G©) is the identity map, then a straight-
forward homotopy using uniform continuity of each element of A*(G(®)
shows that a, + 1+ = o, and we are done. O

7. MAYER-VIETORIS

In this section, we prove Proposition [5.2] which we repeat below for
the reader’s convenience.

Proposition Let G be an open subgroupoid of T' x X that is
in the class D of Definition |3.14), and let ro,sq = 0. Then there is
s = max{ro, so} (depending on 1o, so and G) such that the subspace-

inclusion map (cf. Remark
KV8(A(@)) — K2V3(A%(@))

1$ the zero map.

As in Section [6] we first build an abstract K-theoretic machine, and
then use the dynamical assumptions to produce ingredients for that
machine.
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K-theoretic part. We start with a technical lemma about when ele-
ments of controlled K-groups are zero: compare [19, Section 1.6]. The
proof is in large part the same as that of [19, Proposition 1.31], but
as our set up and precise statement are a little different, and to keep
things self-contained, we give a complete proof here.

Before stating the lemma, we recall some notation from Section [}
and introduce some more. Let A be a non-unital C*-algebra and S < A
a self-adjoint subspace. Let A be the unitization of A, and let S be the
subspace of A spanned by S and the unit. Then

k: PY3(S) - P(A), p— X(1/2,00](P)

is the map from quasi-projections in Mn(g ) to projections in Mn(ﬁ) of
Definition Similarly,

ko UYSS) - Un(A), u— u(uu) 2

is the map from quasi-unitaries in Mn(g) to unitaries in Mn(g) of

Definition [4.4 For each m € N, define
S™ .= span{ay---am € A|a; € S forallie{1,..,m}}

We will also need some notation for standard matrices. Given m € N,
we will write ‘1,,” for the m x m identity matrix and ‘0,,” for the m x m
zero matrix. We will adopt the shorthand ‘diag(---)’ for a diagonal
matrix with given entries: for example

a 0 0
diag(a,b,0) = [0 b 0
0 00
Lemma 7.1. For any ¢ > 0 there are constants L = L(e) = 0 and
M = M(e) € N with the following properties. Let A be a non-unital
C*-algebra and S < A a self-adjoint subspace.

(i) Say l € N and (p,n) € Pll/s(g) x N is such that the class [p,n]
is zero in Ké/S(S). Then there exist ki, ks € N and a homotopy
ho:[0,1] = Pk, r, (A) with

h(0) = diag(Oy,, k(p), 1,) and h(1) = diag(Ok,,01—pn, Lnik,),
such that there is an L-Lipschitz map h, : [0,1] — MHkﬁkQ(gM)
with

sup [he(t) — h(t)| <.

te[0,1]
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(i) Say l € N, and u € Ull/s(g’) is such that the class [u] is zero in
Kll/s(S). Then there is k € N and a homotopy h : [0,1] — Uy, (A)
with

h(0) = diag(k(u),1x) and h(1) = (1, 1)

such that there is an L-Lipschitz map he : [0,1] — M (S™)
such that

sup] [he(t) — h(t)] <e.

te[0,1

To summarize the idea, if a cycle for Ky ®(S) represents the zero
class, then this can be witnessed by a homotopy that is well-controlled,
both with respect to how fast it goes, and with respect to the subspace
of M (A) it passes through.

Proof. We look first at the case of Ky. Let (p,n) € Pll/s(g) x N satisfy
the hypotheses of the lemma. Unwrapping the definitions, this is equiv-
alent to saying that there exist ji,jo,j3 € N and an element {p;}sc01]

~

1/8
of PLLj nsjysa(C([0,1],8)) such that

Po = dlag(p’ 0.71 ) On? 1j27 0]5) and P = diag(olv Oj17 1n> 1j27 0]5)
As [0, 1] is compact, there are 0 =ty < --- <ty = 1 such that

(7.1) Ipe, — pr,_, | < 1/12 for all i e {1,...,N}.

Set m = j1 + jo + j3 + n + . We will first define a Lipschitz homotopy
between

diag(p07 1mN) 0mN) and diag(OmNa D1, ]-mN)
by concatenating the steps below.
(i) Perform a rotation homotopy between

diag(po, 1mN7 OmN) and diag(]?o, 1m7 Oma ceey 1m> 0m>7

N copies of (1m,0m)

(ii) Let

(f) = cos(mt/2) —sin(nwt/2) .
(*) (sin(mt/Q) cos(m/g)> Mo (C),
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where each entry represents the corresponding scalar times 1,,.
For i € {1,..., N}, in the i ‘block’ diag(1,,,0,,) appearing in the
above apply the homotopy

- (1m o 8) r(t) (pg‘ 8) r(t)*

between diag(1,,,0,,) and diag(1 — ps,, pt,) to get a homotopy be-
tween

diag(po, Lo, Oy vy Lin, Orn)
a’nd dia’g(p07 ]-m - ptuptl) 1m — pt27pt27 ceey 1-— ptNaptN)'
(iii) For each i € {1,..., N}, use a straight line homotopy between 1,,, —

pt, and 1, — p;,_, in each appropriate entry to build a homotopy
between

dia’g<p07 1m — Pty Pty 1m — Dtos Ptay -+ 1- ptNuptN>
and diag(p(% 1m — Pty Pty 1m — Dt15Ptay ey 1- ptN_17ptN)-

(iv) Using a similar homotopy to step , and that py = py,, build a
homotopy between

diag<p07 1m — Pty Pty 1m — DPt1yPtyy ooy 11— ptN_lvptN)
and  diag(0pm, L, oees Oy Loy Diy )-

(v) Finally, recall that p;,, = p; and use another rotation homotopy
between

dla‘g(oma ]-m7 cerey Oma ]-m7p1> and diag(om]\hpla 1mN)

to complete the proof of the claim.

Write {q;}sefo1) for the homotopy arrived at by concatenating the
steps above; it is straightforward to check that this homotopy is Lip-
schitz for some universal Lipschitz constant. Note also that all of the
matrices from steps (i)-(v) above have entries from S, so this homotopy

~

has image in My, on+1)(S5).

We claim that [g? — || < 5/24 for all ¢. Indeed, for all ¢ associated

to steps (i), (i), (iv]), and we clearly have that |¢? — ¢;| < 1/8, so
the only thing to be checked is the straight line homotopy in step .
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For this, using the bound in line ([7.1)) it suffices to show that if p, ¢ are
two quasi-projections with |p — ¢|| < 1/12, then for any ¢ € [0, 1],

1((1 —t)p +tq)* — (1 —t)p + tq)| < 5/24.

Computing,

(L=t)p+tq)> — (1 —t)p +tq)
=(1=0)@p*—p)— 1 =t)tplp—q) — (1 — t)tq(q — p) + t(¢* — q).

As |p|| and |¢| are both bounded above by 2, this gives

(1= t)p + tq)* — (L —t)p + tq)|
< (1= 1)(1/8) + (1 — £)(1/6) + £(1 — ¢)(1/6) + £(1/8)
< 1/8+2/24 = 5/24

as claimed.

Hence the spectrum of every ¢, is bounded away from 1/2, and thus
defining h(t) := k(q;) makes sense. Fix a sequence of real-valued poly-
nomials (f;) converging uniformly to x(1/2,,) on the spectrum of every
qi- As f;is a polynomial and ¢ — ¢, is Lipschitz and bounded, ¢ — f;(¢;)
is Lipschitz for each ¢, with some Lipschitz constant depending only on
the fixed choice of f;, and on the Lipschitz constant of ¢t — ¢;. It
moreover takes image in M,y N+1)(§Mi), where M; is the degree of f;.
It follows from all of this that we may take h.(t) := fi(¢q;) for some
suitably large ¢, and this will have all the right properties.

We now turn to the case of K;. Let [u] satisfy the hypotheses, so

~

there exist j € N and a homotopy {u}e[0,1] in Ullﬁ(C’([O, 1],5)) such
that

up = diag(u,1;) and wuy = diag(1,, 1;).
Set m=1+j. Let 0 =ty <--- <ty =1 be such that
(7.2) e, —ue,_ || < 1/32 forallie {1,...,N}.
We will define a Lipschitz homotopy between
diag(ug, lo,y) and  diag(ug, lopn)-

by concatenating the homotopies below.
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(i) Connect

diag(uo, 12mN) = diag(uo, 1m> ceey 1m> 1mN)
—_—
N
and  diag(uo, u, ey, . U Uty s Liniy)

by the straight line homotopy between the i*® copy of 1,, and
(ii) Use a rotation homotopy between

diag(Lm, uf ..., ufy, L) and  diag(uy, ..., u), 1o, o),

to produce a homotopy between

1 * *
diag(ug, uf, Uty ooy Uy Uty L)
. . . .
= diag(Lm, uy,, ..., uf, Lo )diag(uo, g, ..oy Usy, L)
and
: * * *
diag(uf, o, Uy, Ut , -y Ug\ Uty 1 > Uty L)
. . N :
= diag(uy,, ..., iy, Ly, Lo )diag(uo, tsy , ooy Uty , Liniv)-

(iii) Use another straight line homotopy between each uj u;, , and 1,,
to build a homotopy between
diag(uf, uo, Uy, U, o UF Uty 5 Uty o)
and  diag(lom, ..oy Lin, Uty Linn)
—_——
N
(iv) Finally, one more rotation homotopy connects
diag(Lo, ooy Ly Uty Liny)  and  diag(us, lomn),
—_——
N

where we used that u;, = u;.

Write {v;}se[o1) for the homotopy resulting from concatenating the
above homotopies; it is straightforward to check that this homotopy is
Lipschitz for some universal Lipschitz constant, and that each v, is a
matrix in Mm(2N+1)(§2).

We claim that for each t,

(7.3) lofvy — 1| < 7/8 and |vwvy — 1| < 7/8.



46 ERIK GUENTNER, RUFUS WILLETT, AND GUOLIANG YU

For t associated to step , this is immediate. For t associated to step
, this follows from the fact that if v and w are quasi-unitaries, then
their product satisfies

[ (vw)(vw)™ = 1] < fo(ww® = 1)v*| + |ov* —1]
< (14 1/8)(1/8) + (1/8)
<7/8
and similarly ||(vw)*(vw) — 1| < 7/8. For t associated to steps (i) and

(iid), we first claim that if 6, e € (0,1) and Ju—v| < €, and |uu*—1|| < &
and |u*u — 1| < 9, then

(7.4) Jlov* =1 <d+4e and |v*v — 1] <0 + 4e.
Indeed, using that |u| <+/1+ 0,

Joo* =1 < Jov* — w*] + 6 < ol |o* — w*] + o — ul u*] + 6
<(V1+d4+e€e+ (V1I+0)e+0 <+ e,

and the other estimate is similar. Now, looking at step ,, we have that
all elements appearing in the homotopy are within 1/8 of diag(ug, lomn),
so applying the estimate in line with § = ¢ = 1/8 establishes the
estimate in line . On the other hand, looking at step ({ii]), we first
note that for any i € {1,..., N},

Huzuti—l - 1“ < HUZ
< /1+1/8(1/32) + 1/8 < 3/16.

Hence every element in the homotopy in step is within 3/16 of

U, — uti—l” + Huzutz - 1H

diag(lmN, Ut 1mN)

Applying the estimate in line (7.4)) with 6 = 1/8 and ¢ = 3/16 then
again gives the estimate in line (7.3]), and we are done with the claim.

~1/2 makes sense for all ¢, and thus

It follows in particular that (v v)
we may define h(t) := k(v;). Moreover, there is a sequence (f;) of real-
valued polynomials that converges uniformly to the function ¢ — ¢/
on the spectrum of each v;v;. Analogously to the case of Ky, we may
now take h.(t) := v, f;(viv;) for some suitably large ¢ (depending on €);

this has all the right properties. O
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Our main K-theoretic goal is a sort of controlled Mayer-Vietoris
sequence. Let us first recall the relevant classical Mayer-Vietoris se-
quence in operator K-theory: see for example [14, Section 3] or [35,
Proposition 2.7.15] for more details.

Proposition 7.2. Let A be a C*-algebra, and let I and J be ideals
in A such that A = I + J. Then there is a functorial siz-term exact

sequence
aT la
Ki(A) =—— Ki(I)@ Ki(J) =— Ki(I n J)
The maps

are of the form x — (x,—x) (where we abuse notation by writing x both
for an element of K;(I nJ), and its image in K;(I) and K;(J)), and
the maps

Ki(I) ® Ki(J) — Ki(A)

are of the form (z,y) — = + vy (with a similar abuse of notation). O

The maps above labeled ‘0’ can also be described explicitly (they
are connected to the index and exponential maps of the usual six-term
exact sequence), but we will not need this.

We will need some notation and an appropriate excisiveness condi-
tion for our controlled Mayer-Vietoris sequence.

Definition 7.3. Let K = K(¢*(N)), and A be a C*-algebra. Let AQK
denote the spatial tensor product of A and KC; using the canonical
orthonormal basis on £(N), we think of elements of A ® K as N-by-N
matrices with entries from A. For a subspace S of A, let S® K denote
the subspace of A ® K consisting of matrices with all entries in S.

In particular, if A is filtered as in Definition [3.8] then we may define
(A®K), := A, ® K. Tt is straightforward to check that this definition
induces a filtration on A ® K.
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Definition 7.4. Let A be a filtered C*-algebra, and I be a C*-ideal in
A equipped with its own filtration. We say that [ is a filtered idealﬂof A
if for any r > 0, I, < A,, and if for any r,s > 0, A, - I, U I, - Ay < I,,.

Remark 7.5. For our applications, the special case where I = A as a
C*-algebra, but where I and A do not have the same filtration, turns
out to be particularly important.

Definition 7.6. Let (1%, J¥; A“).eq be an indexed set of triples, where
each AY is a filtered C*-algebra, and each ¥ and J“ is a filtered ideal
in A“. Give each stabilization AYQ K, I“® K and J*® K the filtration
from Definition [7.3| (note that I“® /K and JY® K are also filtered ideals
in A ® KL with these definitions).

The collection (I¥, J¥; A¥),eq of pairs of ideals and C*-algebras con-
taining them is uniformly excisive if for any ro, mg = 0 and € > 0, there
are r = ro, m = 0, and 0 > 0 such that:

(i) for any w € Q2 and any a € (A“ ® K),, of norm at most my, there
exist elements b € (I¥ ® K), and ¢ € (J* ® K),. of norm at most
m such that [|a — (b + ¢)|| < €

(ii) for any w e Q and any a € I¥ ® K n J* ® K such that

d(a,(I“®K),,) <0 and d(a,(J*®K),,) <o
there exists be I* @ K n J¥ ® K such that |a — b|| < e.

Note that condition ({iff) implies that for any w, the family of subspaces
(I QK N JY®K),=o defines a filtration of I ® K n J* ® K; we equip
each IV ® K n JY ® K with this filtration.

Note that condition ({il) above is a controlled analogue of the condition
‘A =1+ J’ from Proposition , while condition is a controlled
analogue of the fact that if a € A is close to both I and J, then there
is an element of I n J that is close to a (this can be shown using
approximate units).

We are now ready for our controlled Mayer-Vietoris theorem. See
[20, Sections 2 and 3] for related ‘controlled Mayer-Vietoris sequences’,
approached in a somewhat different way.

SThis is a more general notion than the filtrations on ideals used by Oyono-Oyono
and the third author in [19] Subsection 3.1].
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Proposition 7.7. Let (I¥,J¥; AY)ueq be a uniformly excisive collec-
tion, where the algebras and ideals are all non-unital. Then for any
ro = 0 there are ry,ry = ro with the following property. For each w and
each x € K;O’l/g(A‘*’) there is an element

Oe(x) € KIY8(1% A J¥)
such that if 0.(x) = 0 then there exist
ye Ki»V8(1%) and ze K>V8(J¥)

such that
r=y+z in K2/8(A¥)

(where as usual we abuse notation by omitting explicit notation for
subspace-inclusion maps).

Moreover, the ‘boundary map’ 0. has the following naturality prop-
erty. Let (K, L%; B?)geo be another uniformly excisive collection, where
the algebras and ideals are non-unital. Assume moreover that there is
amap T : 0 — Q and for each 6 € © an inclusion A™? < B? such that
for each v = 0 we have that AT < BY, 7% c K?, Jr0 < LY. Let
ro be given, and let r1 be as in the statement above for both uniformly
excisive familiefﬂ Then the diagram

K;o,l/S(Aﬂ(e)) %e K;171/8(I7r(6’) A JTO)

| |

KB —2s KK J7)

where the vertical maps are subspace inclusions, commutes.

The subscript in ‘0.’ stands for ‘controlled’: ¢, is a controlled ana-
logue of the usual Mayer-Vietoris boundary map in K-theory. It will
be crucial for our applications that the numbers rg, 1, 72 appearing in
the above are all independent of the index w.

Proof. Let A be a set equipped with a map m: A — Q. Let K denote
the compact operators on ¢2(N) and let [,., A™™ ® K denote the C*-
algebra of bounded, A-indexed sequences where the A\ element comes

6We may assume the same r; works for both families at once by combining them
into a single family and applying the first part.
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from A™™ ® K. With notation as in Definition [7.3} define

Ay = {(a)\) e [AVeK ‘ there is r > 0 with ay € ATMN®K for all A
AEA

which is a #-subalgebra of [ [,., A"™®K, and let Ay be its C*-algebraic
closure. Define also 7 to be

{(ax) € Ax ‘ there is r > 0 with ay € If(k) ® K for all )\}

and similarly for Jy. The definition of a filtered ideal (see Deﬁnition
above) implies that Z, and J, are =-ideals in Ay, whence their closures
Iy and J, are C*-ideals in Aj,. Moreover, the uniform excisiveness
assumption implies that Ay = Iy + Jy. Hence (see for example [14]
Section 3]) there is a six-term exact Mayer-Vietoris sequence

(75) KO(]A M JA) —_— K()([A) &) KO(JA) Ko(AA)

‘| |

Kl(AA> Kl([A)@Kl(JA)hKﬂIAﬁJA).

From now on, we will focus on the case of Kj; the case of K is
essentially the same. Define

Ai={(w,z) |weQ, ze K/3(A%)}

equipped with the map m : A — €2 that sends an element to its first
coordinate. For each A = (w, z) € A choose a pair

(pr,ny) € Pgl/f(A‘;’o) x N

for some m, € N (see Definition [4.1]for notation) such that z = [py,n,].
Identifying M,,, (A*) with the C*-subalgebra of A“ ® K consisting of
N x N matrices that are only non-zero in the first m, x m, square in

the top left corner, we get a well-defined element p := (py)xea of Aj.
With & as in Definition the formal difference

T = [(R(Ea)rea] = [(1ny)rerl

defines an element of K((A,), and so the Mayer-Vietoris sequence of
line gives an element 0(%) in K;(Iy n Jy). We may represent
0(%) as a A-indexed collection (uy)xea, where each uy is a unitary in a
matrix algebra over the unitization of ™™ ~ J™™_ On the other hand,
by definition of Iy and Jj and by the uniform excisiveness condition
there is 7 > 0 (which we may assume is at least r) and a A-tuple

|
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(va)aea With each vy in some matrix algebra over the space spanned
by Ir™ A JZ™ and the unit, and so that |uy — vy| < 1/20. From this
estimate, one checks that each v, is a quasi-unitary as in Definition
and thus defines a class [vy] € K["/3(I"™ A J™™). For each
A = (w,z) € J, define

0.(x) = [va] € KI"3(1% A J¥).

We now look at what happens when 0.(x) = 0. Let A’ € A be the
subset of all (w,z) € A such that d.(z) = 0 in KJ"3(170) A J=),
Define a new element ' € Ky(Ax) by setting the A\*® component equal
to [k(pa)] — [1n,] if A€ A’, and equal to 0 otherwise.

For each A\ = (w,z) € A’ let vy be a quasi-unitary such that J.(x) =
[ux]. The fact that [v,] is zero in KJ*"3(I™™ A J™™) for each A € A’
and Lemma together give a homotopy between a stabilized version
of the sequence (k(vy))aear and zero in Ky(Ix N Jy). With ¢ the stan-
dard boundary map as in diagram ([7.5)) we thus have that d(Z’) = 0 in
K;(Ix n Jy). Hence by exactness of the Mayer-Vietoris sequence there
are elements § € Ko([,) and Z'€ Ky(J,) such that Z’ = ¢+ Z'in Ky(Ax)
(as usual, we have suppressed notation for subspace-inclusion maps).
Suitably approximating representatives of 3 and 2" in each component
and applying the injectivity part of Proposition 4.9| gives the desired
conclusion.

The naturality property in the second paragraph of the statement
follows directly from the corresponding naturality property for the clas-
sical Mayer-Vietoris sequence: we leave the details to the reader. [

Dynamical part. We now use the dynamical assumptions to produce
ingredients for the K-theoretic machine just built, and thus complete
the proof of Proposition 5.2}

First, we define the algebras we will be using. These are subalgebras
of our usual obstruction C*-algebras A* from Definition [3.9] but we
will also need to allow ourselves to change the filtrations involved in
order to ‘relax control’ in some sense. This will give us two different
uniformly excisive families in the sense of Definition [7.6} our first task
in this section will be to define these families and establish that they
are indeed uniformly excisive.
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Definition 7.8. Fix an open subgroupoid G of I' x X and a constant
so = 1. Let © be the set of all pairs w = (Go, G1) where Gy and G,
are open subgroupoids of G such that G0 = G(()O) U G§0>. Throughout
this definition, we work relative to the subgroupoid G when defining
expansions as in Definition [3.11

For our first family, let w = (Go, G1) € Q and r = 0, and define
BY = A*(G{"), + A*(GT), + A°(GS" n GY7),

B :=| B¢

r=0
to be the closure of the union of the family { B¥},~¢ in the norm topol-
ogy of A%,

and define also

Remark 7.9. We note that the filtration (B¥),>o depends on the pair
w = (Gp, Gy), and not only on the ambient groupoid G. In the main
proof, we will choose an appropriate pair (Gy, G1) based on a given scale
r for the original filtration on A® that was introduced in Definition [3.9
Thus the filtration on A® will be adapted depending on the scale at
which we are working, and the decomposition of G that is appropriate
to that scale.

Define subspaces of BY by
[ = AY(Gg")r + A (G 0 G,
and
JE = AN(GET), + A (G A G,
and define

We now come to our second family. Let €2 x [sg,00) be the set of
all triples (w, s) = (Go, G4, s), where Gy and G are open subgroupoids
of G and s = so. For (Go,G1,s) €  x [sg,0) and r > 0, define a
subspace By® of A® by

Be® = AY(GET), + A(GT) + A% (G N G s

and define also

B4 = U BY*

r=0
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to be the closure of the union of the family {B“*},~¢ in the norm
topology of A°. Define subspaces of B¥** by
[95 im AR (G, + ANGET 0 G

and

Jo% = A% (G + A°(GGT n G

and finally define
— UL‘:”S, JY = U J%.

r=0 r=0

Remark 7.10. (This remark may be safely ignored by readers who do
not know the earlier work). Comparing our work in this paper to [g],
the second filtration above plays an analogous role to the relative Rips
complex of [§, Appendix A].

Our aim is to show that the definitions above give us two uniformly
excisive families in the sense of Definition This requires some
preliminaries on ‘partition of unity’ type constructions.

The next definition and lemma will be given in slightly more gener-
ality than we need as this does not complicate the proof, and maybe
makes the statements slightly cleaner.

Definition 7.11. Let K be a compact subset of X let {Uy, ..., U,} be
a finite collection of open subsets of X that cover K, and let {¢, ..., ¢, }
be a subordinate partition of unity on K: precisely, each ¢; is a con-
tinuous function X — [0, 1] with support contained in U;, and for each

x € K we have ¢g(x) + -+ + ¢p(x) = L.

Let s > 0 and recall the definitions of the Rips complex P;(T"),
barycentric coordinates ¢, : Ps(I') — [0, 1], and Hilbert space H, :=
(?(Zs x X, H® (3(T')) from Section [2} For i € {0,...,n}, let M; be the
multiplication operator on Hy associated to the function

Zsx X = [0,1], (z,2) Zt )pi(gz).

gel

For the next lemma, recall the notion of the support of an operator
in C*(I' G X; s) from Definition 3.2 above.

Lemma 7.12. With notation as in Definition the operators M;
have the following properties.
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(i) Each M; has norm at most one.
(i) If T'e C*(I' G X s) satisfies

{xe X | (gz,g,2) € supp(T) for some geT'} < K,

then T =T (Mo + -+ M,).
(11i) For any T € C*(I' G X;s) and i € {0, ...,n},

supp(TM;) < {(gx,g,x) el'x X ’ x € U h - UZ} N supp(T).

|h|<s

Proof. Part follows as each M; is a multiplication operator associ-
ated to a function with range contained in [0,1]. For use in the re-
mainder of the proof, note that for i € {0,...,n}, any T € C*(T' G X} s)
and any y,z € Z, and v € X,

(7.6) (TM;),.- ) Y tn(2)i(ha).
hell

Hence

(7.7) T(Mo+---+M,),.(x 2)- > 1 (2)(Go(haw) ++ - -+ (ha)).
hell

Assume now 7 satisfies the support condition in part (i). If 7, .(z) =
0, then clearly the above is zero. Otherwise, if T} .(z) # 0, then
(gx, gh™ hx) € supp(T) for all g € supp(y) and h € supp(z). In
particular, ha € K for all h € supp(z), and so

D itn(2)(@o(hr) + -+ + ¢u(ha)) = > t(2)

hel’ hel’

using that {¢y, ..., ¢, } is a partition of unity on K; combined with line
(7.7), this gives part .

For part (i), say (9z,gk™", kz) € supp(T'M;) for some T € C*(I' G
X;s). Hence there are y,z € Z; with g € supp(y), k € supp(z) and
(TM;),,.(x) # 0. From line (7.6), this implies that T}, .(x) # 0, whence
(g, gk~ k) € supp(T). On the other hand, we must also have

Z tn(2)¢i(hx) # 0,
hel

whence there is h € supp(z) with ¢;(hx) # 0, and thus hz is in U;. As
h and k are both in supp(z) and z is in Z;, this forces |[kh™!| < 's. On
the other hand, kxz = (kh™')hzx is in (kh~1)U;, which completes the
proof. O
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We are now ready to show that the families from Definition are
uniformly excisive.

Lemma 7.13. Fiz an open subgroupoid G of I' x X, and sy > 1.
Let Q2 be the set of all pairs (Gy, G1) of open subgroupoids of G as in
Definition|7.8. Then with notation as in that definition, the collections

(1%, J% BY)weq  and (1%, J*% B) (w,5)e0x [s0,0)

are uniformly excisive.

Proof. Each subspace BY of A% is self-adjoint as it is a sum of subspaces
that are themselves self-adjoint by Lemma . It is clear that By, < By
for 79 <7, and the union | J,o, By is dense in B* by definition. These
observations apply similarly for BY*, and for I, J¥, [¢* and J¥°.
To complete the proof that B“ is filtered and I*, J“ are filtered ideals
(and similarly for the s-decorated versions) we must look at products.
Let r1,79 = 0. First, note that the inclusions

ARG, - A (G, < ASO(GJ(TIHQ))HMQ, where i € {0, 1},
A(GET AGT™),, - AN (G AGT™),, € AS(GT T AGTTT, L,
and
AS(GE]FTlmGiFTl)TIS'AS<G8*T‘2meTQ)TZS c AS(GJ(T1+T2)mG;—(Tl—i_m))(rl—&-rz)s
follow directly from Lemmas [3.3] and 3.12] Similarly,

AR (G ), A(GT™)y € ARG )y 0 ARG,

and finally, using that A%*(G), < A*(G), for any open G and r > 0
and that s > sg > 1,

A (G, - A(Gg? N GT™?) s € A°
c A°

c A°

c A°

for i € {0,1}, where the last step uses Lemma . Combining the
last four displayed lines completes the check that both B* and B“*

are filtered. Moreover, they show that I and J“ are filtered C*-ideals
in B“, and similarly for the s-decorated versions.

(G(TTQ N Glﬂb)”l)rzsﬂﬁ
(GSTQ N G1+r2)+rl)(r2+r1)s
(GST2)+T1 M (GIFT2)+T1>(7"1+T2)5

Gg(Tl +7‘2) A Gir(rl +T2)>

o~ o~ o~ o~

(r1+r2)s
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We now have to check that the collection (1, J“; B¥)eq is uniformly
excisive as in Definition [7.6] and similarly for the s-decorated versions.
For notational simplicity, we will ignore the copy of the compact oper-
ators appearing in Definition [7.6} the reader can check this makes no
real difference to the proof.

Look first at part of the definition. Let U; be the unit space of
G for i € {0,1}. Say a is an element of BY whence

K :={xe X | (gr,g,7) € supp(a(t)) for some t € [0,0),g € '},

is a compact subset of Uy u U; (see Definitions and above).
Let My, M; be as in Definition with respect to the Rips complex
P,(T"), the compact set K, the open sets Uy and U;, and some choice
of partition of unity {¢o, ¢1}. From Lemma part (i) we have that
IMo| <1 and |M;| < 1, and from part (i) that a(t)(My + M) = a(t)
for all . Hence to complete the proof that our algebras satisfy part
of Definition , it suffices to show that there exists r > 0 (which is
allowed to depend on ry and sp, but not on any of the other data) such
that for each w, t — a(t)My is in I#¥ and t — a(t)M; is in J¥. We focus
on the case of My and I¥; the other case is similar. We claim that in
fact r = 2r¢ + s works.

Write a = by + by + ¢, where b; € A*(G{™),, and ¢ € A% (G{™ n
G{),,. Part of Lemma implies that for each ¢ € [0, o0)

supp(bo(t)Mo) < supp(bo(t)) and supp(c(t)Mo) < supp(c(t)),

from which it follows straightforwardly that ¢ — by(t)My and ¢ —
c(t)My are in A*(G{™),, and A®(GZ™ n G{™),, respectively; more-
over, these are subspaces of I". To complete the proof, we check that
t— by(t)My is in 1.

Assume that (gz,gh™', hz) is in the support of by (t) My for some t,
and write T = by (¢) for ease of notation. Then there exist y, z € Py, (I)
with g € supp(y), h € supp(z) and (T'My), .(x) # 0. Hence from line
(7.6) we must have that T, .(z) # 0 and so y, z are actually in Py (I)
and |gh™!| < ry < r. Moreover,

S tu(2)o (k) # 0,

kel
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whence there is k € supp(z) such that ¢o(kz) # 0, and in particular,
kz is in the unit space of G§™. On the other hand,

(ng gh_la hl’) = (gata gk_17 k,’ZE)(k’Z‘E, kh_la hl‘)

The first factor in the product is in (G§™)*° < G§*° using that
|gk™t| < 7o, that kz is in the unit space of G§™°, and Lemma [3.13] The
second factor is in (GF"0)*0 = G¢"°**) using that |kh~!| < s, that kz
is in the unit space of G§™, and Lemma m Hence (gx, gh™, hx) is
in G¢®%*) Ty summarize, we have shown at this point that by (¢) M,
has support in Gy 2" for all ¢, and thus ¢ — by (t)Mp is in B®(G{"),

as claimed. The s-decorated case can be handled precisely analogously.

We now look at part of Definition . Say a is in both I and
J¢, and that a is within ¢ := ¢/3 of both I and Ji. Let ao and a; be
elements of I and J; respectively which are at most ¢ away from a.
Define

K :={xe X | (gz,g,z) € supp(ag(t)) for some t € [0,0),g € '},

a compact subset of the unit space Uy of G§™. Let My be as in Defini-
tion with respect to the Rips complex P, (T"), the compact set K,
and the open cover {Up} of K. From Lemma parts (fif) and (ii) we
have that ||My] < 1 and that ag(t)My = a(t) for all t. Hence for any
t e [0,00)

la(t) — ax(t) Mo
< [a(®) = ao@)] + llao(t) — a(t) Mo + [a(t) Mo — ar(t) Mo

< €.

On the other hand, an argument precisely analogous to the one used
above to establish part ({i) of Definition [7.6|shows that a, ()M, is con-
tained in I nJ¥, where r = 27y +s5¢, and we are done. The s-decorated
case can again be handled analogously. 0

We need one more preliminary lemma before the proof of Proposition
The proof is similar to (and simpler than) the part of the proof
of Lemma above that establishes part (i) of Definition [7.6 and is

therefore omitted.
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Lemma 7.14. Fiz an open subgroupoid G of I' x X and sqg = 0. Let
ro = 0. Let G = Uy u Uy be an open cover of GO, and fori € {0,1},
let G; be the subgroupoid of G generated by

{(gxhg?x) € G | MRS Ui7 |g| < TO}'
Then A%(G)y, © A%(GFPOT0)), o Aso(GyErot=oy, . O

Finally, we are ready for the proof of Proposition the last step
we need in the proof of Theorem [2.11]

Proof of Proposition[5.9 Let B be the class of open subgroupoids G of
I' x X such that the conclusion of Proposition holds for all open
subgroupoids of G, in such a way that the resulting constant s depends
only on GG and not on the particular open subgroupoid under consid-
eration. It will suffice to show that B contains D. For this it suffices
to show that B contains all relatively compact open subgroupoids of
I' x X, and that it is closed under decomposability.

Let then G be an open subgroupoid of I' x X with compact closure,
and let 7y and sy be given. As G has compact closure, the number

51 = maX{|g| ‘ (g:l?,g,x) € G}?

is finite. Let s = max{ro, So, s1}; we claim this s has the right property.
We have that A°(G)s; = A°(G) and so

K318 (A°(G)) = K. (A%(@))

by Proposition [£.9) Moreover, the group on the right hand side is zero
by Proposition [5.1] and so in particular the map

K (A%(G)) — KV (A%(G)) = Ku(A°(G))

is certainly zero. Moreover, the same s clearly works for any open
subgroupoid of G. Hence G is in B as required.

Now let G be an open subgroupoid of I' x X that decomposes over
B, and let rg,s9 = 0 be given; we may assume that s > 1. Let
r1 = r1(2rg + So,S0) = 1o be the constant given by Proposition
with respect to the uniformly excisive families (I*,J“; B¥),eq and
(I9%, J%; B®) (u,5)e0x [s0,00) from Definition ; we may assume that
ry = 1. Let ro = r3(r1, s9) = 1 be the constant given by Proposition
for the uniformly excisive collection (I“%, J**; B“*)(y s)ex[s0,00)-
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Let G = Uy uU; be an open cover with the property that if G; is the
subgroupoid of G generated by

{(gl',g,il?) eG | T e U’i> ’g‘ < 700}7

then G is in the class B (and therefore that G§™ n G{™ is in B too,
as B is closed under taking open subgroupoids). Let the constant s; =
s1(ro, 80, G¢™ N G{™) = max{rg, s} be as in the inductive hypothesis
for the groupoid G§™ n G{™. Finally, let s = s(ry + 51,51, Gg ™, GT™)
be as in the inductive hypothesis for both of the groupoids G;™ si-
multaneously (this is possible, as if s has the right property for some
groupoid, then clearly any s’ > s works too). We claim that this s has
the right properties.

Let then z be an element of K;O’l/S(ASO (G)). Using Lemma we
have a subspace inclusion map

KL (A(G)) — K200l (B2(G)),

where we have used the notation of Definition [7.8 and written w =
(Go, G1) € Q. Hence we may consider z as an element of K2 53(B*(G)).
Using Proposition [7.7, we have a commutative diagram of controlled
boundary maps

Oc

KZT0+80,1/8<Bw) K;I(I“’ A J“’)

| |

Kzro+80,1/8(Bw,sl) ‘365 Kil([w’sl me,81)

The definition of the algebras involved implies that the right hand
vertical map identifies with the forget control map

K;l (Aso (GS_T’I ~ Gii—m)) N Kilrl (Asl (G(_),_,,l A Gfrl))’

which is zero by hypothesis and the fact that r; > 1. Hence the image
of z in K'(I¥% n J¥*®1) is zero.

We now apply Proposition [7.7) to get

ye KTQ,I/S(IW,Sl)’ e Kr2,1/8(Jw,s1>
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such that x = y + z inside K,,CQ’l/S(B“”Sl). Consider the commutative
diagram

re K3T0+80,1/8(Bw)

Krg,l/S([w,sl) (‘D Krg,l/S(Jw,sl) K;‘z,l/S(Bw,sl)

|

Kr2+sl,1/8(As1(G6|rr2)) D Kr2+sl,1/8(As1(GIrrz)) KT2+81,1/8(A51(G>)

|

Ks,l/S(As(Ga-TQ)) &) KS,I/S(A51 (Gi&-rg))

Ks,l/s (AS(G))

where the horizontal maps are defined by taking sums, and the vertical
maps by inclusion of the various subspaces involved. Note that y and
z both go to zero under the lower vertical map on the left hand side by
inductive hypothesis and the choice of s. Hence x goes to zero in the
bottom right group as it is equal to y + z there, and we are done for G
itself. A precisely analogous argument works for any open subgroupoid
of G, completing the proof. O

APPENDIX A. FINITE DYNAMICAL COMPLEXITY FOR ETALE
GROUPOIDS

Our goals in this appendix are: to relate finite dynamical complexity
to finite decomposition complexity in the sense of Guentner, Tessera,
and Yu [8,9]; to show that finite dynamical complexity implies topolog-
ical amenability of the underlying action; and to collect together several
open questions. This material is not necessary to read the main body
of the paper, but provides some useful context, and also shows that
many examples of groupoids with finite dynamical complexity exist.

Finite decomposition complexity. We will give a convenient defi-
nition of finite decomposition complexity in adapted slightly from
[9, Definition 2.1.3]. This needs some preliminaries. We will write
‘A = B|_|C’ to mean that a set A is the disjoint union of subsets B
and C, and similarly for unions of more than two subsets. As in [,
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Section 2], if Z and {Z,};cs are subspaces of a metric space X, then the

Z=|_|Zl-

i, r-disjoint
means that Z is the disjoint union of the Z;, and that d(Z;, Z;) > r for
1# ],

notation

Definition A.1. Let X be a metric spac (with finite-valued metric).
A collection of subsets Y is a disjoint family if no two elements of Y
intersect. Given a disjoint family )/, we associate a metric space Xy
by taking the underlying set to be

Xy:=| |V
and equipping Xy with the (possibly infinite-valued) metric

o) = |

dy(z,y) z,y€eY for someY €}
o0 otherwise

(in words, the metric agrees with that from Y on each ‘component’
subset Y € ), and sets the distance between distinct ‘components’ to
be infinity).

Finally, for » > 0 the YV-neighbourhood of a subset Z of Xy is defined
to be

Nyy(Z) :={ye Xy | dy(y,z) < r for some z € Z}

Definition A.2. Let X be a metric space (with finite-valued met-
ric). A disjoint family ) of subspaces of X is uniformly bounded if
supyydiam(Y’) is finite.

Let C be a collection of disjoint families of subspaces of X. A disjoint
family of subspaces ) is decomposable over C if for all r > 0 there exist
disjoint families Zj, Z; € C such that for all Y € ) there exists a
decomposition

Y=YuY
and further decompositions
vi= ] v
j€Jy,i, 2r—disjoint

such that for each € {0,1} and j € Jy;, N,y(Yi;) is in Z,.
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Define D,, to be the smallest collection of disjoint families of sub-
spaces of X that: contains the uniformly bounded disjoint families;
and is closed under decomposability. The metric space X has finite
decomposition complexity if the singleton family {X} is contained in
D

Using the discussion in [9) 3.1.3], it is not too difficult to see that
the above definition is equivalent to [9, Definition 2.1.3].

Here is the first main goal of this appendix.

Theorem A.3. Let I' be a countable discrete group, equipped as usual
with a metric arising from a proper length function. Then the following
are equivalent:

(i) T has finite decomposition complexity;
(i) the canonical action of T on its Stone-Cech compactification has
finite dynamical complezity in the sense of Definition [3.14)

We will actually prove this in a little more generality, more because
this makes the proof more conceptual than because we want the gen-
erality for its own sake. Throughout the rest of this section, then,
we will work in the context of étaleﬂ groupoids: our conventions here
match those of [6, Section 5.6], so in particular we will write G for
an étale groupoid, G for its unit space, s, : G — G© for the
source and range maps, and for z € G, G, and G* denote s~!(x) and
r~1(x) respectively. A pair of elements (g, h) € G x G is composable if
s(g) = r(h), and their product or composition is then written gh.

Here is the definition of finite dynamical complexity for general étale
groupoids.

Definition A.4. Let G be an étale groupoid, let H be an open sub-
groupoid of G, and let C be a set of open subgroupoids of G. We say
that H is decomposable over C if for any open, relatively compact sub-
set K of H there exists an open cover H® = U, u U, of the unit space
of H such that for each i € {0, 1} the subgroupoid of H generated by

{he K |s(h)eU;}

"We will always assume our groupoids are locally compact and Hausdorff, and
do not repeat these assumptions.
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is in C.
An open subgroupoid of G (for example, G itself) has finite dynam-
ical complexity if it is contained in the smallest set D, of open sub-

groupoids of GG that: contains all relatively compact open subgroupoids;
and is closed under decomposability.

We leave the elementary check that this reduces to Definition [3.14
in the case that G = I' x X for some action I' G X to the reader:
compare [10, Lemma 5.4].

The following basic lemma will also be left to the reader: compare
part (i) of Lemma above for the part about groupoids and [9] 3.1.3]
for the part about spaces.

Lemma A.5. (i) Let G be an étale groupoid, and H an open sub-
groupoid in the class D, of Definition . Then all open sub-
groupoids of H are also contained in D,.

(i1) Let X be a metric space, and let Y be a family of subspaces of
X in the class D, of Definition[A.3. Let Z be another family of
subspaces of X such that each Z € Z is contained in some element

of Y. Then Z 1is also in D,,. O

We will look at a particular class of groupoids arising from discrete
metric spaces: we will assume such metric spaces have bounded geom-
etry meaning that for all r € [0, c0), the cardinality of all r-balls in the
space is uniformly bounded. Recall that we allow our metrics to be
infinite valued.

The following groupoids were introduced by Skandalis, Tu, and Yu
[29]; see also [26, Chapter 10].

Definition A.6. Let X be a bounded geometry metric space (possibly
with infinite-valued metric), and let X be its Stone-Cech compactifi-
cation. For each r € [0, o0), let

E,={(z,y) e X x X | d(x,y) <r}.

As X is a subspace of fX we may identify F, with a subspace of
BX x X, and take its closure E,. The coarse groupoid of X is the
union
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equipped with the restriction of the pair groupoid operations it inherits
as a subset of X x X, and with the weak topology it inherits from
the union abov, when each E, is given the subspace topology from

BX x BX.

The groupoids G(X) are locally compact, Hausdorff, étale and o-
compact: see [29, Section 3.2 or |26, Chapter 10]. Moreover, if X =T'
is a discrete group equipped with a metric as in Definition above,
then G(X) is canonically isomorphic to I' x SI': see [29, Proposition
3.4]. Note that if Y is a disjoint family of subspaces of X and Xy is
the associated metric space as in Definition then G(Xy) identifies
naturally with a (closed and open) subgroupoid of G(X); we will always
make this identification in what follows.

Here then is the theorem we will actually prove. From the comments
in the paragraph above, it implies Theorem [A.3]

Theorem A.7. Let X be a bounded geometry metric space (with finite-
valued metric). Then the following are equivalent:

(i) X has finite decomposition complexity;
(11) the coarse groupoid G(X) has finite dynamical complezity.

Proof. To show that implies , it will suffice to show that if )
is in D,,, then G(Xy) is in D,. For this, it suffices to show that the
collection

(A.1) {V | G(Xy)eD,}

of disjoint families of subspaces of X contains the uniformly bounded
families, and is closed under decomposability of metric families: indeed,
this implies that the family in line (A.1)) contains D,, by definition of
D,,, and thus that it contains {X} by assumption ({); hence G(X) is
in D,, which is the required conclusion.

Say first then that ) is a disjoint family of uniformly bounded sub-
spaces of X, say all with diameters at most s. Then G(Xy) is contained

8This means that a subset U of G(X) is defined to be open exactly when U N E,
is open for each r € [0,00); this is not the same as the subspace topology from
B8X x BX.
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in the compact set B, € G(X) from Definition , whence G(Xy) has
compact closure and is thus in D,

To complete the proof of implies , it remains to show that
the collection in line is closed under decomposability of disjoint
families. Say then that ) is a disjoint family of subspaces of X that
decomposes over the collection of disjoint families in line . We
will show that G(Xy) decomposes over D,, which will suffice to show
that ) is in the collection of families in line . Let then K be an
open, relatively compact subset of G(Xy). As G(X) is the union of
the (compact) open subsets {E,},=o, there is 7 > 0 with K contained
in E,. As in Definition there are families Zy, Z; in the set in line
such that every Y € Y admits a decomposition ¥ = Y u Y] such
that each Y; further decomposes as

vi= ] v
jedyi, 2r-disjoint
with each r-neighbourhood N, y(Y;;) in Z;. Now, let }; be the family
of subspaces {N,y(Yi;) | 7 € Jyi, Y € Y}. Let U; be the closure of the

set
J
Yel,jedy,:
in G(Xy)©®, which is a (closed and) open set. Then {Up, U} is an
open cover of G(Xy)©® and it is not too difficult to check that the
subgroupoid H; of G(Xy) generated by

{9e G(Xy) | s(g)eU;, ge K}

is contained in G(Xy,). As Z; is in the collection in line (A.1]), we have
that G(Xz,) is in D,; moreover, each G(Xy,) is contained in G(Xz,)
and so G(Xy,) is in D, by Lemma[A.5 and so each Hj is also in D, by
the same lemma again. This completes the proof that G(Xy) decom-
poses over Dy, and thus the proof of () implies .

We now show implies ({i). It will be helpful to first introduce
some notation. If H is an open subgroupoid of G(X), let ~ be the
equivalence relation on X n H(© defined by  ~ y if (x, y) is an element
of H, and let X'y be the disjoint family of equivalence classes for this
equivalence relation.
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Now, to prove implies ({if), it will suffice to show that if G(Xy) is
in D, then Y is in D,,. For this it suffices to show that the collection

(A.2) {(H | Xy € D,}

of open subgroupoids of G(X) contains the relatively compact open
subgroupoids, and is closed under decomposability of groupoids: in-
deed, given this, the collection in line (A.2)) contains D,, whence in
particular it contains G(X) by assumption (ii); however, XG = {X}
so this gives that {X} is in D,,, and so we are done at that pomt.

Say first then that H is a relatively compact open subgroupoid of
G(X). Then as the collection {E, },~o of (compact) open subsets covers
G(X), there must exist s > 0 with H < E,. This implies that every
Y € Xy has diameter at most s, and thus Xy is in D,, and so H is
contained in the collection in line (A.2).

It remains to show that the collection in line is closed under
decomposability of groupoids. Let then H be an open subgroupoid of
G(X) that decomposes over the collection in line (A.2). We will aim
to show that Xy decomposes over D,,, and thus that Xy is in D,,,

and so H is in the collection in line (A.2). Let then r € [0,%0) be
given, and let K be the compact subset Es,. of G(X). The definition
of decomposability of H gives us an open cover H® = Uy u U; of the
unit space of H such that the subgroupoids H; of G generated by

(A.3) {geG|s(g)eU;, ge K}

are in the family in line (A.2). Let Xy, = {Xi;}jes, be the disjoint
family of equivalence classes corresponding to H;. Let Y be an element
of Xy, and for j € Jy define

}/b] Z:YﬂUoﬁXOj
and for j € Ji, define
Yij = (Y M le)\Uo.

Then we have

Jj€Jo Jje
' - '

=Yy =Y1

= (L) ()

"
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As H; is generated by the set in line (A 3) with E,, = K, we have that

= || Y
jed;, 2r-disjoint
and that each N, y(Y;;) is contained in X;;, and thus that each N, y(Y;;)
is contained in an element of the disjoint family Xp,. Setting Z;, = Xy,
we now have that Xy decomposes over D,,, and we are done. O

Amenability. Our second goal in this appendix is to discuss the re-
lationship of finite dynamical complexity to amenability. See [1] for a
comprehensive discussion of amenable groupoids, and [6l Section 5.6]
for a self-contained discussion of the étale case (which is all we will
need). In particular, the next definition is a slight variant of [6, Defi-
nition 5.6.13] and [I, Proposition 2.2.13]. The only difference between
our definition and that of [0, Definition 5.6.13] is that our assumption
is not present in [6, Definition 5.6.13]. It follows, however, from the
argument that ‘condition (a) is irrelevant’ in the proof of [I, Proposition
2.2.13] that this leads to an equivalent definition.

Definition A.8. A locally compact, Hausdorff, étale groupoid G is
amenable if for all compact K < G and all € > 0 there exists a contin-
uous, compactly supported function p : G — [0, 1] such that:

(i) for all z € G, we have > u(g) < 1;
(11) for all k € K, we have |1 — deGr(m w(g)] < €
(iii) for all k € K, we have ZQEGr(k) l(g) — n(gk)| < e.

Our next goal is to prove the following theorem.

Theorem A.9. Let G be a locally compact, Hausdorff, étale groupoid
with finite dynamical complexity. Then G is amenable.

This result is inspired by [0, Theorem 4.6], part of which states that
finite decomposition complexity for a bounded geometry metric space
implies property A in the sense of [39, Definition 2.1]. As finite decom-
position complexity for a bounded geometry metric space is equivalent
to finite dynamical complexity for the corresponding coarse groupoid
(Theorem above), and as property A for a bounded geometry
metric space is equivalent to amenability of the corresponding coarse
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groupoid ([29, Theorem 5.3]), Theorem above is a generalization
of the result of [9, Theorem 4.6].

We now turn to the proof of Theorem [A.9] It suffices (as usuall)
to show that the class A of amenable open subgroupoids of any étale
groupoid G contains the relatively compact open subgroupoids, and is
closed under decomposability. The following lemma (which is presum-
ably well-known to experts) starts this off.

Lemma A.10. Let G be an étale groupoid, and let H be an open
subgroupoid of G with compact closure. Then H is amenable.

Remark A.11. In the case H as in Lemma is o-compact, there
is a direct proof of the lemma using [23, Theorem 2.14]. Indeed, in
this theorem Renault shows that for a o-compact, locally compact,
Hausdorff, étale groupoid G (and indeed more generally), amenability
is equivalent to the existence of a sequence (p, : G — [0,0)) of Borel
functions such that

1.

?

(i) for all z € G, we have Y . fin(9)
(ii) for all z € G, we have e, Hn(9) = 15
(iii) for all k € G, we have deGr<k) |t (g) — pn(gk)] — 0.

LA

Now, let H be as in Lemma and also be o-compact. Define
p:HO - [0,1], z— |H| ™

It is not difficult to check that the (constant) sequence (p,, = p) satisfies
the properties above exactly, so we are done.

Below we give a general proof of Lemma as some examples that
are important to us (specifically, the coarse groupoids of Definition |A.6))
have open, relatively compact subgroupoids that are not o-compact.

Proof of Lemma[A.11. Let N = sup{|r—*(z) n H| | # € H®Y}. Com-
pactness of H implies that this is finite. We will proceed by induction
on N. In the base case N = 1, H is just a space and is thus clearly
amenable. Assume now that we have proven all cases up to N — 1,
and assume that H has some range fibers with cardinality /V, but none
higher. Let U = {x € H® | |r~!(x)| = N}, which is open as H is étale,
and clearly it is invariant for the H acton. Let F' = HO\U, which is
closed, and let Hy and Hp be the respective restrictions of H to U and
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F'. Note that Hp is amenable by inductive hypothesis. We first claim
that Hy is amenable.

Indeed, to see this, let K < Hy be a compact set, and € > 0.
Let ¢ : H,(]O ) [0,1] be any compactly supported function that is
equal to 1 on r(K) U s(K), and define pu(h) = ¢(s(h)) for all h €
Hy; we claim that this has the right properties. We first claim that
i is compactly supported. To see this, note that p is supported in
s Y(supp(¢)), whence it suffices to show that s™'(E) is compact for
any compact subset E of H[(]O ). For each z € H ©), choose an open set
V, with compact closure, and such that s™'(V,) can be written as a

disjoint union
N .
571(‘/93) = |_| V;c(J)v
j=1

where s restricts to a homeomorphism s : Vx(j) — V., and each V};(j)
has compact closure; using local compactness, the fact that s is a local
homeomorphism and the fact that each source fiber contains exactly
N elements, it is not too difficult to see that such sets exist. Now, let
x1, ..., Ty be a finite collection of points of Hg)) such that E < (J!_, Va,.

Then
n N
s'e) s JYvy
i=1j=1

the set on the right is a finite union of sets with compact closure, so
has compact closure, and the set s™*(E) is closed. It is thus compact,
and we have completed the proof that p is compactly supported.

To complete the proof that i has the properties needed to show
amenability, for each x € H, ((]0 ), note now that

> ulh) =5 Y () = o),
he(Hy)z heHz

which is at most one for a general z, and exactly one if © = r(k) for
some k € K. On the other hand, we have that for each k € K,

D1 lw(h) = p(hk)| = % D, lo(r(k) = o(s(k))l,
he(Hu ) p (k) he(Hu ) (k)

which is exactly zero as ¢ is identically one on r(K) u s(K). This
completes the proof that Hy is amenable.
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Now, consider the commutative diagram of C*-algebras

0_>CrT1aX(HU) —Cy (H)_>C*

max max(HF) —0

| | |

0 —— C#(Hy) — Ci(H) — C(Hp) —0 .

The top row is exact as this always holds for the maximal groupoid
C*-algebra (see [I, Lemma 6.3.2] — the second countability assumption
there is unnecessary in the étale case). The bottom row might not be
exact, although all that can go wrong is that the kernel of the map out
of C*(H) might not equal the image of the map going in. However,
as Hy and Hp are amenable, the left and right hand vertical arrows
are the identity map ([6, Corollary 5.6.17]); it follows from this and a
diagram chase that the bottom row is in fact exact in this case. Now,
as Hy and Hp are amenable, their reduced C*-algebras are nuclear
[6, Theorem 5.6.18]. Finally, an extension of nuclear C*-algebras is
nuclear [6, Proposition 10.1.3], so this implies that C*(H) is nuclear
and thus that H is amenable by [6, Theorem 5.6.18] again. O

We will need the following lemma about the existence of almost
invariant partitions of unity, which can be proved in the same way as
[10, Proposition 7.1].

Lemma A.12. Let G be an étale groupoid, C a collection of open sub-
groupoids of G, and let H be an open subgroupoid of G that decom-
poses over C. Then for any open, relatively compact subset K of H
and any € > 0 there exists an open cover {Uy, Uy} of H® and continu-
ous compactly supported functions ¢; - H® — [0, 1] with the following
properties.

(i) For each i€ {0,1}, the set
{ke K |s(k)e U}

generates an open subgroupoid H; of H (whence also of G) in the
class C.

(i1) Each ¢; is supported in Uj.

(iii) For all v € HO | ¢o(x) + ¢1(z) < 1, and for allk € K, ¢o(r(k)) +
o (r(k) = 1.

(iv) For any k € K, and i € {0,1}, |p;(s(k)) — ¢s(r(k))| < e. O
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We are now ready to complete the proof of the Theorem by
showing that the collection A of amenable open subgroupoids of G is
closed under decomposability.

Proof of Theorem[A.9 Let H be an open subgroupoid of G that de-
composes over A, and let K € H be compact, and € > 0. Using local
compactness, expanding K slightly we may assume that K is in fact
open and relatively compact. Let Uy, Uy, Hy, Hi, and ¢g, ¢; be as in
Lemma for the relatively compact set K and error estimate €/3.
An elementary argument shows that K can be written as Ky u K,
where each K; is open, and has compact closure inside H;. For each
i, let p; : H; — [0,1] be a function as in the definition of amenability,
with respect to the compact which is the closure K; of K;, and error
estimate €/3. Extending by zero outside (the open set) H;, we may
assume that p; is defined on all of H. Define

po: H—[0,1],  h— o(s(h))po(h) + ¢1(s(h))pa(h),

which we claim has the right properties.

Indeed, note first for any z € H©®,

D (k) = D do(s(h))po(h) + éa(s(h))p(g)

heH, heH,

= do(z) D, po(h)+én(x) D, m(h)

he(Ho)x he(H1)x
< ¢0($) + ¢1<l’) < 1.

On the other hand, for any k € K,

L= Y )| = 1= X dols(h)molh) + éns(h))pus(h)

hEHT(k) hEH,«(k)

=gkt = Y )| +atrB)|i— Y mh)

he(Ho) (k) he(H1)r (k)

< ¢o(r(k))e + ¢1(r(k))e =e.
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Finally, we note that for any k € K,

D lulh) = u(hk)]

heH, r(k)

<X 3 Dl — )] + B (s0) = (1)

eH’r(k)

Z Gi(r(k))|pi(h) — ps(hE)| + pi(hk)|@i(r(k)) — ¢i(s(k))]

0 he(H;)r k)

i(r(k)) Z |1i(h) — pi(hk)]

he(H;)r (k)

2|0 (R) = dils(B)] D (k)

he(H;)r k)
1
< (Z@(r(/ﬁ)))g + % 1=e
i=0

This completes the proof. O

L4~ -

@
Il
=}

Open questions. To state the following lemma, we recall that if G is
an étale groupoid and 2 € G, then the isotropy group of G at x is

{geGlrlg) =s(g) =z}
We then have the following, which provides an easy obstruction to finite
dynamical complexity.

Lemma A.13. Let G be an étale groupoid with finite dynamical com-
plexity. Then all isotropy groups of G are locally ﬁm’teﬂ.

Proof. Let LF be the collection of all open subgroupoids of G whose
isotropy groups are locally finite. It suffices to show that LF con-
tains the relatively compact open subgroupoids, and is closed under
decomposability. We leave the details to the reader. O

At this point, we know two obstructions to a groupoid having fi-
nite dynamical complexity: having infinite isotropy, and being non-
amenable. The following question seems particularly interesting. It is

9Recall that a group I is locally finite of any finite subset of ' generates a finite
group.
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closely related to [9, Question 5.1.3], and is a more general version of
the well-known question as to whether finite decomposition complexity
and Yu’s property A are equivalent.

Question A.14. Say G is a principaﬂ, amenable, étale groupoid. Must
G have finite dynamical complexity?

The connection to finite decomposition complexity of groups is not
completely clear. The following questions are thus natural.

Question A.15. If I' x X is a transformation groupoid with finite dy-
namical complexity (and X compact), must I" have finite decomposition
complexity?

By analogy with the case of finite dynamic asymptotic dimension
[0, Section 6], we suspect the answer to the above question is ‘yes’,
but did not seriously pursue this.

Question A.16. If I has finite decomposition complexity, must it admit
an action on the Cantor set with finite dynamical complexity?

Much more ambitiously, we do not see any obvious obstructions to a
positive answer to the following question. While we would be surprised
if it has a positive answer in general, it is also interesting to ask about
special classes of groups I" such as nilpotent groups (compare [30]), free
groups, general word hyperbolic groups, or even linear groups (compare
[8, Section 3]).

Question A.17. If T has finite decomposition complexity, must any free
amenable action of I have finite dynamical complexity?

Another interesting question, related to our earlier work [10] is as
follows.

Question A.18. Say G is an étale groupoid with finite dynamic asymp-
totic dimension. Must G have finite dynamical complexity?

We suspect the answer is ‘yes’, but it is currently not clear. Note
that the answer is clearly yes if the dynamic asymptotic dimension of
G is zero or one.

10T his means that all isotropy groups are trivial; one could also ask what happens
when the isotropy groups are just assumed locally finite.
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Question A.19. Say G is an étale groupoid with finite dynamical com-
plexity. What structural properties must the reduced C*-algebra C(G)
have?

Certainly C*(G) must be nuclear by Theorem and [6, Theorem
5.6.18]. However, we do not know much beyond this. For example, if
C*(@) is also assumed simple, one might ask about properties of in-
terest in the classification program such as comparison and Z-stability
(although to avoid examples like those in [7] and thus have some hope
of positive results, one should assume that G(©) is ‘reasonable’, say for
example finite-dimensional, or just a Cantor set).

APPENDIX B. COMPARISON TO THE BAUM-CONNES ASSEMBLY
MAP

The purpose of this appendix is to identify the standard picture
of the Baum-Connes assembly map for I" with coefficients in C'(X) as
discussed in say [4], with our picture defined using localization algebras
and the evaluation-at-zero map. As it is no more complicated and may
be useful for other work, we do this in more generality than necessary
for this paper in that we allow C'(X) to be replaced by an arbitrary
(separable) I'-C*-algebra A.

Of necessity, we assume more of the reader than in the rest of the
paper: specifically, some working knowledge of Hilbert modules (see
[17] for background and conventions) and of equivariant K K-theory
(see [16, Section 2| for background and conventions). On the other
hand, it is certainly not necessary to read this appendix to understand
the rest of the paper.

Definition B.1. Let I" be a countable discrete group, and A a (separa-
ble) I'-C*-algebra. Let Y be a locally compact metric space, equipped
with a proper, co-compact, and isometric I'-action, and fix a compact
subset K < Y such that I' - K = Y. Let Hy be a non-degenerate,
covariant representation of Cy(Y') with the property that no non-zero
element of Y acts as a compact operator. Let H be a separable infinite-
dimensional Hilbert space equipped with the trivial I'" action.
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Define the Hilbert A-module &4 to be the tensor product
vEa:=Hy @ A®Q H® *(T)

(here the tensor products are completed external tensor product of
Hilbert modules: see [I7, Chapter 4]). We write elementary tensors in
vE4 as

§®a®n®<7 §€HY7GEA7UEH7§€£2(F)'

The actions of I' on Cy(Y') and A are denoted v and « respectively,
and the unitaries implementing the action of g € T on ¢*(T") and Hy
are denoted by A, and u4 respectively. We define an action € of I' on

y&a by
Eg(€®a®77®C) = ug§®ag(a) ®@n® A (.

We write € for the I'-action on the C*-algebra L£(y€4) of adjointable
operators on y&,4 defined for e € yE4 by

(&(T))(e) := EQ(T(EQ*1 (e));

note that even though the linear isometries €; : y€4 — y&4 are not
adjointable operators, we nonetheless have that if 7" is adjointable, then
€,(T) is too.

The A-valued inner product on y&,4 is given on elementary tensors

by
RGN, &a®as @M ® (o) 1= (&1, §2){m; 12){C1, (2 a7 az,
the right action of a; € A by
(E®a®@N®() - a1 :={®ar; ®NA C,
and the left action of f € Co(Y) by
(B.1) [ (E®a®@n®() = fERa®n®(;

if we need notation for this representation, we will denote it by 7 :
Co(Y) — L(yE4), but we will generally omit the 7 when no confusion
is likely to arise.

Denote by K(y&4) the compact operators on yE4 in the sense of
Hilbert module theory, so in this case K(yE4) is naturally isomorphic
to K(Hy ® H® (*(T')) ® A (see [T, pages 9-10]). We will need the

following properties of an adjointable operator T" on y&4.
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(i) T is locally compact if for any f € Co(Y), f1T and T'f are in the
C*-algebra K(yE4).
(ii) The support of T, denoted supp(T), is the complement of the set
(y,2) €Y x Y | there are fi, fo € Co(Y) with fi(y) # 0, fa(y) # 0
and fleg =0 ’

The metric propagation of T is the extended real number

sup{d(y, z) | (y, z) € supp(T)}.
(iii) The T'-propagation of T is the extended real number

sup{lg| | supp(T') n K x gK # @}

(where we recall that K < Y is a fixed compact set satisfying
rK=Y).
(iv) T is I'-invariant if €,(T) = T for all g e I'.

The Roe algebra, denoted C*(Y'; A), associated to y €4 is the C*-algebra
closure of the #-algebra of all finite I'-propagation, locally compact, I'-
invariant adjointable operators on y&4 for the norm inherited from
L(yE4). The localization algebra, denoted CF(Y; A), associated to yEa
is the C*-algebra completion of the =-algebra all bounded, uniformly
continuous functions

a:[0,00) - C*(Y;A)

such that the I'-propagation of a(t) is bounded independently of ¢, such
that the metric propagation tends to zero as t tends to infinity, and
where the norm is given by sup, [a(t)|c(v;a)-

Remark B.2. (i) The exact numerical value of the I'-propagation as
defined above depends on the choice of compact set K < Y with
I' K =Y. However, whether or not the I'-propagation of a
family of operators is bounded does not depend on the choice
of K, whence the Roe algebras and localization algebras do not
depend on this choice.

(i) Say Y = P,(T') is a Rips complex of T' and set Hy = (*(Z,) as
in Definition Say A = C(X). Considering (*(X) as a left A-
module, we may form the internal Hilbert module tensor product
of y€4 and (*(X) over A (see [17, Chapter 4]), and thus get an
isomorphism of Hilbert spaces

yEA @4 A(X) = Hy @ (*(X)® H® £*(T).
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The map
L(yEs) = BT @ Hy @ HR *(X)), T —T®a lex

from the adjointable operators on y&4 to the bounded operators
on (*(T')® Hy ® H®(*(X) is then an isometric *-homomorphism
(see the discussion on [I7, page 42]), and it is not difficult to
check that it takes the Roe algebra C*(Y; A) onto the Roe algebra
C*(I' G X; s) as in Definition 2.4} Thus the two notions agree in
this special case.

(iii) Note that if Y = P,(T'), then we may use Hy = (*(Z,) (to avoid
silly degeneracies, we should assume here that s is large enough
that Py(I") is not zero-dimensional). It is clear then that if s <,
there are isometric inclusions C*(P,(I"); A) — C*(P,(I'); A), and
similarly for the localization algebras.

Now, there is an evaluation-at-zero map
€ KL (Ci(Y;A)) - K. (C*(Y; A))

induced by the obvious underlying *-homomorphism. Our goal here is
to relate this to the Baum-Connes assembly map for I with coefficients
in A as in [4, Section 9.

In order to make this precise, let us fix some terminology. A cut-off
function for Y is a non-negative valued function ¢ € C,(Y’) such that

Dlclgy) =1

gel

for all y € Y; using properness and cocompactness, it is not difficult
to see that such a c exists and we fix one from now on. If as usual ~
denotes the action of I' on Cy(Y'), then the basic projection associated
to ¢ is the element

Py € CC(F, CQ(Y)) o C()(Y) x, I’
defined by

(B.2) py(g) == 4(c)e

The associated class

[py] € Ko(Co(Y) x, T') = KKo(C,Co(Y) .. T)
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does not depend on the choice of ¢. The assembly map

wi KKD(Cy(Y), A) = Ku(Ax, T)
is defined as the composition

T .

KEL(Co(Y), A) —2e KK (Co(Y) %, T, A 50, T) P2 K |(C, A %, T)
where the first map is Kasparov’s descent morphism (see [16, Theorem
3.11]), and the second is Kasparov product with [py] € KK(C, Co(Y) %,
I).

The assembly maps as defined above are functorial under proper,
equivariant, continuous maps of the space Y appearing on the left hand
side. Let ET" be a universal I'-space for proper actions as in [4, Section
1] and define

KKL(ETL,A) = lim KKL(Cy(Y),A)

YCED

where the limit is over all I'-invariant cocompact subspaces of ET'.
Finally, the Baum-Connes assembly map is the map

p: KKL(ET,A) - K. (A x,T)

defined as the direct limit of the individual assembly maps defined
above.

We will want to use the following concrete model for ET. Let
Xp = U, Ps(T) equipped with ¢'-metric; as discussed in [4, Sec-
tion 2|, this is a model for the classifying space EI'. Moreover, the
individual Rips complexes form a ‘homotopy-cofinal’ system inside the
collection of T'-cocompact equivariant subsets (ordered by inclusion) of
Xr: precisely, we mean that for any cocompact Y < Xr, the inclusion
map is (equivariantly, properly) homotopic to a map with image in
some P(I"). Hence the Baum-Connes assembly map is equivalent to
the direct limit of the assembly maps for the individual Rips complexes,
i.e. the Baum-Connes assembly map can be thought of as a map

p: lim KKL(Co(Py(T)), A) — K (A%, T).
§—00
We are now ready to state the main result of this section.

Theorem B.3. Let I' be a countable discrete group, and A a I'-C*-
algebra. LetY be a locally compact metric space, equipped with a proper,
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cocompact, and isometric I'-action. Let

p: KK (Co(Y),A) — K (A x,T)
be the assembly map associated to this data. Then there is a commu-
tative diagram

m

KET(Cy(Y), A) —~ K, (A %, T)

| |

K. (CE(Y; A)) — = K,(C*(Y; A))

where the vertical maps are isomorphisms.

Moreover, let s < t be non-negative real numbers, and say Ps(T),
P,(T") are the associated Rips complezes. Then with notation as above,
there is a commutative diagram

KK (Co(PL(I)), A) - Ky (A x, T)

KK (Co(Pi(T)), A) l Ky(A %, T)
K (CF(Po(); A)) - K (C*(P(I); A))
Ks(CF(P(D); A)) =2 Ky (C*(P(T); A)) .

Here the diagonal maps are induced by the inclusion Py(T') — Py(T),
together with Remark[B.4 for the Roe algebras and localization algebras.
Hence taking the direct limit as s — oo identifies the Baum-Connes
assembly map

p: lim KK (P(D), A) — K.(A %, T)

§—00
with the evaluation-at-zero map

o+ lim KL(CH(P,(D); A)) — lim K, (C*(P,(T); A)

§—00
In order to explain the proof of Theorem [B.3] we will need to de-
fine some auxiliary C*-algebras. The statement in the second part of

Theorem on compatibility with increasing the Rips parameter is
straightforward from the proof of the first part, so we only give the
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proof of the first part. Say then that Y, Hy, and A as above are all
fixed.

Definition B.4. Let y &4 be as above, and let C* and C} be shorthand
for the associated Roe algebra and localization algebra. An adjointable
operator T on y &4 is pseudolocal if for any f € Cy(Y'), the commutator
[f,T] is in K(yE4). Let D* denote the C*-algebra closure of the col-
lection of all finite I'-propagation, pseudolocal, I'-invariant adjointable
operators on y&, inside L(yE4). Let Di denote the C*-algebra com-
pletion of all bounded, uniformly continuous functions

a:[0,00) — D*

such that the I'-propagation of a(t) is uniformly bounded for all ¢, such
that the metric propagation tends to zero as t tends to infinity, and
where the norm is given by sup, |a(t)|px.

Note that C* and C} are ideals in D* and Dj respectively.

We will prove the first part of Theorem by showing that there is
a commutative diagram

(B.3) KK (Co(Y), A) — K;(A %, T)
(i)l L(ii)

Ki41(D*/C*) ——= K;(C*)

ol ;

Ko (D} /CF) —2 Ky(C)

such that the arrows labelled by roman numerals are all isomorphisms.

Remark B.5. The arrow labelled ‘0’ is the standard boundary map in
the K-theory six-term exact sequence associated to the short exact
sequence

0 C* D* D*/C* ——= 0.

Note that we get for free from this proof that ¢ gives another model
for the assembly map: this is a version with coefficients of the ‘Paschke
duality’ model for the (coarse) Baum-Connes assembly map that is
discussed for example in [25] and [12].



DYNAMICAL COMPLEXITY AND K-THEORY 81

We now explain the main steps of the proof, starting with the top
square in diagram (B.3)). The arrow labelled (i) is a form of Paschke
duality, and is shown to be an isomorphism by building on arguments
in [13, Chapter 8|; the key technical points needed in addition are Fell’s
trick, Kasparov’s stabilization theorem, and Kasparov’s Hilbert module
version of Voiculescu’s theorem [I5]. The arrow labelled (ii) is induced
by a Morita equivalence, which is canonical given the fixed choice of
cut-off function ¢. The argument that the top square commutes involves
a significant amount of computation, and is based on [25].

For the bottom square, the arrow labelled (iii) is induced by the
evaluation-at-zero map, and the arrow labelled (iv) is the boundary
map from the K-theory six-term exact sequence associated to the short
exact sequence

0 Cs D¥ Dt /Ct ——=0 .

As we have a commutative diagram

0 Cr Dy D} /Cr —=0,
j&o leo lEO
0 o D* D*/C* —— 0

commutativity of the bottom square is immediate from naturality of
the six-term exact sequence and Remark Our proofs that (iii) and
(iv) are isomorphisms are closely based on arguments from [22] (which
were in turn inspired by work of the third author [37], although that
paper uses quite a different argument); in both cases, the proofs boil
down to clever uses of Eilenberg swindles.

In the next two subsections, we look at the top (‘Paschke duality’)
and bottom (‘Localization algebra’) squares in diagram separately.

Paschke duality square. Let us set up some conventions for equi-
variant K K-theory. We will work entirely in the odd KK and K
groups: the even case can be deduced from the odd case by replacing
A with A® Cy(R), where Cy(R) has the trivial I-action (alternatively,
the even case can be handled directly by arguments analogous to those
used below for the odd case, but is notationally more complicated due
to the necessity of dragging gradings through all the proofs).
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Let B, C be (trivially graded) [-C*-algebras. We will write cycles for
KK (B,C) as quadruples (€, F, 3, ¢) where € is a Hilbert C-module,
F' is an adjointable operator on £(£), [ is a [-action on £ by bounded
linear isometries (not necessarily by adjointable operators, however),
and ¢ : B — L(€) is an equivariant *-homomorphism. Cycles for
KK, (B,C) will analogously be written (£, F,¢). See [16, Section 2]
for the precise conditions needed to be satisfied by these cycles.

We will need the following Hilbert module version of Voiculescu’s
theorem, due to Kasparov [15, Theorem 5]; as the statement is a little
technical, we repeat the special case we need for the reader’s conve-
nience.

Theorem B.6. Let B be a unital, nuclear, separable C*-algebra, and
C a o-unital C*-algebra. Assume that B is equipped with a unital
«-representation B — B(H) on some separable infinite dimensional
Hilbert space H whose image contains no compact operators. Let more-
over H® C' be the standard Hilbert C'-module, and note that there is a
unital inclusion

m:B—-B(H)—- LH®C),

where the map from the bounded operators on H to the adjointable
operators on H® C' is defined by amplification (see [T, page 35]).

Let ¢ : B — L(H®C) be a unital =-homomorphism, and consider the
sum ¢p@®m: B - L(HRC)® (HRC)). Then there is an adjointable
isometry V : HRC — (H®C)® (H ® C) such that the difference

V*r(b)V — ¢(b)
is in K(H® C) for allbe B. O

While Kasparov’s theorem also applies in the presence of a compact
group action, there is unfortunately no general version for non-compact
groups. To get around this issue in the case of proper actions that is
relevant for us, we need a version of Fell’s trick for Hilbert modules
that we now discuss.

Let &£ be an equivariant Hilbert A-module, with I'-action [, and recall
that the -action on A is denoted by a. We will denote by ¢*(T') ® £
the usual external tensor product of Hilbert modules (see [17, Chapter
4]), equipped with the T" action A ® 3 defined as the tensor product of
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the left regular representation and [, the right action of A defined by
(0g®e€)-a:=0d,® ea, and the inner product defined by

<6gl ® €1, 5g2 © €2> = <6g1 ) 6gg>f2(r)<€la €2>5'

With this structure, £2(T')®E is again an equivariant Hilbert C-module.

On the other hand, let £2(T") denote the elements of ¢*(T') with finite
support, and let £3(I')©& denote the algebraic tensor product (over C).
Let T act on ¢2(T') © € by the tensor product A ® 1 of the left regular
representation and the trivial representation. Define a right action of
Aon £3(T) © & by the formula (6, ®e) - a:= §, ® ea,-1(a), and define
an A-valued inner product by the formula

(0gy © €1, bg, @ €2) 1= by, b9, e2(r)(By-1(€1), By1(€2))e

on elementary tensors, and extending. One checks that this is an A-

—1
2

valued inner product, so completion gives a Hilbert A-module, which
we denote by ¢2(T', £). The action of I' moreover extends to an action on
(*(T', &), which we still denote by A®1, and the result is an equivariant
Hilbert A-module.

For §,®¢ € (*(T)®¢&, define U(d,®¢) := 6,@a,(a). It is straightfor-
ward to check that U extends to an equivariant unitary isomorphism

U:PD)RE—T,8),

of Hilbert A-modules. Using such a U to switch ‘on / off” the second
component of a I'-action of this form is called Fell’s trick.

Lemma B.7. Let (€, F,(,¢) be a cycle representing some class x €
KK{(Co(Y),A). Then there is a (non-canonical) way of associating a
new cycle representing x to (€, F, B, ) that has the following additional
properties.

(i) The new cycle has the form (y€a, F, €, ), where F is a self-adjoint
element of D* and 7 : Co(Y) — L(vEa) is as defined in line (B.1))
above.

(1) The process takes: degenerate cycles to compact perturbations of
degenerate cycles; unitary equivalences of cycles to compact per-
turbations of unitary equivalences of cycles; operator homotopies
to operator homotopies; and direct sums of cycles to orthogonal
sums of operators.
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Proof. We just give the proof of part above; part follows from
the proof we give and direct checks.

Recall that v denotes the action of I' on Cy(Y'), and that ¢ is a fixed
choice of cut-off function for the action of ' on Y. Let (&, F, 3, ) be a
cycle for KK{ (Cy(Y), A). Cutting down to Cy(Y) - €, we may assume
that the action of Cy(Y') on € is nondegenerate (compare [16, Lemma
2.8]). Let &, denote the equivariant subspace C.(Y) - € of £, which is
dense by non-degeneracy. Define V : €. — (?(I') ® € by the formula

Vie— Z dy, ®7,4(c)e;
gel
the sum makes sense as properness of the I' action combined with the
compact support conditions on ¢ and e imply that only finitely many
terms are non-zero. Computing gives

Ve, Ve) = 3 Gy trg(c)e mle)e) = (X e, e ) = (e o),
g,hel’ gel
from which it follows that V' extends to an isometric linear map V' :
E - T)®E. Tt is straightforward to check moreover that V is
equivariant, and has an adjoint defined by

V*:0,® e — y4(c)e.

In particular, there is an equivariant submodule £ of ¢?(T") ® £ such
that V() ® & =~ (*(T') ® £. Summing our cycle (€, F, 3, ¢) with the
degenerate cycle (€', 1, B®A|¢/, 0) and applying a unitary isomorphism,
we may replace our original cycle by one of the form (2(T)® &, F, A ®
B,¢) (this F' and ¢ are not the same as the original ones, but what
exactly they are does not matter at this point; we abuse notation as
the price to pay for not multiplying primes or subscripts).

Conjugating by the unitary appearing in Fell’s trick, we may replace
our cycle by one of the form (¢(T, ), F,A®1, ¢). Now, ignoring the T'
actions, Kasparov’s stabilization theorem (see for example [17, Chapter
6]) embeds £ as a complemented submodule of Hy ® H ® A. Hence
we may embed (2(T', £) equivariantly as a complemented submodule of
(*(T,Hy ® H® A). Adding a degenerate cycle equipped with the zero
action of Cy(Y'), we may thus assume that our class is represented by
a cycle of the form

(AT Hy @ HR® A), F,A® 1y, guea, 0).



DYNAMICAL COMPLEXITY AND K-THEORY 85

Applying Fell’s trick again, this time ‘in reverse’ then shows that there
is a cycle of the form

(B.4) (ygA,F,E, ¢)

representing the same class. Note from our construction so far that
while the action of Cy(Y') on y€4 need not be non-degenerate, we do
at least have that the submodule ¢(Cy(Y')) - yE4 is complemented.

Now, let Cy(Y') denote the unitization of Cy(Y'); abusing notation
slightly, write

m:Co(Y) — B(Hy) — L(vEa),
for the unital *-homomorphism extending our fixed m; here the first
arrow is the unital extension of our fixed representation, and the second
is amplification. The C*-algebra CTOT/Y) is nuclear, and we assumed
that no non-zero element acts as a compact operator on Hy. Hence
(replacing ¢ with its unitization) Theorem gives an adjointable

isometry
Viy€a —véa
with the property that

VEr(f)V = o(f) € K(vEa)
for all f e Cy(Y).

Unfortunately, V' does not need to respect the action of I', but we
can rectify this as follows. Choose a family of equivariant isometries

(vg: P Q@H — *(IQH)

gel

with the properties that >, g UgVy =1 (convergence in the strong op-
erator topology) and vjiv, = 0 for h # g (such exist by the classi-
cal version of Fell’s trick), and abusing notation, also write v, for
the isometries on y&,4 induced by these. Consider the submodule
E = ¢(C.(Y)) - y€a of yE4, which is dense in the complemented
submodule € := ¢(Cy(Y)) - y€a of yE4. Define a map

W& —vEa, e Z Vy€,(V)y4(c)e,
gel

which makes sense as the compact support conditions on ¢ and &,
guarantee that the sum on the right is finite. Computing, for any
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e1,e9 €&,
(Wer, Wey) = ;F@gzg(vm(c)el » vnen(V)m(c)ez)
- g%@;%zg(m%(c}el , en(V)m(c)er)
_ g;@g(vm(c)el , en(V)m(c)e)
- g;@g(v*v)vg(c)el, Va(c)ez)
_ ;erael, e2) = Cev ).

Hence W extends to an isometry & — y &4, which is clearly equivariant.
Extending W by zero on the complement of £, we may consider W as an
equivariant partial isometry W : &4 — y&4, and it is straightforward
to check (using that WW* is the projection onto £ := ¢(Co(Y)) -y Ea)
that

WET (/)W = o(f) € K(y€a)
for all f e Cy(Y). This gives us that

(v&a, W FW, €, )

(where F is in the cycle in line (B.4)) is a cycle for KK} (Cy(Y), A)
that is equivalent to our original cycle.

We now have a cycle (y &4, F, €, m) on the correct equivariant Cy(Y)-
A module y&4. Replacing the operator F' by

PIRACLACEAE

(the sum converges strictly, as one can see using elements of C.(Y')-y €4
as we have a couple of times already), we get a new cycle which is just a
compact perturbation of the old one, and for which F'is equivariant and
of finite I'-propagation. Together with the other conditions defining a
Kasparov cycle, this gives that F'is an element of D*. Finally, replacing
F by 3(F+F*), we may assume that F'is self-adjoint and are done. [

The above lemma now allows us to define the map labelled (i) in
Diagram (B.3]), and show it to be an isomorphism.
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Definition B.8. Define a homomorphism
§: KK (Co(Y),A) — K (D*/C*)

by first representing a class x in K K1 (Cy(Y), A) as a cycle of the form
in Lemma[B.7} then note the conditions on a Kasparov cycle imply that
the image of 1(1+ F) in D*/C* is a projection p, and define 6(z) := [p].

The following proof is based on [I3, Theorem 8.4.3]: see the discus-
sion there for more details.

Corollary B.9. The map ¢ from Definition[B.§ above is a well-defined
1somorphism.

Proof. We note first that the equivalence relation on cycles used to
define KK (Cy(Y), A) may be taken to be that generated by operator
homotopies, addition of degenerate cycles, and unitary equivalences.
Indeed, as already noted there is a canonical process

Foo ZVQ(C)Eg(F)Vg(C)

gel

for replacing operators by ['-invariant ones. Using this, it is not too dif-
ficult to see that the proof that the equivalence relation on cycles used
to define K'K;(B,C) may be taken to be that generated by operator
homotopies, addition of degenerate cycles, and unitary equivalences in
the non-equivariant case [28, Theorem 19] extends to the equivariant
groups K K7 (Cy(Y), A) (it is important here that Co(Y) is a proper
[-algebra). The fact that ¢ is well-defined follows from this: operator
homotopies give rise to homotopic projections, unitary equivalences
to Murray-von Neumann equivalent projections, and degenerate cycles
to projections vulnerable to an Eilenberg swindle. Moreover, § is a
homomorphism as one can add orthogonal projections.

To see that ¢ is an isomorphism, note that it is surjective as every
element of K,(D*/C*) can be represented by a projection in D*/C*
(as opposed to a matrix algebra over it), and lifting to D* gives rise to
a cycle for KK (Cy(Y), A). Tt is injective as the equivalence relations
on projections and unitaries defining K, (D*/C*) lift to equivalences of
Kasparov cycles. 0
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We now recall some more details about the K K-theoretic assembly
map

p: KK (Co(Y),A) — Ki(Ax,T).
We start with a class on the left hand side represented by some cycle
(E,F, 3, ¢). Kasparov [16], 3.7 — 3.11] defines a descent homomorphism

G5 KK (Co(Y), A) » KK (Co(Y) %, T, A %, T)

from equivariant K K groups to the non-equivariant KK groups of
crossed products as follows. Define a scalar product on C.(I',€) with
values in C.(I', A) by for each pair for e;,es € C.(I',€) defining the
function
(e1,e9): ' — A
by the formula
(er,e2)(g) == Y an-1(Cer(h), ea(hg)e).
hel’
Define a right action of C.(I', A) on C.(T",€) by the formula
(- a)(g) := ) e(h)an(a(h™"g)).
heG

Kasparov shows that the inner product is positive, and thus it makes
sense to define £ x I' as the Hilbert A x,. I'-module defined by simulta-
neous completion (see [I7, pages 4-5]). The module £ x I" is equipped
with a left action of Cy(Y) x,. I defined as the integrated form of the
covariant representation defined by setting

(6(f) - e)9) := 6(f) - elg). feCulY), eeCull,€), geT
and the unitary representation of I' defined by
(ug - €)(h) :=¢,(e(g™'h)), g,hel, eeCT,E).

Kasparov shows that this integrates to a representation of Cy(Y') x,. I,
also denoted ¢, so & xT'is a Cy(Y) %, '-A x,. T bimodule. An operator
F' is defined on &£ by the formula

(F-e)(g) = F-e(g).
The map ;& is then defined by j[&, F, 3, ¢] = [€ x T, F, 5]

The second step in defining the assembly map is to choose a cut-off
function ¢ for Y, and use it to construct a basic projection as in line
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(B.2)) above and thus a class [py ] in Ko(Co(Y)x,I') = KKy (C, Co(Y) %,
['). The assembly map is now defined by

plE F.B,0l :=[py] & i€ F B,¢]e KK.(C ,Ax,T).

Co(Y)x, T

where ‘®Qcq(vy»,r’ denotes Kasparov product over the C*-algebra Cy (Y)x,
I'. More explicitly, one checks directly that this class is represented by
the Kasparov cycle

(DY (€ % 1), v Fiv 1)

for KK,(C, Ax,I"), where t : C — L(& xT) is the unital representation
given by z — zpy (in what follows will usually omit the ‘¢’ where this
is unlikely to cause confusion). Hence

plE, F, B, 9] = [py (€ F)vpyﬁpyw]-

In order to analyze this cycle, it will be extremely convenient to in-
troduce a new Hilbert A x,.I" module as follows; the following discussion
is inspired by, but a little different from [25, Lemmas 2.1, 2.2, 2.3 and
3.4]. Let £3(T") denote the subspace of finitely supported functions in
(%(T"). Write ‘@’ for the uncompleted tensor product over C, and define

E:=Hy OAOQHO L),

which is a dense subspace of y&€4. Equip & with the restriction of the
[-action € on y&y4; symbolically, this is given by

(EOQaONO) = u, O ay(a) OnE dgh.

Provisionally define a new inner product on & with values in C.(I', A) <
A x, ' by the formula

<€1> 62>5A><TF (g) = <€1’ €9<€2)>Y5A7

and a right action of C.(I", A) by
e b:= Z e-1(e-b(g)),

gel

where the product ‘e-b(g)’ on the right refers to the A-module structure
of y&€4. Define finally a linear map

(B.5) U:& —vyEaxT, (Ue)(g) :=c-eye).
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A direct computation that we leave to the reader shows that for any
e1, s € &, we have

(B.6) Uer,Uez)ye,mr = €1, €2)e4,,r
and moreover for all e € & and b € C.(I', A) we have (Ue)-b = U(e-b).

It follows from this that the form {, )¢, . is positive semi-definite,
and thus simultaneous completion as discussed in [I7, pages 4-5] gives
rise to a Hilbert A x, I'-module €4, . Moreover, the map in line (B.5))
above extends to an isometric inclusion

U: EAXITF — ygA x I

Lemma B.10. The map U : Eas,r — vEa x I is an adjointable isom-
etry, with image exactly equal to py - (yE4 x T).

Proof. An elementary computation shows that the adjoint of U is given
for e € yE4 x I' by the formula
U*e = eg1(ce(g));
gel
combined with the formula in line , we now have that U is an
adjointable isometry. Computing, for any e € y&4 x ['and g e I’

(UU*e)(g) = ¢+ e(U*e) = c- ¢ D eni(e-e(h)))

hel’

= Z cYgn-1(c) - e(h).

hel’
Making the change of variables k = gh™!, this becomes
UU*e(g) = ) cmle)e(k™9) = (py - €)(9).
kel’

In other words, the range projection of U is py, which completes the
proof. O

Now, let E : A x,.I' - A denote the faithful conditional expectation
defined by b — b(e), where e here denotes the identity element of I
Following the discussion in [I7, pages 57-58|, this conditional expec-
tation gives rise to a ‘localization” Hilbert A-module €4, g defined
as the separated completion of €4, for the A-valued inner product

defined by

<€17 62>5A><TF,E = E(<€17 e2>gA>qu)'
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Moreover, there is a =representation

g L(Eax,r) = L(Ean,r.E)-

defined on the dense subspace of 44,1 g defined as the image of €4,
by the formula 7g(T) -e = T - e; as in our case F is faithful, 7p is
isometric.

Lemma B.11. The localization £y, g identifies naturally with y&4:
more precisely, on the dense subspace of these A-modules defined by &,
the inner products agree.

Moreover, having made this identification, the =-representation mg

takes K(Eax,1r) onto C*.

Proof. The first part is clear from the formulas involved. For the second
part, recall first that K(E4x,r) is generated by operators of the form

061762 se= 61<627 e>gA>arF7

where ey, e, e are in E4y,1 (or just in the dense subspace &). Com-
puting,
061,62 (6) = 2 €g—1 (61<62’ 62>5A><,«F (g)) = Z €g—1 (€1<627 69(€)>Y5A)'
gel’ gel’

Now, specialize to the case where e; = & ©® a; © 1; © 0p,, for i € {1,2},
and e = £ ©a®n@ o, are all given by elementary tensors, which we
may regard equally as elements of €4. The first part combined with
the above computation then says that

7TE(061,€2)6 = Z €g—1 (e1{ez, 69(6)>Y5A)

gel’

= Z<7727 UPSSH ug£2><5h17 6gh>ug—1£1 @ g1 (ma3)a®@n® Og=1hy -
gel’
It is straightforward to check that the operator mg(0e, e,) is in C*, and
moreover that linear combinations of such operators are dense in C*,
completing the proof. O

At this point, we have that £4,,r is an A x, [-module, and that the
compact operators on it identify naturally with C*. To complete the
proof that A x,. I' is Morita equivalent with C*, it will suffice to show
that 4, is full. For the sake of completeness, as well as to ease the
subsequent analysis, the next lemma gives a more precise statement.
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To state it, define an C,(I', A)-valued inner product on & by the
formula

(E10aOMO, ; 2000100, )(9) 1= (&1, §2){N1;02){0g; 0)-1, )1 (a1 a2).

In other words, identifying ¢2(T') © A with C.(T', A) in the natural way,
this is HyOHQOC,(I', A) with its natural C..(I", A)-valued inner product.
Thus it is positive definite, and completion gives rise to the standard
A %, '-module Hy  H® A %, I'.

Lemma B.12. The map
ViEh—&, £0aOn®d— up-1£Qap-1(a) On® oy
extends to an isometric i.somorphism
Vi€awr—>Hy @ HQAx,.T.
In particular, conjugation by V induces an isomorphism
K(€au,r) = K(Hy @ H) @ A %, T,
and combining with Lemma C*2KQAx,T.

Proof. Computing,

V(G O0aOmMO), V(O azOn2 O on,))ryeaeAx,r(9)
= (up-1&, yy E2)(01, 02)0g, O,z ety (0= (@] ) auny (a2))
= (& Wiy, €20$m, 112)(0g, O, o1 AT 1 (a2)
= (&, uy &)1, M2){Ony » Oghy Yt g (a2)
=1 0aONOM, , £0aONOdhy)e,, r(9)

Hence V' extends to an isometry from 4y, r into Hy @ H® A x,. . A
standard computation shows that V' is adjointable, with adjoint given
on & by the same formula as for V| i.e.

VHEOQaOnO &) = up-1£ O ap-1(a) On O dp-1.
Clearly from these formulas V' has dense image, and thus extends to a

unitary isomorphism as claimed.

To complete the statement about the compact operators, note that
we now have

K(Eaw,r) =K(Hy @ HR® A%, T) = K(Hy @ H) @ K(A %, T)
>~ K(Hy @ H)® A %, T,
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where the first isomorphism is conjugation by V', the second is a stan-
dard general isomorphism for external tensor products of Hilbert mod-
ules discussed in [I7, page 37], and the third is the standard identifi-
cation (B) = B for any C*-algebra considered as a Hilbert module
over itself as discussed in [I7], page 10]. O

We now go back to commutativity of the top square of diagram (B.3]).
Filling in some more details, the top square in Diagram (B.3]) looks as
follows.

KK (Co(Y),A) —= KK (C,A %, ) —— K;(A %, T)

0| = ~ [ ady
K1 (K(Eax,1))
Ko(D*/C*) K\(C*),

where in the above:

(i) the map labelled ¢ is the Paschke duality isomorphism of Corollary

B.9

(ii) the map labelled ¢ is the standard boundary map in K-theory;

(iii) the composition of the top two horizontal arrows is the the Baum-
Connes assembly map p (we have explicitly included the isomor-
phism &);

(iv) the map labelled 7g is the map on K-theory induced by the iso-
morphism of Lemma [B.11}

(v) the map labelled ady is the map on K-theory induced by conju-
gation by the unitary isomorphism of Lemma [B.12}

(vi) the map labelled s is the stabilization isomorphism in K-theory.

Consider now what happens to a class in KK7 (Cy(Y), A) as it goes
around this diagram. Using Lemma [B.7] we may assume our class is
of the form [y&a, F, €, 7], where F is in D*. As discussed above, the
assembly map p along the top row of diagram takes this class to

[py - (vEa % T),py Fpy, 1] € KKi(C, A x, T)
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where ¢ is the unit representation of C. Using Lemma this class
is the same as [Eax,r, U*ﬁU, t]. Lemma implies that 4,1 1S
actually a standard module over A x, I', and thus one of the standard
formulations of the isomorphism between K K, (C, B) and K.(B) (see
[5, 17.5.4 — 17.5.6]) says that this class corresponds to the image of the
projection %(1 + U*FU ) under the composition

0+ Ko(L(Eaw,r)/K(Eax,r)) = Ki(K(Eax,r)) = Ki(A >, T),

of the K-theory boundary map and the combination of the isomor-
phism ady and the stabilization isomorphism. On the other hand,
going around the square to the bottom right corner in the other direc-
tion, our class [y €4, F, €, 7] goes to the image of the projection 3(1+ F)
in D*/C* under the boundary map

Consider then the commutative diagram of boundary maps

Ko(L(Eas,r)/K(Enyr)) —= K (K(Eanr)) |

-1 -1
TR o)

Ko(D*/C*) x Ky(C¥)

where the vertical maps are induced by the inverse of g restricted to
its image. To complete the proof, the discussion above implies that it
will be enough to show that the projections

1 ~ 1
5(1 +U*FU) and wgl(§(1 +F))

in L(Eau,r)/K(Eaw,r) are the same. For this the following lemma
suffices, so it completes our analysis of the top sqaure.

Lemma B.13. For any F € D*,
me(U*FU) = F

15 1 C*.
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Proof. We compute what the operator mg(U *FU ) does on an element
e of & < yE&a.

mp(U*FU)e = U"FUe = Y e (c(FUe)(g)) = Y eg-1(cF (Ue)(g))
gel’ gel’
= 2 e,-1(cFceg(e) Z Yg-1(€)Fy,-1(c)e,
gel’ gel’

where the last inequality used I'-invariance of F'. Hence

rE(U*FU) — F = Z’yg—l(C)F’}/g—l(C) — F.

gel’

To see that this operator is in C*, we must show that it is [-invariant,
has finite [-propagation, and is A-locally compact. The first two of
these are clear, as they hold for each of the two terms individually.
To see that the operator is A locally compact, let f be an element of
Ce(Y). Let S:={geT| f-v,-1(c) # 0}, which is finite by properness
of the action, and compact support of f and ¢. Then we have

I (X @P1(0) = F) = - ( 391 (Fg(0) = Y 71 ()

gel’ gesS ges
= 1 (Z A @R 0)),
ges

where the first equality uses that »}v,-1(¢*) = 1. The sum in paren-
theses is a finite sum of operators in K(y£4), so we are done. u

Localization algebra square. In studying the bottom square, it will
help to introduce some auxiliary C*-algebras. For a C*-algebra B,
let TB denote the C*-algebra of all bounded, uniformly continuous
functions from [0, ) to B. We then have a commutative diagram of
short exact sequences of C*-algebras.

(B.7) 0 C* D* D*/C* ——0
0 —> TC* TD* TD*/TC* — 0

T

0 C D: Dt /Cs —— 0
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Here the upper three vertical arrows are all induced by evaluation-at-
zero maps, while the lower three vertical arrows are all induced by sim-
ply forgetting the condition on metric propagation in the definition of
D7 and C}. As already mentioned, the bottom square in Diagram (B.3)
is induced by the boundary maps from the top and bottom sequences
in Diagram , and thus automatically commutes, so it remains to
show that the maps labelled (iii) and (iv) in Diagram are iso-
morphisms. Indeed, that (iii) is an isomorphism follows from Lemmas
IB.14] and [B.15| below, while isomorphism of (iv) is Lemma below,
so these lemmas complete our analysis of the bottom square.

Lemma B.14. (Compare [22], Proposition 3.6]). The upper three ver-
tical maps in Diagram induce isomorphisms on K -theory.

Proof. Using the six term exact sequence and the five lemma, it suffices
to show the two maps on the left induce isomorphisms on K-theory.
For this it suffices to show the following: if B is a C*-algebra which has
a stability structure in the sense of Definition [6.4] then the evaluation-
at-zero map T'B — B induces an isomorphism on K-theory. Using
the six term exact sequence again, it suffices to show that if B is any
C*-algebra with a stability structure, then

ThB:={feTB|f(0) =0}
has trivial K-theory. This is what we will now do.

Let (u,) be the unitaries in the definition of a stability structure.
For an element b € Ty(B), extend b to a function b : R — B by setting
b(t) = 0 for all ¢ < 0. For each n, define an inclusion

tn  ToB — ToB,  (u,b)(t) = b(t — n).

Then each u, is a *-homomorphism. Moreover, the map
o0
w:TyB —TyB, b— Z Un fbn (D) Uy
n=0

is a *-homomorphism, as for any fixed ¢, all but finitely many of the
functions u,(b) take the value zero at ¢t. Conjugating by the isometry

0
_ *
U = Up 41Uy,
n=0
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shows that p induces the same map on K-theory as the map u’ : ToB —
Ty B defined by

0¢]
(' (b) = 2 Unftn—1(D)uy,
n=1

and applying a shift homotopy at each ‘level” indexed by n (plus using
uniform continuity of b) shows that y' induces the same map on K-
theory as pu*! : ToB — Ty B defined by

0
p(b) = Z U flp U
n=1

Then we clearly have that
= ady, o po + pt!

as *-homomorphisms (the right hand side is a *-homomorphism as g
and p*1 have orthogonal images: compare Lemma above). Note
that ad,, is just conjugation by an isometry in the multiplier algebra of

ToB, and thus defines the identity on K-theory (see Lemma[6.1]above).
Hence passing to induced maps on K-theory gives

fie = (adug )u © (Ho)w + pi = 1d + pia,

and cancelling p. gives that the identity map is zero, which gives
K. (To(B)) = 0 as claimed. O

Lemma B.15. (Compare [22, Proposition 2.3]). With notation as in
Diagram (B.7) above, the map D3 /CF — T D*/TC* is an isomorphism
of C*-algebras.

Proof. We define an inverse map. As the action of I' on Y is proper,
arguing as in [35], Corollary A.2.8] one sees that for each n, there exists
a partition of unity {¢;, : Y — [0,1]}icz,, which is I-invariant, such
that each ¢;,, has compact support of diameter at most 1/n, and such
that >}, #7,(y) = 1 for all y € Y. Define a map ® : TD* — Dj by

stipulating that when ¢ € [n,n + 1],

®(a)(t) := (n+1-1) Z Gin+10(t)Pinr1+(t—n) Z Dinr20(t)Pin2.
i€ln41 1€l 42

Then it is not too difficult to see that ® is a well-defined complete

contraction, that ® descends to a well-defined =-homomorphism on the

quotients, and that ®(a(t)) — a(t) € TC* for all a and all ¢ (compare
[22] Lemma 2.2]). The result follows from this. O
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Lemma B.16. (Compare |22, Proposition 3.5]). The C*-algebra D7
has trivial K-theory.

Proof. Again, we use the stability structure (uy,);_, on D} coming from
a decomposition of the ‘auxiliary Hilbert space’ H into countably many
infinite dimensional summands. For each n, define a *-homomorphism
tn : Di — D7 by the formula

)
Then we may define o : D — M(D3) by the formula

o0
p(a) == Z Unfin (@) Uy,.

n=0
Note however, that the image actually lands in D7, not its multiplier
algebra: the point is that [p,(a)(t), f] — 0 in norm as n — oo for any
feCy(Y)andt e [0, 0], using the propagation condition (compare the
proof of [24, Proposition 5.18]). A combination of conjugation by an
isometry and a homotopy quite analogous to the argument of Lemma
shows that g induces the same map on K-theory as 1, where
the latter is defined by the same formula, except that the sum starts
at n = 1. Finally, we have that as maps on K-theory

My = (aduo)* © (/LD)* + :u:xi_l =id + Mo

whence the identity induces the zero map on K-theory, and we are
done. U
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