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ABSTRACT. We show that every metric space with bounded geometry
uniformly embeds into a direct sum of (N) spacesyf’s going off to
infinity). In particular, every sequence of expanding graphs uniformly
embeds into such a reflexive Banach space even though no such sequence
uniformly embeds into a fixet? (N) space. In the case of discrete groups

we prove the analogue of B-menability — the existence of a metrically
proper affine isometric action on a direct sumdfN) spaces.

INTRODUCTION

Gromov introduced the notion of uniform embeddability and later sug-
gested that uniform embeddability of a discrete group into a Hilbert space,
or even into a uniformly convex Banach space, might be relevant for appli-
cations to the Novikov conjecture [3, 2]. Yu subsequently proved the Coarse
Baum-Connes and Novikov conjectures for groups which are uniformly em-
beddable into a Hilbert space [13, 11]. This lead to the verification of the
Novikov conjecture for large classes of discrete groups, including, for ex-
ample, linear groups [6] and, more generally, exact groups [10, 7].

The question of whether every discrete group might be uniformly em-
beddable in Hilbert space remained open for some time. Gromov ended
the speculation by announcing the construction of a discrete group which
cannot be uniformly embedded into Hilbert space [5, 4]. Nevertheless, the
Novikov conjecture remains valid for the groups Gromov constructs.

Two natural questions arise: (1) Can one prove the Novikov conjecture
for discrete groups which uniformly embed into other nice Banach spaces?
(2) Does every discrete group embed into a nice Banach space? How ‘nice’
the range Banach space needs to be (for question (1)) is not yet clear, al-
though quite recently Kasparov and Yu have achieved some interesting re-
sults in this direction. In this note we show that every metric space with
bounded geometry can be uniformly embedded into a fairly nice Banach
space. More precisely, our main result is the following:
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1. Theorem. Let X be a metric space with bounded geometry. There exists
a sequence of positive real numbérs,} and a uniform embedding of
into thel?-direct sum® 1P (N).

The Banach space in the statement is reflexive. Thus, every bounded
geometry metric space can be uniformly embedded into a reflexive Banach
space. In particular, every sequence of expanding graphs can be uniformly
embedded into a reflexive Banach space, answering a question pondered by
several experts. As observed by Gromov, a sequence of expanding graphs
cannot be uniformly embedded into Hilbert space [4] (see [8] for a proof);

a less well-known observation by Roe is that such a sequence cannot be
uniformly embedded intd?(N) for any finitep (cf. [9]). Hence the result
above seems to give a uniform embedding into the simplest kind of Banach
space that is capable of containing all bounded geometry metric spaces.

In the case of discrete groups we prove the following stronger result.

2. Theorem. LetI" be a countable discrete group. There exists a sequence of
positive real numbergp.,,} and a metrically proper affine isometric action

of I' on thel?-direct sum®1P:(N). In particular, there exists a uniform
embeddingD : T — @1P~(N) such that|®(s) — ©(t)|| = ||@(t's)|, for

all s, ter.

This theorem is a version B-menability involving a reflexive Banach
space in place of a Hilbert space. The remarks above apply equally to the
groups constructed by Gromov: they cannot be uniformly embedded into,
and in particular do not admit metrically proper affine isometric actions on,
IP(N) for any finitep. Thus, again, the result is in some sense optimal.

The proofs of the two results above have certain similarities though the
actual constructions involved are slightly different. In the next section we
collect several facts needed for both proofs and set our notation. In the
remaining two sections we construct the required embedding and affine ac-
tion, proving the theorems.

1. NOTATION, DEFINITIONS AND BASIC FACTS

For a countable sétlet 1P(S) denote the usual sequence space|aig,
the corresponding norm (we alloiv < p < oo). For a sequencé,, of
Banach spaces let&,, denote thd?-direct sum defined by &, = {(z,) :
> |lznl|? < oo}, with the obvious norm. Since the dual space ofl&n
direct sum is thé2-direct sum of the dual spaces we see that if evigyys
reflexive then so isb€,,. In particular, for every sequence of real numbers
[pn), ®1P(N) is a reflexive Banach space.

A metric spaceX is locally finite if every ball is finite; it hasbounded
geometryif for all R > 0 there existsC > 0 such that evenr-ball in
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X contains at mos€ points. With these conventions a bounded geometry
metric space is necessarily discrete and countable.
A function @ : X — & from a metric spac& to a Banach spacé is
a uniform embeddingf there exist non-decreasing proper functigns :
[0, 00) — R such that

p-(d(x,y)) < [[@(x) — @(y)]| < p+(d(x,y)), forallx,yeX,

where|| - || denotes the norm ifi.
We require the following elementary fact.

3. Lemma. LetS be a set, and lex > 0 and3 > 1. Then||f||, — ||f||c

asp — oo uniformly on sets of the form
Sap ={T €17(S): [l < xand#suppf) <},

where# suppf) denotes the cardinality of the supportfof

Proof. The following inequalities imply the lemma:

1/p
flloo < IIflo =9 D If(s)
sesupp(f)
1/p
<flled Y 1y <Iflwp'” O
sesupp(f)

2. BOUNDED GEOMETRY CASE

In this section we prove Theorem 1. The main observation is that every
locally finite metric space enjoys a weak analogue of Yu’s property A [13].
More precisely we have the following lemma.

4. Lemma. Let X be a locally finite metric space. Then there exists a se-
quence of mappingp™ : X — 1°(X), x — ¢ such that

1) |dT|lo =1, forall x € X andn € N;

(2) suppd?) C Bn(x), whereB,(x) is the ball of radiusn aboutx;

(3) |dF — ¢}l < dlx,y)/n, forall x,y € X.

Proof. Define functionsp™ : X — 1°°(X) as follows:

1— 4k gxy)<n
ory) =1 T dbew)s
0, d(x,y) > n.
Clearly conditions (1) and (2) are satisfied. Condition (3) is easily check by
considering cases.

Casez ¢ Bn(x) UBn(y): d3(z) =0anddy(z) =0
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Casez € B,,(x) N B, (y) : By the triangle inequality
[b%(z) — dy(z)| = [d(x,z) — dly,z)l/n < d(x,y)/n.
Casez € B,,(x) — Bn(y) : Again by the triangle inequality

(93 (z2)—dy(z)] = (n—d(x,z))/n < (d(y,z) — d(x,2)) /n < d(x,y)/n.
The remaining case is similar. ([l

The conditions (1)—(3) in the lemma are indeed a weak form of Prop-
erty A. For a bounded geometry spaxelu [12] showed that Property A
is equivalent to the existence of a sequence of functiphis X — 1%(X)
satisfying the following conditions:

@ [|l2=1,Vx € XandvVn € N;

(b) Vn € N3 R > 0such that supp)y) C Br(x);

)V C > 0 [y -yl — 0 uniformly for x, y € X satisfying

d(x,y) < C.

We note that conditions (2) and (3) in the lemma could be replaced by direct
analogues of conditions (b) and (c) (for example, replace the precise esti-
mate in (3) by a statement involving only uniform convergence as in (c)) at
the cost of complicating some of the arguments below.

Proof of Theorem 1Since X is assumed to be of bounded geometry the
cardinality of the supports of the functiods’ (defined as in the previous
lemma) are uniformly bounded above for eacfindependent of)x Hence

for each integen we can, by Lemma 3, find a real numhgr such that

for all x,y € X. Combined with condition (3) of the lemma this implies, in
particular, that
nan d(x,y) +1
chx _cbprn < n )
foralln € Nandx,y € X.
Now fix a base poink, € X and define, for alk € X,

O(x) = Dy — by,
A simple calculation reveals that

2 n n(2 2 1
1900 = @I = 3 02 = 0, < (@bew) +17 3
Settingy = xo and observing tha®(x,) = 0 we conclude that indeed
D(x) € olP(X) for all x € X. It remains to see thab : X — @1P~(X)
is a uniform embedding. Consulting the previous inequality once again we
see that we may define (v) = (3_ I)172(r 4 1).

neN nZ
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We define a lower distortion function by
p—(r) = inf [[®(x)—O(y),
d(x,y)>r

and are left to check that (r) — oo asr — oo. In other words, for every
integerR > 0 we must find anry such that|®(x) — ®(y)|| > R for all
x,y € X satisfyingd(x,y) > vo. This is easy to do: since eadt is
supported in the ball of radius aboutx if d(x,y) > 2R? it follows that

R? R?
I0() = @W)[*> Y llbx —dylly, = D llbx — dyll =R
n=1 n=1
This concludes the proof. O

3. DISCRETEGROUPCASE

In this section we prove Theorem 2. The proof is similar to one of
the standard proofs that amenable groups are uniformly embeddable into
Hilbert space [1].

Let I" be a countable discrete group. EquUimvith a proper length func-
tion; if T is finitely generated this could be a word length function. The
length of an element € T is denoteds|.

The left regular representation Bon 1P (") is denoted — s - f; these
are isometric actions. We regatd (I') C B(1%(T")) as multiplication op-
erators; we regarfl C B(1%(T")) via the left regular representation. With
these conventions we hayés* = s - f forall s € " andf € 1°(T").

5. Lemma. For everyC > 0 ande > 0 there exists a non-negative, finitely
supported functiori onT such that|f||., = f(e) = Tand||s - f — f||» < &,
forall s € T with|s| < C.

Proof. Consider theC*-algebraB = C*(T") + X (1%(T")) c B(1%(T")). Define
h € co(T) by h(s) = |s|”' (seth(e) = 1). Observe thah € co(T") C
1°(T") N K(1%(T)) is a strictly positive element ific (12(T")). Consequently,
[h!/™} is an approximate unit fak (1%(T")) and the convex hull of h'/™}
contains an approximate unit f6¢(1%(T")) which is quasicentralin B. In
particular, givenC > 0 ande > 0 there exists a convex combinatigrof
the{ h!/™} such that

£
3)
for all s € T" with [s|] < C. Note thatg € c,(T") satisfied|g||.. = g(e) =1
and letf be a function of finite support such thet— gl < €/3, ||f]|ec =
f(e) = 1. The proof concludes with a simple estimate:

Is-9—9lle =l[sgs” —gll = llsg —gs]| <

Is - f—flloo < lls-f=5-glloo+lls-g—allw + g = fllw <,
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forall s € T with |s| < C. O

Proof of Theorem 2Apply the previous lemma to a sequence( tend-
ing to infinity and a sequence of tending sufficiently fast to zero to obtain
a sequence of finitely supported functidrfg } such that

o
§:|B'fn_"ﬂMi‘<OQ
n=1

forall s € T'. Apply Lemma 3 to obtain a sequenice,, } such that
D ls-fu—full3, < oo,
n=1
for all s € T'. By virtue of this inequality we may defin@ : ' — &1P~(T)
by ®(s) = ®s - f,, — fn.
Denote byA the sum of the left regular representationg amn &P~ (T');
A Is an isometric representation. A straightforward calculation reveals that
@ satisfies the cocycle identity with respeciMtod (st) = Ag(D(t))+D(s)
forall s, t € I'. Consequentlyxs = A + ®(s) defines an affine isometric
action ofl on 1P~ (T"). Observe that

|@(s) = @(t)[| = [|cs(0) — ot (0)]| = [loxg1(0) | = [ (s~ )],

foralls,t eT.

It remains only to check thab is proper, in the sense thg®(s)|| — oo
ass — oo InT. This is straightforward. Indeed,ff, is supported in the ball
of radiusR,, (in ', w.r.t.| - |) ands € T satisfiegs| > 2R, then the supports
of s - f, andf,, are disjoint and|s - f, — f,|lp, > 1 (since||fnlje = 1)
Hence, if|s| > 2max{Ry, ..., R} then||®(s)| > m'/2, O
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