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Abstract. Feedback equivalence of n state, n — 1 control systems divides such systems into two invariant
classes. We show that class 1 corresponds, via a geometric isomorphism, to classical Lagrangian varia-
tional problems. We prove the existence of time critical closed loop controls for systems which satisfy the
non-degeneracy condition that the analogue of the Hessian for the Lagrangian problem have full rank.
We show that the vanishing of this Hessian characterizes the affine linear systems in class 1 and identify
the rank condition for local controllabilty for such systems as the non-vanishing of a differential invariant.
The affine linear systems in class 2 are also characterized by the vanishing of an invariant and the rank
condition is identified.
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1. INTRODUCTION

In this paper we consider the problem of feedback equivalence of control systems, with n states
and n — 1 controls, as the equivalence problem for systems

d
(1.1) d_i = F(x,u) reR", ueR"!,
under diffeomorphisms of the form

(1.2) O(t, w,u) = (t, ¢(x), Y(z, u)).

By making use of Cartan’s method of equivalence [3], [5], [6] we obtain an invariant splitting of
such systems into two classes. The first of these, on which we focus our attention, is identified via
a geometric isomorphism, with classical single integral variational problems. The existence of this
isomorphism means that all of the rich geometry of classical Lagrangian mechanics is encoded in the
control system (1.1) and may be applied to its study. The most basic elements of the Lagrangian
problem are the notions of regularity and of the Euler-Lagrange equations for critical curves. We
show that, as one would hope, these concepts translate into basic features of the control problem.
The vanishing of the Hessian for the associated Lagrangian is necessary and sufficient for the control
system to be equivalent to one in affine-linear form

(1.3) Z—f =flx)+ > gilx)u’.

At the other extreme, when the Hessian has full rank, we show that the Euler-Lagrange equations
may be solved to provide closed loop controls. As the Lagrangian functional, applied to solution
curves of (1.1), measures the time from initial to final endpoints, these controls are time critical.
Moreover, for a certain subclass of control systems, they are the geodesics of a pseudo-Riemannian
metric intrinsic to the system as Wilkens found in the case n = 3. [13].
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The second class of systems corresponds to a non-classical variational problem of the sort studied
by Griffiths [8]. We will pursue the study of this aspect of the problem elsewhere. We show that
every system in this class can be put in the form

dot

d—i:uz 1<i<n—1
dz"™

a9

where g is homogeneous of degree 1 in the controls. We give necessary and sufficient conditions for
the system to be affine linear, in which case g(x,u) = 3_ g;(z)u’. For such systems the controllability
condition [1], [11] is that an invariant should not vanish. As there is no drift term, the condition will
fail for any linearizable system in this class, however there is an invariant skew symmetric matrix A
which determines at least rank A equivalence classes of controllable affine linear systems.

Finally we note that while the restriction to consideration of systems with n states and n — 1
controls is essential to the identification of a classical first order variational problem, the same
techniques apply to the case of n states and p controls. This case requires the analysis of more
general variational problems and is currently being studied.

2. THE EQUIVALENCE PROBLEM

Given the system (1.1) on Uy C R?" with coordinates t,z',... 2", u!,...,u" ! and a second
system
dr -, _ _
—_— = T, U
7= /@)

on Uy C R?", the problem of local equivalence under feedback is the equivalence problem for maps

D Uo — Uo
of the form
tod =t
(2.1) Zod = ¢(x)
uod = 1/)(% U)
which satisfy
(2.2) O*(dx — fdt) = A(dx — fdt)

for some A € GL(n,R). This is an overdetermined equivalence problem and leads, as discussed in
[7], to the following problem in standard form.

Let U and U be open sets on which f and f are non-zero and let Ay and Ay be maps from U and
U to GL(n,R) such that

AOf = AOf_: t(]_,O, .- ﬂO)
A diffeomorphism ® from U to U satisfies (2.1) and (2.2) if and only if

and

_ 1 A 0
(2.3) o (Aodx> =0 B o0 (Aodf”>
du C D E du



with B, E € GL(n —1,R). This now has the form considered in [5], [6] where G is the subgroup of
GL(2n — 1,R) of matrices of the form

0
0
E

1 A
(2.3) 0 B
C D
with B and E in GL(n — 1,R). Thus we construct the vector of 1-forms *(nt,... ,n", ut, ...,y 1)
on U x G given by

0-(2 8 3

where

We now turn to the equivalence of classical first order Lagrangian problems and show that it leads
to the same structure. Here we consider functionals

(o) = / L(r.q.4) dr

over curves ¢ in R?*! which satisfy

. d .
q’oc:a(qzoc) 1<i<p.

These curves are integrals of the contact system
0" .= dq' — ¢' dr, 1<i<p

with independence condition dr # 0. Given a second functional £, we will say that £ and £ are
equivalent if there is a contact transformation ® such that

(2.5) ®*Ldr = Ldr (mod 6°).

This is clearly an equivalence relation and preserves the value of the functionals on integrals of the
contact system.

If we complete {L dr,0} and {Ld7,0} to coframes by adding 1-forms ¢ and ¢ and use the fact
that ® must preserve the contact system {#°}, we may summarize the conditions on the Jacobian of
an equivalence ® by

Ldr 1 A 0\ [Ldr
(2.6) | 6 |=(0 B 0 0
¢ C D E ¢

Thus, if p=n —1, (2.6) and (2.4) suggest the identification on n}; with Ldr and {n?,...,n%} with
the contact system. It is easy to verify that if ¢ is a solution of (1.1) we have

c* Agdx = *(dt,0,...,0)

ty
/7)1 :/ dt.
c to

3

SO 0*771 =dt, c*ni =0,2<i<nand



Thus the variational problem which we have identified is the time optimization problem for solutions

of (1.1).
There is an integrability condition which obstructs the identification of {n?,...,n"} with a contact
system: the derived structure of n2,...,n" must coincide with that of §',...,6"!. We now show

how this invariant arises by pursuing the equivalence problem calculation.
For the system (2.4) with 77 = *(n?,...,n"), the structure equations take the form

dnt = aAf+ntmAp
(2.7) di=BA0+n"MAp
du=~yAn' +3ATG+eAp

after all torsion has beetzn absorbed.

The matrix M = | " is, up to left and right multiplication, just

M
of
Ao [ 2L
°(8u>
and hence the full rank case is the only one in which all n — 1 controls are actually present. From
the infinitesimal action on *m and M,

d*m —*aM + 'me =0

2.8 dn', 7,
(2.8) M — BM + Me =0, (mod 7", 7, p)

we see that the rank of M is also an invariant and thus there are two cases to consider: rank
M =n—2, and rank M = n — 1. In either case, as we may assume that rank M =n — 1, we may
put the original control system in a form similar to the ones observed by Hermann [9]

dx’ ~
T _wi 1<i<n-—1
(2.9) dt
dz” _ (z,u)
dt - g ) Y
and we may choose Ay to be given by
1/ut 0 O 0
w2 ul 0 0
(2.10) A =
—um 0 ut 0
—qg 0 0 u!

A short calculation now shows that rank M = n — 2 if and only if § := g — Y. u’dg/0u’ = 0, i.e. if
and only if g is homogeneous of degree 1, which is clearly a non-generic condition.

Case 1) Rank M =n—1.
We have § := g — > u’dg/0u’ # 0 and from (2.8) we may normalize M to the identity and *m to
0 to obtain new congruences

t

(2.8

0
, (mod n', 1, p).

a
B

In this case, the identification suggested above is actually an isomorphism, as the structure equations
are now identical with those of the classical Lagrangian problem [6], and we have the following
theorem.



THEOREM 2.1. If rank M = n — 1 the system is isomorphic to the classical first order Lagrangian
system in n — 1 dependent variables.

The remainder of the equivalence problem is now precisely the calculations for the Lagrangian
case carried out by Bryant and Gardner [6] and the parametric form of the invariants has recently
been investigated by Sutton [12]. For our purposes, it suffices to consider the invariants which are
introduced by the congruences (2.8').

After absorption of torsion terms the structure equations become

dnl :tMH/\ﬁ"—tﬁS/\ﬁ"'nltrD/\ﬁ
(2.12) dp=BA7+n" Ap
du=yAn" +3AT+BAp.
The integrability condition d? = 0 shows that H is a symmetric matrix, and in the Lagrangian
variables, H is, up to conjugation, just the Hessian matrix 0?L/9¢'0¢’.
THEOREM 2.2. If g # 0, H vanishes if and only if the system (1.1) is equivalent to
dx’

dt
dx™

e flx)+ Zgz(x)ul

= 1<i<n-—1

If H = 0 the rank condition for local controllability is satisfied if and only if dn' # 0. The condition
dn' = 0 gives a conservation law generalizing Hermes [10].

PROOF: To establish this result we look at the explicit parametric calculation for the normalization
of *m to 0. If we adopt the parametrization given by (2.9) and (2.10) then

d 1
nt = % + Al(uldx2 — u2dx1) 4+ 4+ An_g(uldxnf2 — u”72dx1) + An_l(uldm" — gdzh).

It is easy to check that dp' =0 (mod 7) requires

dg
Ay = —Ap 1 =2
1 1 5‘u2
AQ = _An—la—g3
(2.13) du
g
Ay o=—-A, 1 ——
2 Toun—1

and 1/ut = A,,_19. As § # 0, we may solve for A,,_; to obtain

1 g Jg dg _
1 _ n 1 2 n—1

Now H = 0 means
(2.15) dnt At =S Af ARt

which has no component in p and hence no component in du. But

1 1 1 dg 1 dg n—1
dn™ An :_? d Ew ANdx™+---+d Fun 1 A dz A

n dg 1 99 . o dg n—1
{dx Pl dx 92 dx dx




and the vanishing of the terms in du’ Adu™ required by (2.15) forces 9%g/0u‘0u’ = 0,1 <i,j7 <n—1,
so g = f(z) + . gi(z)u?, where f # 0. It is clear that this condition is also sufficient for H = 0.
When H = 0 if follows from (2.14) that

(2.14") n' = %(dm” —gi(x)dzt — - — g1 (x)dz™ ).

If we define X,, := f(2)0/02™ and X; := 9/0x" + ¢;(2)0/dx™ the the rank condition [1], [11] is
satisfied unless [X,,, X;] = [X;, X,;] =0 for 1 <4,j <n —1 and it follows directly from (2.14’) that
this happens if and only if dn' = 0.

~

Next we proceed to the case in which H has full rank. The infinitesimal action on H is given by
dH —*3H — HB = 0 (mod n', 7, u) which shows that H is being conjugated. On an open set on
which the rank and signature of H are constant, we may normalize H to a constant matrix @) with
the same rank and signature. The remaining torsion terms S and v may both be normalized to 0,
putting dn' in normal form:

(2.16) dn' =*'uQ A 1.

As described in [4] and more recently in (5], the Euler-Lagrange equations for the functional [n'
are the exterior equations

=0
(2.17) K
7 =0.

THEOREM 2.3. If rank M = n — 1 and rank H = n — 1 the system (2.17) yields closed loop time
critical controls for (1.1).

PROOF: The system {n?,...,n", ut, ..., u" 1} is completely integrable and hence
w=Tdw (mod n%,...,n")
for some non-singular matrix 7" and vector function w(z,u). Because

o

8udul/\~~/\du”_1/\7)1/\~~/\77"

0 A Ap" P AR A ARt =det T det

the system w = z, z constant, can be solved for u’(z) 1 < i < n — 1. But, as we have already
observed, the solutions of ‘fi—f = f(z,u(zx)) solve 71 = 0 and, by construction, also satisfy y = 0. Thus
they are solutions of the Euler-Lagrange system (2.17) and as such are time critical.

We also note that the same arguments given by Wilkens [13] show that there is a class of control
systems for which the quadratic form (n')? 4+ *7Q7 defines a pseudo-Riemannian metric on the state
space and the solutions of (2.17) are geodesics of the metric.

Case 2) Rank M =n —2.
We conclude by considering the second class of problems. After the reduction of M the only
unabsorbable torsion is in dn™ and

1
(2.18) dn™ = Bo An™ +aS A+ (n', ') T A (737 )

where 'S = S and 'T = —T.



THEOREM 2.4. If g = 0 then dn™ can be put in the form (2.18) and S = 0 if and only if the system
is affine linear. If S = 0 the system satisfies the rank condition for local controllability if and only
if T #0.

Proor: We can make the following choices for the 1-forms 7, p;:

L dat
=T

dl
ﬁ%zdmo‘—uo‘il 2<a<n-—1

U

9aq
U?J:dx”—zagidx’

U
, du!
by =T

dl
ﬁf}:du(’—uo‘u—ul 2<a<n-1

and the reduction of M imposes the following relations on the group of matricies defined by equation
(2.3

_(B1 B
B_<O Bg) Bs e R

1 A
s-(1 1)

Since

It is clear from (2.18) that S = 0 if and only if

%g
ucgap 0 EE@fsnol
This condition together with the fact that

n—1
u 99 =
ou’ g

i=1

implies that S = 0 if and only if

9%g
— 1<i.1<n-—1.
outous 0 =hy=n
If S =0 then
" = Ba(da" — g1(x)da’ — - — gp1(2)dz")

and the condition dn™ = 0 (mod n™) is precisely the condition that the vector fields X; := 9/0z® +
gi(x)0/dz™ all commute.
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