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A cubic spline example

Consider breakpoints &0 =0 < t; - - - < t, = 1 with local mesh ratio
lit1
M = max

- ti

i—j1<1 G — b

Marsden ('74): For M > (3 + v/5)/2, there are knot sequences so

that (periodic) cubic spline interpolation does not converge
3f € C([0,1])

Lof - f as max(tq —t) — 0.




A cubic spline example
Consider breakpoints &0 =0 < t; - - - < t, = 1 with local mesh ratio
liyr — 0

M = max .
li—jI1<1 Gt — &

Marsden ('74): For M > (3 + v/5)/2, there are knot sequences so
that (periodic) cubic spline interpolation does not converge

If € C([0,1]) Lof »f as max(t4 —t) — 0.

is, m=5.

v

Set fxy1 =t + M(tk — tk_1)
LetH, .=t 1 — t.
Then Hy = M*Hj.
Lagrange function at fy = 0.
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Growth restriction: M = max;_j<; (= I
<:>Hj§CMHi<1+%>- \/




Local density
Consider a set of points = ¢ Q ¢ RY with a local density function

H:Q — (0,00)

admitting local polynomial reproduction D

a:=xQ—=R:(&a)—al a)

> Vp €M, X oge= al€s a)p(€) = pla)
> Va,suppa(-, ) C B(a, H(a))

> Va, Yees la(é,0)] < K



Local density

Consider a set of points = ¢ Q ¢ RY with a local density function

H:Q — (0,00)
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Local density
Consider a set of points = ¢ Q ¢ RY with a local density function

H:Q — (0,00)

admitting local polynomial reproduction

a:=xQ—-R:(&a)— al a)

> VP € Me, Tees a(€,a)p(€) = pla) gLl
> Va,suppa(-, ) C B(a, H(a))

> Va, Yee=lal€ o) < K Local density at o = (.2,.2)
admitting LPR with ¢ = 2.

[Wu-Schaback, ‘93] Suppose ¢ € C5(R?) is positive definite and ¢ > s. For
f € Ny, the RBF interpolant k£ € span, = ¢(- — §) satisfies

|F(x) — EF(x)| < C(H(X)*?|Ifllx,



Surface spline approximation

|x|?™=%log |x|, d even

Ixpm=¢ dodd. €& E)

Surface splines: ¢(x) := {
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Surface spline approximation
|x|?™=%log |x|, d even
|x|2m=4, d odd.

Fundamental solution: for f € CZ(R?), f(x) = A™f * ¢(x)
Localized by LPR: If a: = x R? — R reproduces I, then

Surface splines: ¢(x) := { € C2md(RY)

- |X _ Ol‘ 2m—d—~£—1
P(x —a) = > alg, a)p(x — &)| < C(H(a)) (1 T H@ )

£e=

Kerne conored at 0.4,08)

o408 =008 Kerne replacement eror ot (0.405)
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Surface spline approximation
|x|?™=%log |x|, d even
|x|2m=4, d odd.

Fundamental solution: for f € CZ(R?), f(x) = A™f * ¢(x)
Localized by LPR: If a: = x RY — R reproduces I, then

Surface splines: ¢(x) := { € C2md(RY)

£e=

‘d»(x —a) = al§ a)p(x —¢)

Kool conered a1 (02.02)




DeVore-Ron "10: Replace ¢(x — a) by > .= a(§, a)p(x — )
f=A"fx¢ ~~ T=f(x)= A"f(ar) (Z alo, &)op(x — 5)) da
JRe ge=

Error in terms of majorant. Suppose H : R? — (0, c0) is a local
density function admitting a LPR a: = x RY — R of order ¢, and

Sn Ix —al\ ™" ¢—2m
H(x) ._jgﬂng(a) <1+ H(o) , 0<r<—2m_d

then B
1) = T=F01 S () Ifllor(rey, 0 < o < 2m



Local densities with slow growth

A local density H:RY — R, has slow growth 0 < e < 1 if

X —al\'
Vx,a H(a) < CH(x) (‘I + H) )

» For knot sequences in R, H(i) = tiy1 — t;, M = max;_jj< %

=

m<oo iff H()< CH() (1+|t;4?i;f|>.

By Marsden’s example, this is not always enough.
» The majorant of DeVore-Ron satisfies this. In fact

H() (1 + ";(_a‘;‘|)_r < H(x) iff H(a) < H(X) (1 + 'L;;')H

i — 1
with e = =



Main Result
Suppose Q C Q, =, CQ, === NQ
For 0 < € < 1 there is v > 0 so that if
» H:Q; — (0,00) has e slow growth,
» is a local density admitting a LPR of degree ¢ > (2m — d) /e,
> satisfies 28 < Mwhere q(¢) := mincez, (¢} dist(¢, ¢),
then for £ € =, x¢ € S(¢,=1)

Ixe(x)| < M™ 92 exp [—y (%)E] , forxeq.
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Main Result

Suppose Q € Q;, =5, C Q, === N
For 0 < € < 1 there is v > 0 so that if

> H:Q — (0,00) has e slow growth,
» is a local density admitting a LPR of degree ¢ > (2m — d) /e,
> satisfies 28 < Mwhere q(¢) := mincez, (¢} dist(¢, ¢),

then for £ € =, x¢ € S(¢,=1)

Ixe(x)| < M™ 92 exp [—y (%)E] , forxeq.

The penalized Lebesgue constant £z o := SUPycq D¢z Ixe(X) (1 + %)"
is bounded (in terms of M, m, d, ¢, o).

The penalized Lebesgue constant controls the operator norm of k:

IEf/H o < L= If/H]l,

supp(f) C @ = |f(x) — Ef(x)| S (H(X)) Ifllcorey, 0 <o <2m.
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Boundary effects for Lagrange functions

A Lagrange function centered in the interior of [0, 1]2.

Lagrange function centered at ( 0.144 , 0.497 )




Boundary effects for Lagrange functions

A Lagrange function centered in the interior of [0, 1]2.

Lagrange function centered at ( 0.120 , 0.506 )
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Boundary effects for Lagrange functions

A Lagrange function centered in the interior of [0, 1]2.

Lagrange function centered at ( 0.087 , 0.499 )




Boundary effects for Lagrange functions

A Lagrange function centered in the interior of [0, 1]2.

Lagrange function centered at ( 0.060 , 0.495 )
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Boundary effects for Lagrange functions

A Lagrange function centered in the interior of [0, 1]2.
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Lagrange function centered at ( 0.029 , 0.502 )
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Boundary effects for Lagrange functions

A Lagrange function centered in the interior of [0, 1]2.

Lagrange function centered at ( 0.001, 0.501 )




How important is it to be “boundary-free”?
For compact Q ¢ RY, and 0 < R, Qg := {x € Q| dist(x,0Q) > R}.

Decompose  en annull away from boundary

There exist positive constants C, hy and v depending only on 9Q2 and
m so that for h < hy we have

max (disl(x, aQ)—dist(£,09) ,0)

Ixe(x)| < Ce™ P

Question: For ¢ € 09, does |x¢(x)| decay along boundary?



A

final experiment

Lagrange function centered at (0.0), 378 centers

0 o1 02 03 04 05 06 07 08 09 1

378 relatively equispaced centers, and the (log-scaled)
Lagrange function centered at the origin.



A final experiment

2116 centers —— h1 = 057, h2 = 0033 — Leb Const = 5.7855

Lagrange function centered at (0,0), 2116 centers

0

o1

02 03 04 05 06 07 08 09

Adding three rings of centers near the boundary, with

spacing h, = .0033.

1



A final experiment

IR R AR R AR R AR RN AR R R AR

Replacing these with nicely varying centers (created with
DistMesh), having .0033 < h(x) < .057, and satisfying

hx) < hn(1 -+ e e

(i.e., ¢ =5/12).



