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A cubic spline example

Consider breakpoints t0 = 0 < t1 · · · < tn = 1 with local mesh ratio

M = max
|i−j|≤1

ti+1 − ti
tj+1 − tj

.

Marsden (’74): For M > (3 +
√

5)/2, there are knot sequences so
that (periodic) cubic spline interpolation does not converge

∃f ∈ C([0,1]) Lnf 9 f as max(tj+1 − tj )→ 0.

I Set tk+1 = tk + M(tk − tk−1)

I Let Hi := ti+1 − ti .
Then Hk = Mk H0.

I Lagrange function at t0 = 0.
I Growth restriction: M = max|i−j|≤1

ti+1−ti
tj+1−tj

⇐⇒ Hj ≤ CMHi

(
1 +

|ti−tj |
Hi

)
.
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Local density
Consider a set of points Ξ ⊂ Ω ⊂ Rd with a local density function

H : Ω→ (0,∞)

admitting local polynomial reproduction

a : Ξ× Ω→ R : (ξ, α) 7→ a(ξ, α)

I ∀p ∈ Π`,
∑
ξ∈Ξ a(ξ, α)p(ξ) = p(α)

I ∀α, suppa(·, α) ⊂ B(α,H(α))

I ∀α,
∑
ξ∈Ξ |a(ξ, α)| ≤ K
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[Wu-Schaback, ’93] Suppose φ ∈ Cs(Rd ) is positive definite and ` ≥ s. For
f ∈ Nφ, the RBF interpolant IΞf ∈ spanξ∈Ξ φ(· − ξ) satisfies

|f (x)− IΞf (x)| ≤ C
(
H(x)

)s/2‖f‖Nφ
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H(0.4,0,6) = 0.06

Local density at α = (.4, .6)
admitting LPR with ` = 2.
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Surface spline approximation

Surface splines: φ(x) :=

{
|x |2m−d log |x |, d even
|x |2m−d , d odd.

∈ C2m−d (Rd )

Fundamental solution: for f ∈ C∞C (Rd ), f (x) = ∆mf ∗ φ(x)
Localized by LPR: If a : Ξ× Rd → R reproduces Π`, then∣∣∣∣∣∣φ(x − α)−

∑
ξ∈Ξ

a(ξ, α)φ(x − ξ)

∣∣∣∣∣∣ ≤ C(H(α)
)2m−d

(
1 +
|x − α|
H(α)

)2m−d−`−1
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DeVore-Ron ’10: Replace φ(x − α) by
∑
ξ∈Ξ a(ξ, α)φ(x − ξ)

f = ∆mf ∗ φ  TΞf (x) =

∫
Rd

∆mf (α)

∑
ξ∈Ξ

a(α, ξ)φ(x − ξ)

 dα

Error in terms of majorant: Suppose H : Rd → (0,∞) is a local
density function admitting a LPR a : Ξ× Rd → R of order `, and

H̃(x) := sup
α∈Rd

H(α)

(
1 +
|x − α|
H(α)

)−r

, 0 < r <
`− 2m
2m − d

then
|f (x)− TΞf (x)| .

(
H̃(x)

)σ‖f‖Cσ(Rd ), 0 < σ ≤ 2m



Local densities with slow growth

A local density H : Rd → R+ has slow growth 0 < ε ≤ 1 if

∀x , α H(α) ≤ CH(x)

(
1 +
|x − α|
H(x)

)1−ε

I For knot sequences in R, H(i) = ti+1 − ti , M = max|i−j|≤1
h(i)
h(j) ,

m <∞ iff H(j) ≤ CH(i)
(

1 +
|ti − tj |
H(i)

)
.

By Marsden’s example, this is not always enough.
I The majorant of DeVore-Ron satisfies this. In fact

H(α)

(
1 +
|x − α|
H(α)

)−r

. H(x) iff H(α) . H(x)

(
1 +
|x − α|
H(x)

)1−ε

with ε = 1
r+1



Main Result
Suppose Ω ( ΩL, ΞL ⊂ ΩL, Ξ := ΞL ∩ Ω.
For 0 < ε ≤ 1 there is ν > 0 so that if

I H : ΩL → (0,∞) has ε slow growth,
I is a local density admitting a LPR of degree ` > (2m − d)/ε,

I satisfies H(ξ)
q(ξ)
≤ M where q(ξ) := minζ∈Ξ\{ξ} dist(ξ, ζ),

then for ξ ∈ Ξ, χξ ∈ S(φ,ΞL)

|χξ(x)| . Mm−d/2 exp
[
−ν
(

dist(ξ, x)

H(ξ)

)ε]
, for x ∈ Ω.

The penalized Lebesgue constant LΞ,σ := supx∈Ω

∑
ξ∈Ξ |χξ(x)|

(
1 + |x−ξ|

H(x)

)σ
is bounded (in terms of M,m, d , ε, σ).

The penalized Lebesgue constant controls the operator norm of IΞ:

‖IΞf/Hσ‖∞ ≤ LΞ,σ ‖f/Hσ‖∞

supp(f ) ⊂ Ω =⇒ |f (x)− IΞf (x)| .
(
H(x)

)σ‖f‖Cσ(Rd ), 0 < σ ≤ 2m.
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Boundary effects for Lagrange functions
A Lagrange function centered in the interior of [0,1]2.
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Boundary effects for Lagrange functions
A Lagrange function centered in the interior of [0,1]2.
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Boundary effects for Lagrange functions
A Lagrange function centered in the interior of [0,1]2.
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Boundary effects for Lagrange functions
A Lagrange function centered in the interior of [0,1]2.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1  
Lagrange function centered at ( 0.029 , 0.502 )

 

−14

−12

−10

−8

−6

−4

−2



Boundary effects for Lagrange functions
A Lagrange function centered in the interior of [0,1]2.
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How important is it to be “boundary-free”?
For compact Ω ⊂ Rd , and 0 ≤ R, ΩR := {x ∈ Ω | dist(x , ∂Ω) ≥ R}.

Decompose Ω en annuli away from boundary

There exist positive constants C,h0 and ν depending only on ∂Ω and
m so that for h < h0 we have

|χξ(x)| ≤ Ce−ν
max

(
dist(x,∂Ω)−dist(ξ,∂Ω),0

)
h .

Question: For ξ ∈ ∂Ω, does |χξ(x)| decay along boundary?



A final experiment
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A final experiment
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Replacing these with nicely varying centers (created with
DistMesh), having .0033 ≤ h(x) ≤ .057, and satisfying

h(x) . h(y)(1 +
|x − y |
h(y)

)7/12

(i.e., ε = 5/12).


