
A NEW LOOK AT DOUBLING

We assume the reader is familiar with Alan Day’s doubling construc-
tion [1, 2, 3]. Here we consider a slightly different way of thinking about
it.

First the standard construction. Let 2 denote the ordered set {0, 1}
with 0 ≤ 1. Let I be a convex subset of a lattice L and let L[I] be
the disjoint union (L− I) ∪̇ (I × 2). Order L[I] by x ≤ y if one of the
following holds:

(1) x, y ∈ L− I and x ≤ y holds in L,
(2) x, y ∈ I × 2 and x ≤ y holds in I × 2,
(3) x ∈ L− I, y = (u, j) ∈ I × 2, and x ≤ u holds in L,
(4) x = (v, j) ∈ I × 2, y ∈ L− I, and v ≤ y holds in L.

There is a natural map λ from L[I] back onto L given by

λ(x) =

{
x if x ∈ L− I,
v if x = (v, j) ∈ I × 2.

Theorem 1 ([2]). Let I be a convex subset of a lattice L. Then L[I]
is a lattice and λ : L[I]→ L is a lattice epimorphism.

Let JKP be the jan-ken-pon structure on the set {0, 1,−} with the
relation x ≤ y except 1 � 0. This is indicated by arrows in Figure 1.
In JKP the relation ≤ is not a partial order or even a quasi-order, so
it is a convenient but real abuse of notation to use ≤ for the relation.

Lemma 2. L[I] is isomorphic to {cγ ∈ L×JKP : γ ∈ {0, 1} iff c ∈ I}
with the direct product order.
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Figure 1. The structure JKP
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The isomorphism is straightforward. The join in C[I] is given by

(c, γ) ∨ (d, ε) =


(c ∨ d, γ ∨ ε) if c ∨ d ∈ I and γ, ε ∈ 2

(c ∨ d, γ) if c ∨ d ∈ I and γ ∈ 2, δ = −
(c ∨ d, 0) if c ∨ d ∈ I and γ = δ = −
(c ∨ d,−) if c ∨ d /∈ I

and meets are dual.
It is well-known that 2 can be replaced in the doubling construction

by any lattice K with 0 and 1; see e.g. [4]. For our version, JKP would

be replaced by K̂ = K ∪ {−} where − ≤ x and x ≤ − for all x.
The convexity of I is used to guarantee that the order on C[I] is

transitive. The convexity requirement can be weakened slightly, as in
[5, 6], but it is not clear that the new notation offers any additional
insight in this regard.

As an applicaton consider the following lemma, currently written for
intervals and K = 2.

Lemma 3. Let I be an interval of C and J an interval of C[I].

Assume (C[I])[J ]
µ2
� C[I]

µ1
� C and put K = µ1µ2(J). Then K is an

interval in C, and there is an order preserving map (C[I])[J ]
f
� C[K].

Proof. In the proof we omit parentheses and commas, and everything
is left-justified. Notation:

I = [m,n]

C[I] = {cγ : γ ∈ {0, 1} iff m ≤ c ≤ n}
J = [pα, qβ]

C[I][J ] = {cγδ : cγ ∈ C[I] and δ ∈ {0, 1} iff pα ≤ cγ ≤ qβ}
= {cγδ : γ ∈ {0, 1} iff m ≤ c ≤ n} and δ ∈ {0, 1} iff pα ≤ cγ ≤ qβ}

K = [p, q]

C[K] = {cε : ε ∈ {0, 1} iff p ≤ c ≤ q}

Define f : C[I][J ]→ C[K] by

f(cγδ) =


cδ if pα ≤ cγ ≤ qβ

cγ if p ≤ c ≤ q and δ = −
c− if p � c or c � q

Before proceeding, it behooves us to write down the options for pα ≤
cγ ≤ qβ.

(1) p /∈ I, q /∈ I in which case α = β = − and γ is arbitrary.
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Figure 2. Labeling for showing that f need not be a homomorphism.

(2) p ∈ I, q /∈ I in which case α ∈ 2, β = − and γ is arbitrary.
(3) p /∈ I, q ∈ I in which case α = − and β ∈ 2 and γ is arbitrary.
(4) p ∈ I, q ∈ I in which case

(a) α = β = γ = 0, or
(b) α = 0, β = 1, γ ∈ 2, or
(c) α = β = γ = 1.

Note that α = 1, β = 0 is not an option because [pα, qβ] is an interval.
Next, let us write down the options for w = cγδ when p ≤ c ≤ q.
A. If pα ≤ cγ ≤ qβ, then δ ∈ 2 and f(w) = cδ.
B. If α � γ, then α = 1 and γ = 0. Hence w = c0− and f(w) = c0.

Also α ≤ β implies β = 1 or β = −.
C. If γ � β, then γ = 1 and β = 0. Thus w = c1− and f(w) = c1.

Also α ≤ β implies α = 0 or α = −.
Thus f(w) = cδ with δ ∈ 2 iff c ∈ K = [p, q].
Then, we check that f as defined above is order preserving. Assuming

w′ = c′γ′δ′ ≤ cγδ = w, we want to show that f(w′) ≤ f(w). In other
words, we must avoid f(w′) = c′1 and f(w) = c0. Cases B′X and X′C
are yield f(w′) ≤ f(w); it remains to consider A′A, A′B, C′A and C′B.

A′A is okay because c′δ′ ≤ cδ.
X′B is impossible. From B we get α = 1 and γ = 0, which implies

that p and c are in the interval I. Hence c′ is also in I, and p1 = pα ≤
c′γ′ ≤ cγ = c0 is a contradiction.

C′X is impossible. From C′ we get γ′ = 1 and β = 0, which im-
plies that c′ and q are in I. Then c′1 = c′γ′ ≤ cγ ≤ qβ = q0 is a
contradiction.

In summary, A′A, A′C, B′A and B′C give f(w′) ≤ f(w), while the
other five cases do not occur. �

Now use induction.

Lemma 4. Let k ≥ 2, and assume

C[I1][I2] . . . [Ik]
µk
� C[I1] . . . [Ik−1]

µk−1

� . . .
µ1
� C.
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Put K = µ1 . . . µk(Ik). Then K is an interval in C, and there is a

order-preserving map C[I1][I2] . . . [Ik]
f
� C[K].

Proof. Apply Lemma 3 recursively, starting with C[I1] . . . [Ik−2] replac-
ing C. �

It is not too hard to give examples where f is not a homomorphism.
Let C be the pentagon as labeled in Figure 2. Let I = [c, q] and
J = [p0, q0], so that K = [p, q]. Then (c1−) ∨ (d−−) = (q1−), but
f(c1−) ∨ f(d−−) = (c−)∨(d−) = (q0), while f(q1−) = (q1). Checking
the calculations is not hard if one draws the pictures, and we leave that
to the reader

Surely Lemma 3 works for convex sets and arbitrary K, but that
needs to be checked. This version is an un-used lemma from another
paper.

References

[1] A. Day, A simple solution to the word problem for lattices. Bull. Canad. Math.
Soc. 13 (1970), 253–254.

[2] A. Day, Splitting lattices generate all lattices. Algebra Universalis 7 (1977),
163–170.

[3] A. Day, Doubling constructions in lattice theory. Canad. J. Math. 44 (1994),
252–269.

[4] R. Freese, G. McNulty, and J. Nation, Inherently nonfinitely based lattices.
Ann. of Pure and Applied Logic 115 (2002), 175–193.

[5] T. Holmes and J. Nation, Inflation of finite lattices along all-or-nothing sets.
Order 14 (2017), 419–440.

[6] Heiko Reppe, Three Generalizations of Lattice Distributivity: An FCA Ap-
proach. Shaker Verlag, Aachen, 2011.


