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1. (20 points) Which of the following matrices are in reduced row-echelon form?
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3. (10 points) Let A = [
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(10 points) Prove that BT B is always a symmetric matrix.
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20 011 00 A o O
5 (a) (Bpoints) [0 1 0| |0 2 0|l= | o & O
0 0 4/ 10 0 1 o oY

oo 26 9+ (2 4]

(c) (5 points) If Ais a4 x 3 and B is a 3 x 4 matrix, what are the dimensions of AB and

BA? ;
AB 15 & YxY and BA 5 a  3x3

(d) (5 points) True of false: det(AB) = det(A)det(B)

Trae

I

(e) (5 points) True of false: det(A + B) = det(A) + det(B)

Folse

(f) (5 points) Prove or provide a counter example to the following statement: If A is invertible
and B is invertible then A + B is invertible.

Courvier Crommpes = (‘cﬁ ) and  B= (L
Acwu:z\ B ace bo\r\(\ \nue{-ln\')\ﬁ by A4B = &Cc';é) whtch i (\_n.x_f

(g) (5 points) Prove or provide a counter example to the following statement: If 4 is invertible
and B is invertible then AB is invertible.

TBrool Ak (AR) = det() det (@) # & as AAWR)FO cona) Ak (B)f0
( —\‘\w?_:)"\c_ oo in u-(_(‘¥l\c)\,€_ S ét/ A’% VS Iﬂ\fM\‘lb\& .
(h) (5 points) For the vectors vy, ..., vp, what is span(vy, ... v, )7

%?CW\ (V.,uv,\f'\ﬁ is the sebed all dvewr combinadions

"g \/if ety Va - %}8_’\_[_){' SFPCL-.’\(\I.,-.}'\‘M\ = ici"‘ﬂl""'\'tn\fn\ ()_1‘ k= E}q
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6. (a) (15 points) Prove that A and B are row equivalent if and only if there is an invertible
matrix C such that CA = B.
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7. (a) (10 points) Compute

-1 0 0 2
1 1 21
det’( 1 001)
2 0 40
) ~l = Sk
n ‘ | o |
2 Y
R = ( Ewpanchon
i

(b) (10 points) Suppose A is a 5 x 5 matrix such that det(A) = 2. Let £ =

What is det(EA) =7
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8. (a) (10 points) Show that 22+ 1,2 — 1 are linearly independent.
i ;

CXPatx +l6) - O . 5=,

G20, and G20, and thus W and xoy
axe JQ{(LQLL% ('\'\C\JL?Q\'\(AQFL* ‘.

(b) (10 points) Show that the vectors z° + 1,z — 1 do not span Ps.

N din (P )=, one  needs | ol o milaivwen

2 v Yoy e Speun = |

(e) (10 points) Show that >+ 2+ 1, 22 — 1, 2 + 5, 4 are linearly dependent.

Aﬂa 4 vecksrs  in R,  ore Q\ML\J\@ O\Mr

l?ﬁ_ Coamgse O\\'m &?1\ = (% "

(d) (10 points) Suppose that we have vy, ...,v, € R". Let A be the matrix whose i-th column
is the vector v; (recall that the notation for this is A = [v;...v,]). If det(A4) # 0, explain
why 01, ..., v, form a basis for R”.

+o¢ o oogis y a2 neee\ o Spoean WY; LaY\aL 4o be L. I ), b
‘50'\Uma for the ;) v e equattea QU E o CaVin 7 [b:)
s Yo Sowme. s Heg ‘5._-\.;\(\,6_ e mecknix QCLL\LL\'\(\I’\

J {; ] Yeeal “f\m.f}r Aot (A #0 & A is invectible

g fl S \E Fl\—‘l Bl { f I ‘ﬁldh gfi.ﬁ.‘; ws
‘I \ \\"\V-Q,(‘\'*.\O L L (.M

( ) & —\'V\E )‘PQ dg ce \ > _J;:\”Y'\{ oLy
.m 3 ) ! IU ‘ \J" ( i L*-\Y\JLL\‘ IY\C\‘L‘?&(\ Q »

One  uses thwe e Q"‘@‘AW“\* L/ [b:_\ & OTL“ cmc'-\
Nodes ey AT {t} s Fhe enly st do L’P)p
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9. (20 points) Suppose that
2 0 0ol f1 0 0|1
A=10 1 0|0 1 1] |0
0 0 1|10

0o} (0 1 0
O (1 0 0
0 01 1110 0 1
E E
Determine if A is invertible by computing d?’t(A). If A is invertible, express A~} as a product

of elementary matrices.
oce W e_\run.rm}ta matrices ;| Lhane
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det(E )= 2 , d=¥ (E) =], dablE,) =1 (g, )=-|.
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-— iy iy (_’.\
A = tH\ E—; BB
oV © i -7 O (Gl &,
Cc e oo\ & & bl

10. (20 points) State 5 properties that are all equivalent to a matrix being invertible. ( Qz_h ,a A
\Xin, )
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11. (20 points) Let

OO O =
OO = O
o O O

o = O O
O o =
- O O O
U N S )

Find a basis for the null space and row space of A, the dimension of the null space of A, and
the rank of A. Explain why the standard basis for R? is a basis for C'S(A).
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12. (20 points) Prove that if A4 is an n x n matrix and Rank(A) = n, then A is invertible.

We home  Aimllar®) + Bata) = N acd 5o dimlescm) =0,
C'\V\C‘-\ 20 g o“\% V{;_J(‘o.( :P\M,A A seeds ‘k‘c Texo \S C)r@"\,

Gvie\ Ay mr\?\wg . ;A S \nvw}\"\o\;g_ \
S //

13. (20 points) For a matrix A, prove that the set of vectors fX € R" : AX;—-H} form a vector
space. - o

. This 1s a swWosed o3 B T4 X, and X, Gre in
;o Alx +%2) 2 A% +AY, = O sShews Pk
e Bid¥s 5 = N,
Moo, Alox) = €AX 20 =0, 2o kX, is in\
14, (20 points) Prove that if A and B are row equivalent, then NS(4) = NS(B). (fec oy Stedes W)
:_r'{ 'A el ’\]_) aAx<L \”.QA/ Yooy  we ¢ e ig—inc.\, Ehf'lEi LW o

_ : O Swlospae
Suchh Tk E. B A=B. TX X N\Ns(m), +hen AX=OD K
= 5 R), o W 3

Suys et Ea-EAXZE,~EF,O0 =0, 5 ®K=0-. Hence
sy ¢ NS(%')‘ j.:u\x—Ha_un/ I.’{‘— 'B)(_—_(_‘)) “zm &gﬁu A= E.“..—E:‘% ®. .= E:'_,E;\o _‘O)
Se o, Nst@)=Nsta), This gives v Proct No(AY=NSIB).
EXTRA CREDIT:

(10 points) Define non-standard operations on R that satisfy all the properties of a vector space
EXCEPT property 7.

(20 points) Define non-standard operations on R that satisfy all the properties of a vector space
EXCEPT property 8.



