Math 307
Spring 2019
Final - Practice

Time Limit: 120 Minutes

Name (Print): SO\'V\)x\ (N\'/S

Problem | Points | Score

1 80
2 10
3 10
4 10
5 15
6 20
7 50
8 15
9 20
10 10
11 10
12 10
13 10
14 10
15 20

Total: 300
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1. (60 points) Answer true or false to the following statements:

If V is a vector space of dimension n, then V' is an n x n matrix.
Talse

If 0 is an eigenvalue of A, then A is not invertible.
True

If V is a vector space of dimension n, then any set of n vectors must be linearly independent.

False
If det(A) # 0 then A is invertible.
True
If Ais an n x n invertible matrix, then the rows of A are linerarly independent
Trme,
det(4 + B) = det(A) + det(B)
False
det(AB) = det(A) det(B)
Trwe
| If T is a linear transformation, then so is 7"+ T,
/\_ruQ/
If A is invertible and B is invertible then A + B is invertible.
1 ‘\—Q\%e,

If 1 and vy are linearly independent then there exists nonzero constants, ¢ and cg, such that
crvl + covg = 0.

Talee
If A is an eigenvalue of A then det(A — A) = 0.
Tewe
i If V is a vector space of dimension n, then any collection of n vectors forms a basis for V.
| False
If Ais an n X n matrix with n distinct eigenvalues, then A is diagonalizable.
Tewe

If Ais an n x n matrix with n distinct eigenvalues, then A is invertible.

i

‘ =

| False

‘ If Ais an n X n matrix that is invertible, then A is diagonalizable.
| False

!

If Ais an n x n matrix that is diagonalizable, then A is invertible.

False
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(a) (10 points) Give a basis for the null space NS(A) and the column space CS(A) of the

following matrix
11 1
A=12 -1 3
[— 1 2 —‘ZJ
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(b) (10 points) Solve the following linear system

THYy+z=
2~y+dz=1
-z + 2y —
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2. (10 points) Consider the matrix

2 0 000
01 100
00100
00010
0000 3

Determine dim(E7), dim(E;) and dim(E3).
1) 3 1
L i \
. (10 points) Determine which of the following matrices are similar to the matrix

NGT \ JNF buk \SY'S a8 ©
Mo K s :)Y\w:\(’ W\— -\—\1\5 \SC\QC\ ES \.

1000 0] oooo 1000
01()0() 0‘00 0110(
0010(),001(_)0,0010
()0011000@0000
0000%0()0010() )
e
4. (10 points) Suppose that the characteristic polynomial of -115 YA=2)3 It dim(Ey) =

and dim(Ey) = 1, give the possible (up to permutation) ]Olddll T\|orma1 Forms of A.

J The TMF oL A s B0 | e

| 2 | & O s

B=loat O R
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B3> O
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5. Consider the homogeneous first order linear differential system

r=zx—y+z
Yy =2y+z
g =2z

where x,y, z are all functions of the variable ¢.
(a) (5 points) Write the system in the matrix form Y’ = AY + G.

X
Y Sy

z

=1 1§ x
s 4 | 9
& @& Q. T

(b) (5 points) Is the matrix A diagonalizable? Explain your answer.
The Q\CS&V\VOL\\MS oA A e | and 7, Noke ek

2T-A= | U0 N S e o dm(E) =1, n A e
&00 C; _o\ e :) o) y > c\‘\cxaocm\\'%a\o\&‘

(c) (5 points) Find the general solution to the homogeneous system Y’ = AY.

¥‘\rs-¥\g y

%

BUREINEC

Ak

j

7 :QEQPLJC, vax\“, a/: Zé*&b:? ;\/%Kwézﬂ =Cq ,

_ %
x€%> = ~Czej°fC§€’V+C?€ ool Whanve

: : N2
- C(€b+ L—CZJrZCS*C?lv)'@ JU
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6. (20 points) Solve the initial value problem

(4 gl ol

NS
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7. Let’s consider the non-homogeneous first order linear differential system

= —dr -3y + 3z

y =3z +2y -3z +¢

7= =3z — 3y + 2z
where x,y, z are all functions of the variable t.

(a) (5 points) Write the system in the matrix form Y/ = AY + G.

7 :

* _ - Ll - 3 3 z( _:\:

2l =4 e 2 |l T E
o ’5 - 3 2 [ =

(b) (15 points) Find a diagonal matrix D and an invertible matrix P such that D = P~L 4P,

A
One  Finds PO = (A1) (2 Q:\\zuw\w by \mox\>

% +3 -3 . =] \ i
h=-| _.\ -A m [P =8 4] 5 o O - Q\r@z\\wd:c(s -\ ‘Xo
303 3 o o © i !
=1 g =2 ( & == | | \
A% =) 3 o:3] = e 1 & pE e‘?mm*w B
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\
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¢) (5 points) Find the general solution to the homogeneous system Z =D&,
p 2 8

| =l
LP - fn &
WD 1L

; (d) (5 points) Use the result of the previous question to find the general solution Yy to the
homogeneous system Y’ = AY . and find a fundamental set, Y7, Yo, Y3, of solutions to
this system.

)
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(e) (15 points) Using the matrix M = [V} Y, Y3], compute a particular solution Y, to the

non-homogeneous system Y’ = AY + G. - X
- j -€
e’{: e, £ e}t et e L
4 2t i A Y\—\ _ € € ©
M 2 =€ o =€ o g‘“ S - s e-u e/—?.l,/
& g eLE < /
N "™ i’ CERE o
/ - 2% B -\ [ = L8
oW, 7 (5 = ; SERL IR AN
_,k e
- .
9 L
-1 _ 2
ond hente , ™ g\“/\ = e ©
S 5 ol
2¢

(f) (5 points) Use the result of the previous question to find the general solution to the non-
homogeneous system Y’ = AY + G.

(\\\& a_sw\zm\ Sofn fen Yo K
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8. Counsider the following system:

"=t te
y2" = y1 +y2 +sin(z)

where y; and y» are functions of z.

(a) (10 points) Write this system as a system of first order liner differential equations in the
form Y/ = AY + G.
J,' =V
Ly Vv, = Y NG\Q "
ey W i W 2
V2 = Y \/“L L S
( \
0 / | \
Wy S V2 Ve Ve Sta)

Vv, / > ) o O
) - o |\ o |
b - o o o |
= I o | o

(b) (5 points) Give a condition on A so that we can solve this system with the techniques
learned in this class.

(% A [ A\C& Oﬁ&\\%q\f)\& *H/\u/\

We  Ceun  Selme T gaSV“\
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9. (a) (5 points) Write the following differential equation as a system of first order linear equa-
tions:

y"+4y'+3y=0

\/(: % ) [U' /A T ‘ o - \/‘ ;
\/ = Ve % R =3 =Y Vo ).
I

A\

—

\Al//:; ”Eg\/l'-t1\/1

(b) (10 points) Solve the system from part a).

One  Findg  the ei’%u\mh,ag X A b be -3 and -\,

I N B | | -
\A"[3 s] '\“>[0°] Q%MM%[\B
: Mo
= Y i Y . hy [ ‘5} ‘
/}Aztfl]@ AR il O
‘ e DK — =53¢ A -3 %
Q=T BTTae™ ] [-a€” e -5we
I { C 5% B - -3
2 € e, & + L @
(c) (5 points) Verify your solution by computing the kernel of the appropriate differential

operator.
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10. (10 points) Let be A an n x n matrix, prove that Rank(A) = n if and only if A is invertible.

T\M (\) roz)ﬁj < SYNE ‘OL (K
ON o\o\ ?(&&f&, T\'@BJ\S |



