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BREADTH TWO MODULAR LATTICES

by

RALPH FREESE

ABSTRACT: In this paper a characterization of breadth two
modular lattices which can be generated by four elements is
given. Those which are subdirectly irreducible are listed.
An infinite list of coverings in the free modular lattice on
four generators is obtained. If V is the variety of
lattices generated by all breadth two modular lattices and if
L is a lattice freely generated in V by four generators
subject to finitely many relations, then the word problem for

L is shown to be solvable.
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1. INTRODUCTION

In [3] Day, Hermann, and Wille give a list of
subdirectly irreducible modular lattices which can be generated
by four elements. Their list consists of projective planes
and lattices of breadth two. They ask if their list is com-
plete. In this paper we show that it is complete insofar as
it contains all the subdirectly irreducible breadth two four-
generated modular lattices. This is done by showing that any
four-generated breadth two modular lattice is a homomorphic
image of an explicit set of lattices. It is shown that
corresponding to all but three of the subdirectly irreducible
four-generated breadth two modular lattices there is a cover-
ing, u > v, in the free modular lattice on four generators,
FM(4), such that if ¢ is the unique maximal congruence on
FM(4) separating u from v, then FM(4)/y 1is isomorphic
to the subdirectly irreducible breadth two lattice. A1l of
these lattices corresponding to coverings in FM(4) are
splitting modular lattices in the sense of McKenzie (defini-
tions given below). Let V be the variety (equational class)
of Tattices generated by all breadth two modular lattices and
let FL{(V,4) be the free V-lattice on four generators. Then
every nontrivial quotient (interval) of FL(V,4) contains a
covering. Finally it is shown that the word probliem for four-

generated lattices in V is solvable.
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Section 2 gives some basic definitions and gives
the preliminary reductions. Section 3 gives the main result
and Section 4 gives the subdirectliy irreducibles. Section 5

presents the coverings and other applications mentioned above.
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2. PRELIMINARY REDUCTIONS
Let a >b in a lattice L. The sublattice
{x e L | a>x>b} is denoted a/b and is called a quotient

or quotient sublattice or interval. We say that a/b trans-

poses up to «c¢/d and c¢/d transposes down to a/b if

a vd =c¢ and a A d =0b. We denote this by a/b . c/d and
c/d N a/b. Two gquotients connected by a sequence of trans-

poses are called projective. If a > b and there is no «x

such that a > x > b, then we say a covers b, and denote
this a > b.

Recall that a lattice has breadth n 1if the join
of any n + 1 elements is redundant and there is an irredun-

dant join of n element.

LEMMA 1: A modular lattice has breadth n

jot]

nd only if it

if
has a sublattice isomorphic to the lattice of all subsets of

n element set but no sublattice isomorphic to the lattice

fo1
—h >3

all subsets of an n + 1 element set.

PROOF: If the join of the elements x;, ..., x, is irredun-
dant, then the elements X, = X3 V ... V Xj_ 4 V X537 V ...V
i =1, ..., n generate a sublattice isomorphic to the
lattice of subsets of an n element set. The lemma follows

easily from this.

LEMMA 2: Let b cover a, a < b, 1in a modular lattice L.

Then there exists a unique largest congruence separating a
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and b, which is denoted by w¥(a,b). Let 6(a,b) denote

the smallest congruence of L identifying a and b. Then

g(a,b) a y(a,b) = 0.

PROOF: It follows from Dilworth's basic result on congruences
of lattices that e(a,b) > 0 [2], [4],'where 0 1is the Teast

congruence on L. The lemma follows.

Suppose u > v in a free modular lattice F. Let
y(u,v) be the largest congruence separating u from v and
let K = F/y(u,v). Now if L 1is a homomorphic image of F
in which the images of u and v are different, then L s
a subdirect product of K and a lattice L' which is a
homomorphic image of L such that u and v are identified
in L'. This is, of course, an immediate corollary to Lemma
2.

For the rest of the paper, L will denote a breadth
two modular lattice generated by four distinct geherators a,

b, ¢, d and not by any three elements.

LEMMA 3: Either any three elements of the set {a,b,c,d}

join to the greatest element of L, 1 =avbvcvd, or

L is a subdirect product of one or two, two element lattices

and a four-generated breadth two modular lattice in which any

three of the four generator join to the greatest element.

PROOF: Suppose the first statement fails, say b v ¢ vd < 1,

Since L has breadth two, it follows that b v c v d is the
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join»of two of the generators, say ¢ vd=>b v cvd. Now
1 =(avb)vecvd implies that either ¢ vd =1 or
avbvec=1 o avbwvd=1, The first possibility
contradicts b vc¢c vd«< 1. Suppose a vbvd=1, and

that a vbvec< 1. Since c¢cvd=0Dbvecvd, we have

fl

a vcecuyvd 1.

In the free modular lattice on four generators the
join of any three generators is covered by the greatest
element. Hence in L, 1 »bvcvd and 1> avbvec.
Let ¢1 be the largest congruence on L separating 1 from
b vcvd and P the largest congruence separating 1 from
avbve. Let 6, = 6(1, b v ¢ v d) and 6, = 8(1, a v b vec)
and 6 = e] Vv 62. Since the congruences of lattices distribute,
Lemma 2 implies 6 A w] A wz = 0. Hence L 1is a subdirect
product of L/6, L/y; and L/wz. Now L/¥y 2 L/¥, o 3 the
two element lattice. Furthermore; L/6 has the property that
any three of its generators join to the greatest element.

If avbvec=1, then 6, =0 and © = 6y - In

2
this case L 1is a subdirect product of L/6 and L/w] N2,

=
As before, L/® has the desired properties. The remaining
cases are handled by symmetry.
Now we impose the additional condition that any
three of the four generators of L join to T and meet to

0. Since L has breadth two this implies that any three

element subset of {a,b,c,d} has a two element subset whose
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elements join to the top. We shall show that all but at most
two of the two element subsets of {a,b,c,d} Jjoin to 1.

First we need a lemma.

LEMMA 4: Let x and y be noncomparable elements i

a

breadth two modular lattice. Then x v y/x and x v y/y

are both chains.

PROOF: Suppose x < u, Vv < X v y are noncomparable elements.
Then it is not hard to check that the elements wu, v,

y A {(u v v) generate a lattice isomorphic to thevlattice of
subsets of a three element set. Now the lemma follows from

Lemma 1.

As remarked above, there is a two element subset of
{a,b,c} Jjoining to 1; say a vb=1. Also, there is a

1,

two element subset of {a,c,d} Jjoining to 1. If ¢ v d
then we have two complementary pairs, both of which join to
1. Suppose a v ¢ = 1. Now consider {b,c,d}. If either
bvd=1 or ¢cvd=1, then there exists two complementary
pairs, both joining to 1. If b v c¢c =1, then we have that
all pairs not containing d gJjoin to 1. In ¢onc1usion,
either there are two complementary pairs of generators both
joining to 1, or there is a generator such that all pairs
of generators not including that generator join to 1.

Suppose a vb=1=c¢cvd. If a and b were

comparable, then one of them would equal 1, contradicting
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our assumption that L is not generated by three elements.
Hence by Lemma 4 1/a is a chain and thus a v c¢c and a v d
must be comparable. By symmetry we may assume a v ¢ = a v d.

Then a vc=avcwvd=1., Now 1/b and 1/d are chains

by Lemma 4; hence, as above, either a vd =1 or b vd 1

and either bvc=1 or bvd=1., Thus either b v d = I
or both bvec=1 and a v d=1. We conclude that if there
are two complementary pairs of generators, each pair joining
to 1, then at least five of the six pairs of generators join
to 1, or four of the six join to 1 and the two pairs that

do not join to 1 are complementary.

Let M5 be the five element length two lattice.

LEMMA 5: Let L be a breadth two modular lattice generated

by a,b,c,d, in which any three of the generators join to 1.

Then one of the following must hold.

(i) L has the property that at least four of the

six pairs of generators join to 1, and if

two pairs do not join to 1, they are comple-

mentary,

(ii) L is a subdirect product of Mg and a lattice

having the property described in (i),

(ii1) L is a subdirect product of Mg and a three

generated modular lattice.

PROOF: By symmetry and the remarks preceding Lemma 5 we may

assume that a vb=avec=Dbvc=1. In order to apply
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Lemma 2 we must find elements v < u in the free modular
lattice on four generators, FM(4), such that if y is the

maximum congruence separating v from wu, then FM(4)/y ~

MS‘ This can easily be done in FM(x,y,z), since it is
finite. For example, x v (y A z) < x v (z A (x vy)) will
do.
Let a,b,c,d be the generators of FM(4). Then
AV VIR VIR V)

a > X, b->y, ¢c»2z, and d -+ x Ay Az can be extended
v Y] n, v

to a homomorphism f from FM(4) onto FM(3). It is not
difficult to see that if f(w) = x v (y A z) then

W < v [(R v 2) A (g v g)] and if f(w) = x v {(z A (x v y))

a

n,

then w > a v (c A (a vb)). It follows that in FM(4)
- n v n

v[(bvg)/\(gvg)]*[g\J((gvg)A(gvg))]v

n

o

oW

b = :
V(,c\:)/\(gvm)) gV((gvg)A(gvg))V(gA(gvg))
and if y is the largest congruence separating these elements
then FM(4)/y 3 Mc. '
Hence in L we have
a v ((bvd)a(cvd))<av ({(bvd)a(cvd))vi(ca (avb)).
Now if we have equality in the above inequality, then

avi(ca(avb))=<avwv((bvd)a(cvd))

or
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(a ve)af{avb) =av ({{(bvd A (cvd)).

Since a vc=avb=1 1in L the left hand side of this
inequality is 1 and hence the right hand side is also. By
Lemma 4 either a and (b v d) A (c v d) are comparable or
b vd and c¢c v d are comparable. If a = (b v d) a (c v d),
then a = a v ({b vd) aA(cwvd))=1. In this case, L 1is
generated by b, ¢, and d contrary to our assumption on
L. If (b vd) A (c vd) =a, then (b vd) a{cvd) =1
énd in this case the conclusion of the lemma holds.

If bvd=cwvd, then bvd=5bvecvd=1.
By Lemma 4, a vd and ¢ v d are comparable, and as above
the larger one must be 1. Thus again the conclusion of the
lemma holds.

Now we consider the case

a v ((bvd)a{cvd))
<av ((bvd)anf(cvd)vi(cai({avb)).

Let 6 be the smallest congruence on L identifying these
elements and wo be the unique largest congruence separating
these elements. By Lemma 2, L is a subdirect product of
L/6 and L/xp0 Y M5. Now arguments just as above show that

the conclusions of the lemma hold.
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3. MAIN THEOREM

By Lemma 5 we may assume that a vc¢c =a vd=
bvec=5>bwvd=1. By the dual of Lemma 5 we may assume four
of the six pairs of generators meet to 0. We first consider
the case a A c=aaAnd=Dbac=D>bad=20. Notice that
this situation has a large amount of symhetry. If a relation
holds in L, then the re]ations obtained from it under the
permutations (ab), (cd), (ab)(cd), (ac){(bd), (ad)(bc) also
hold in L. The case when L can be generated by three
elements is of course easy. For now we assume that L can-
not be generated by any three element. This implies that no
two generators can be comparable. If a = ¢, for example,
then a v c =1 implies ¢ = 1 contradicting the hypothesis
that L 1is not generated by three elements. If a =< b,
then since ¢ 1is a complement of both a and b, modularity
implies a = b, again contradicting our assumption. The

other cases are handled by symmetry.

—o= =0= :0::
Let a, = a a, b0 b b, s c ¢, and
- 40 - . . . -
d0 = d d. Define inductively a a A (ci_] v d1-1)’
by = b A e,y vidy_qy)s ¢y =cafay g vby q), dy

d A (ai_] v bi-l) and dually al = av (c1°] A di’]), b

b v (ci'] A di']), ¢l = ¢ v (ai'] A bi']), dt = d v (ai_] A

b1']). We now derive some formulae concerning these elements

(1) a, = aza; za, z ... a® = a = al < a? <
etc
(2) a; = a7 A (Ci-l v di-l)’ al = al"1y



(3) a A dl = aarc =an b i =1
(4) a v di =avec, =avb, i =
(5) a; v di = a; Ve o= bi Ve, = bi vd, =

(ajq vbyq) A leg g vidy gl

For example, (4) can be proved with the aid of (2) and induction:

avd,=av(d _;A(a;_yvbsy))
= a v (di—l A [(a A (Ci-2 v di-z)) v (b A (Ci-2 v di-z))])
=avildignlegpvidip) alavibale pvdip)))]

= a v [d;

so1 A lav(ba(ey o, vdi 5)))]

= (a v di-1) A [a v (ba (Ci—Z v di-Z))]
= (a \Y b]_z) A (a A b.l_'l)

Note that a

i
o]
v
o
AY
<}
v

is a descending

chain in a/0 and 0 = a A d < a A d] < a A d2 < ... 1s an

o]

ascending chain in a/0. By Lemma 4, a/0 1is a chain, and
thus each a a dj must be comparable with each a - Let n

be the smallest integer such that a A b = a if such an

n+1’?

= aAb with ¢

integer exists. Joining both sides of LI n

we obtain

(a Ab) vc = [an A (c

n vd)]lve =(a

n n n Y, cn) A (cn Vv dn).

n

However, (5) tells us a_ v c, = (an_] v bn-l) A (c

n n-1 "V dn-1)'
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Thus

v

(a Ab) vec (a v b ]) A (cn Vv dn)

n n-1 n-

Hence

v

a Ab=(aaAb)v (cn Ab) = [(a ab) v cn] A Db

"
(o

b A (cn v dn) A (an_] v bn-1) = bn+1 A (an_] Y, bn—]) N+l

‘Thus a A b=z b It follows that n 1is the smallest

n+l"

integer such that a A b = b Now observe

n+1’

a .1 = a A (cn v dn) <aaAb /\‘(cn v dn) = a,,97 AN by
Hence A 41 = bn+1. Thus
Chpp = C A (an+] Vv bn+1) =CAa T 0.

LEMMA 6: Let L be a breadth two modular lattice generated

by four noncomparable generators a,b,c,d satisfying

avc=avd=bvcecs=>bvd-=1 aAcC=aArAd=bacs=

and
bad=20. If a >aabz=a then b > a abz=ob

n nt+l? n n+l
and a .3 = bpya = Coi, =d 5, =0, Furthermore,
Cp>C¢Ad=zco .y and d >cadz=zd 4 where m is either

n-131, n, or n + 1.
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PROOF: If a, > a A b = an+] then Cn+2 = 0, as shown

above. Thus m=n + 1. Similarly, n =m+ 1. The rest of

the lemma follows easily from the remarks above.

We shall require a few additional observations.

(6) (a Abl)y vds=(anand™hyydgs=dqd"*T,

If a,,y 2z aAb then

(7) aj/a;,q ~ a5 v bi/ag,q v by diq/ds .
If di+1 z ¢ A d then

(8) dj/djyq ~dy veg/dig voy ay/25,,

(6) easily follows from (3). To see (7), note that
since a; z a A b, bi =z a A b by Lemma 6. From this it
follows that ai/a1+]/z a; v b1./a\1.+1 v bi' Repeatedly using

(4) with the poles of a and d interchanged we obtain

di+] Viai v bi = [d A (ai v bi)] Viagq oV b1
= (d v 8:,q V bi) A (ai Vv bi)
= (d v c1_1) A (aj v bi)
= (d v a; v bi) A (ai v bi)
= a, v bi
and
di+1 A (a1+] v bi) = d A (ai Vv bi) A (a1+] v bi)
= d A (a1+1 Y, bi)
= d A [(a A (C.l Y d.[)) A (b A (C_i_-l v d].--]))]
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<
o
~—

H

d A (cy g vidi q)a (b vagy)
[(d A cyq) vdy 41 A (b vd,,)
divp v Ib A (&g v (d A cyq))]

11

i+2

i+2

LEMMA 7: Let L satisfy the hypotheses of Lemma 6. Suppose,

also that
(9) a_. > a A b = a,47 an d 41 > C A d = dn+2‘
Then
n-i+]l n-i
(10) a; za Ab = a Ab Z a44q
i =z n(mod 2), i = n
(11) d =z d A M-kt > d A K = P
k = n+ 1{(mod 2), k =n
Furthermore, the images of a A b1 and a A b™T under
the projectivity (7) are d A -1 and d A cn'i"]. The
images of d A KL nd d oA oK under the projectivity

(8) are a A pn-k and a A b

PROOF: First we show that

!

(12) a; =z a A pn-1tl a A pn-1

A
>

i = n(mod 2), i
and
(13) d, = d & MKFT L g K
k =n+ 1(mod 2), k < n.

We prove these inequalities by induction on n - i and n - k.

First note that the second inequality in both (12) and (13)
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b

Jig

Using (3) we

follows immediately from the monotome nature of the

and cj's. Now we show that a, zZa A b].

have that

a A [(c Ad) v (b a a])] = a A [(d A a]) v (b A a])]

=aaal A (d v (b A a]))
= a A (dv (b a a]))
= a A (dv (b a d2))
=anan (dvb)a 42
= a A d2
= a A b]

Now, since a' =a v (c and) <a v d ,q> we have

a A b] = a A [(c aAad) v (ba a])]

Thus, a A b = a

Now suppose we have shown that a,
n-i+2

We shall show that

A

1]

a A fld yvi(ba(avd ))]

aanld g vi(aa(bvd, ))]

(a A dn+]) v [a A (b v dn+])]

a an (b v dn+1)

a an (b v an)

di—] = d A ¢

424
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> a A b
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d A [(anb™ Ty yo(cad™ 179y -

= d A [(a A dn'i+2) v (c A dn_i+2)]
= d A d" T2 A fa v (cov d"TTFE)]
=da [a v (ca an-i+3)]
=da (avece)a an'i+3
- d an-1'+3
= d Cn-i+2.
Hence, since qn-it2 . d v (a A bn'1+]) =dvay,
d A c:n'i+2 =d A [(a A bn'1+]) v {¢c A dn'1+2)]
=d A [ai v (ca(dvay))l
= d A [ai v (d A (c v ai))]
= (d a ai) v [d A (c v ai)]
=d A (cv ai)
=d A (cv di-1)
= (¢ A d) v di-]
=4y
Thus d A " 12 < di_q-
Thus if j 1is either n - i + 1 or n - i then
a; z a A bd  and dipq 2 d A cj']. By way of induction suppose
that d1+] > d A cj"]<z d].+2 for j as above. Then the image

of a A bY under the projectivity (7) is

d

d. 1 A [(a A bj) vV a

i+ Vv bi]

i+ se1 A Llaa (09 via 1)) vobyd

d

J
s41 A (a v bi) A (ai+] v bY)
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H
o

A [(a A bj) v oa v b.]

i+ i+ i i+]
i+
i+1
i+2
1+2

i+2

]
(&%
o< <
— -~ —— Paamn Y
(ol

1}
(o
>
(@]

This shows that a, z a A bY > a, which completes the

it1?

proof of the lemma.

Arguments similar to these prove the following lemma.

LEMMA 8: Let L satisfy the hypotheses of Lemma 6. Suppose

also that
(14) a, > a A b = I and dn >c A d= dn+1
Then
N n-i
(15) a. = a A b Z as.q
. n-1i
(16) di = d A cC > dif1
Furthermore, the image of a A pM-1 under the projectivity
(7) is d & cn'1"1. The image o d A ¢"' under the
1S ihe 1mage ov unaeyr tne
projectivity (8) is a & b”'1_]

Let Ln be the modular lattice freely generated by

it
o
<
(@)

ft

a,b,c,d subject to the relations a v ¢ = a v d
bvd=1, anc=ansnd=Dbac=bad=0, a >aarbs=

and d = c¢c a d=d

0 N+l By the above lemma

bn-]

—~~
—
~

~
o]

n
> a A b = a] > a A

v

an > a A b = an+] > an+2 =0
426



(18)

(19)

Then the chain
(20)

Similarly, using

Moreoveyr, we define

by interchanging
obtained from

the following su

U= {e; v fs | 2

.i
U {ei Vv

h;

d=dac = dy =z d A cn'] >
= dn = ¢ A d = dn+1 = dn+2 = 0.
For notational convenience define
e, = 0, dy T €543 0 =i = n+l
j= < J <«
a A b e2j+2 0 =3 = n.
17) becomes
€rn+3 = €opep 2 z ez e = 0.
(18) we define hi’ i =0, ., 2n+3.
fi to be the element obtained from e,
a and b, and- 94 to be the element
by interchanging ¢ and d. Let U be
bset of Ln
= 1,3 = 2n+3} U {g; v.hj | 2 = i,j = 2n+3}
hj | 0 =i, = 2n+3 and |i-j| = 2}
at U s closed under joins and meets and

We shall show th

hence U = Ln‘

meets of elements of

First we require

In addition, we shall evaluate all joins and

U thereby describing the lattice Ln

a Temma.

LEMMA 9: The following formulae hold in L,
(21) a; v bj = A5V Cyyq T oAy v dj+1 i< j
(22) (a ab'y vi(baad)y={(ananb)v(ca dJ'])

(a‘A bi) v.(d A cj—])

v
v
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—
N
W

~—
[e3)
<

—
o
>
3]

<.
~—
i
[e3)
<
—
(@]
>
(w8
.
]
—
~

i=n-~-373, J=n
i _ i
(24) (a A b') v bj = (a A b.) vV ey
_ i
= (a Ab ) v dj+1
iz=n+ 1 -3

The second equality in (21) also holds for i < j + 2 an

the second equality in (23) also holds for i =n + 1 - j,

PROOF: We prove (21) using (4) and induction on 1i. Thus
assume (21) holds when the subscript of a 1is less than
and assume also that the corresponding formula obtained by
interchanging a and d, and b and ¢ holds when the

subscript of d is less than 1.

a; A bj = [a A (Ci~1

[a A (b1 % d.l_'l)] \ bJ
(a vbs) A (by vd;y)

v d1-1)] v bj

It

]

(a v dj+]) A (ai Vv di—l)
= a, v [di—] A {a v dj+1)]
= a, v dj+]
To prove (22) note that since 1i,j <= n we have
(a Anb') v (b a aj) =al Ab'. Ssince b’ > bJ > d A bd =

d A aJ,
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(a A bi) v (d A cj']) (a A bi) v (d A aj)

bi A [a v (d Avaj)]

L1

b' A aY.

To prove (23) note that 1 =n - j and Jj < n dimply that

b, = b A ad and aY = a v b. Thus

1

a; v (b aad) = [aa oy vd )] (b n ad)
=fana (b; vd, I v(ba a'j)
= (b, vd; 4) alav(baal)]

J

= (b, v di-l) A a

i

= (Ci—1 v di-1) A [a v (d a aj)]
= (Ci-l v di—l) A fa v (d Avcj-])]
j'1)

a; v (d A ¢

Since i s>n+ 1 -3, b > d A

d Thus

i

.i

il

(a A bi) v b,

; (a v bj) A b

i

(a v dj+]) A Db

i
(a Ab') v dj+].

The proof of the last statement of the lemma is

similar to above proofs.

The previous lemma can be put into a more compact

form.

429



COROLLARY: The following holds in Ln
7 - = |
(25) e, v fj e, v gJ_2 e; v hJ_2 i = j
The joins in U are given by the following.
(26) (ei v fj) v (ek Y, fg) = ep v fg
p = max{i,k}, q = max{j,2}
(91 v hJ) v (Qk v 'h,Q) = gp v hq
(ei v hj) y (ek Vv hg) = ep Y, hq
If i=23j and 2 = k and 2 = i,j,k,2 <= 2n + 3 and
r = max{2+2,j},. s = max{i+2,k} then
e; v hQ if |i-af = 2
(27) (ei v fj) Vv (gk Vv hz) = e; v f,. if i =+ 2
gs V h2 if 221+ 2
If j=13i and 2 = k then (ei v fj) v (gk v.hQ) is as
above except the roles of e and f are interchanged. The
cases j =z i and k = g, and i =J and k = & are
handled similarly. |
If i =2 3 then
e vh_ , if |p-q'| = 2
(28) e, v fj Ve v h2 = { P q
: ey Vv fq.+2 if p=z=gq' + 2
where p = max{i,k} and q' = max{j-2,2}. All other joins
in U are similar.

The meet operation is given by

(29) (ei Y, fi) A (ek v fQ) =e. v fs
r = min{i,k}, s = min{i,2}
(e v hj) A (e vh) =e. v hg
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and

(30) (e,i v fj) A (gk Y, hQ) = (ep v fq) v (gr v hs)

where p = min{i,k-2,2-2}, q = min{j,k-2,2-2}
r = min{k,i-2,j-2}, and s = {&,i-2,j-2}.
If |k-2] < 2 then
(31) (ei v fj) A (ek v hQ) = (ep. v fq,) v (gr. v hs.)
where p' = min{i,k}, q' = min{j,k}, r' = s' = min{g,i-2,j-2}.

THEOREM 1: The set U together with the join and meet given

in (26) - (31) is the lattice L

PROOF: (26) follows from modularity. The other equations

follow easily from the Corollary.
(FIGURE 1)

The lattices LO, L], L2 are diagrammed in

Figure 1. If we let L; be the modular lattice generated by
a,b,c,d with avc=avd=bvec=>bvd=1,

aAnc=aad=bac=bad=20, a. . =aAb=a and

n n+1?

d >caAad=d then an analysis similar to that of Ln

n+l n+2
can be carried out. The lattices Lé, Li, Lé are

diagrammed in Figure 2.
(FLGURE 2)

Now let L_ be the modular lattice generated by

a,b,c,d with avc=avd=bvc=>bvd-=1,
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v

It follows that a; > a A bY and d d A ¢ for all

i,j = 0.

It remains to consider the case when L s
generated by a,b,c,d with a vc=avd=Dbvcs=>bvd-=
and all pairs of generators meeting to 0 except for two
complementary pairs. By symmetry.we may assume a A b =
aAcCc=bad=cnad=20. Call this lattice L . We define
b C. d: as before. However we now defjne

1°? 1
a a v (b1°] A c1']), b! b v (aT'] A dT']),
d v (bi'] A ci']). We shall

i c v (ai-] A di-]), di

H

(@]
1

show that for all i and

(32) a; z a A dj, Ci 2 C A bJ
We need two equations. The proofs of these are left to the
reader.

(33) a; = a A (d Q Ci-])

(34) ¢ A bi = C A di+]

To prove (32) it is sufficient to prove that
a; z a A di and C, Z ¢ A bi for all i. This is obvious
for i = 0. Assume the equations hold for i =1, ..., n.

Then

8,41 = & A (d v cn)
>aana(dv(cab™
=a A (dv (ca dn+]))

dn+'l
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The last step uses that fact that dn+] <= d v c, which is

easily proved by induction. Hence the following chain of

elements lies below a.

v
Y}
>
[N
v
L
>
[aR
AY
o
>
[a X
v
(&

With this information an analysis similar to that for Ln

can be carried out.

Combining the above information we obtain the

following theorem.

THEOREM 2: If L 1is a breadth two four-generated modular

lattice then L is a homomorphic image of a subdirect

proauct of four copies of %, two copies Mg and either

of
or

a three-generated modular lattice or L L, for some

n

n, 0 = n < e,

Not all four-generated subdirect products of Ln
or Lé with four copies of % and two copies of M5 are
breadth two. However, it is possible to make a list of
lattices_such that L is a breadth two four-generated modular
lattice if and only if L 1is a homomorphic image of a lattice
from this list. This shall not be done here. In Figure 3

we give an example of a breadth two four-generated modular

lattice which is maximal in the sense that it is not a
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homomorphic image of a properly larger breadth two, four-

generated modular lattice.

(FIGURE 3)
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4. SUBDIRECTLY IRREDUCIBLES
The utility of Theorem 2 is that the lattices in
that theorem have only finitely many homomorphic images. With
the aid of this fact we shall now characterize all subdirectly
irreducible, four-generated breadth two modular lattices by
actually listing them. Let L be such a lattice. Then it
follows from Theorem 2 and the distributivity of congruence
lattices of lattices that L is either %, M5, or a homo-
morphic image of Ln or Lﬁ for some n, 0 < n = . The

following lemma shows each Ln and Lﬁ, 1 = n< » 1is the

subdirect product of four subdirectly irreducible lattices.

LEMMA 10: If wu/v 1is a prime quotient in L, or Lﬁ’

1 =n <o, then u/v 1is projective to a subquotient of a/ay.

PROOF: Since Ln and LA are finite dimensional lattices

every prime quotient is projective with a subquotient of
either a/0 or of 1/a. Hence it suffices to show that every
prime quotient of a/0 and of 1/a 1is projective to a sub-
quotient of a/az. Suppose u/v is a subquotient for

ai/ai+] with 1 = n. By (7) and (8) ai/a is projective

i+]
i o/ okerr =051, L, L%l. Hence the lemma holds

in this case. If wu/v 1is a subquotient of a/0 but not of

to

0. In this

ai/a1+] for all i = n then u = a and v

n+1
case, since n =1,

1
u/v .~ covd /e S d /ead o ag qvbo (/b qv(ead) S a_q/aab
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. \ 1. . .
Since an_]/aAb is a subquotient of an_]/an, u/v is
projective to a subquotient of a/a2 by the above remarks.
By the dual argument every prime subquotient of 1/a s
projective to a subquotient of a2/a. Now if n = 2 then

the duals of (7) and (8) tell us that az/a is projective

1

to d3/d] which transposes down to aAd3/aAd = aAbz/aAb.

Now we may argue as above. The case n =1 has to be
argued separately and is left to the reader. Arguments

similar to the above prove the lemma for Lﬁ.

Lemma 10 has the corollary that Ln and Lﬁ are

each subdirect products of four subdirectly irreducible

lattices, 1 = n < o, More specifically, let Ln] =

Ln/e(a,aAbn'1), L

Ny = Ln/e(a,a])ve(aAbn,az),

Lig = Ln/e(a,aAbn)ve(a],az), Loa = Ln/é(a,aAbn']). Since

Ln is the modular lattice freely generated by a,b,c,d

satisfying the relations avc=avd=bvc=>bvd-=1,

anc=and=Dbac=bad=0, a =aab= 3,410

d =2 ¢ aAdz=d is the modular lattice freely

n n+l? L

nl
generated by a,b,c,d satisfying the above relations and

bn"]

also satisfying a = a A p" = a; = a A Similarly,

L is the modular lattice freely generated by a,b,c,d

n2
subject to the relations of Ln and to the additional

. _ n _ n-1 _
relations a = a A b = ay, a A b = Ay, Ln3 to the

additional relations a = a A bn, = a A bn"] = a

o]
—
I

20 Lng
to the additional relations a A pb" = a; = a A bnf] = a,.
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Since the permutation (ad)(bc) generates an automorphism

of Ln and since a/\bn']/a2 is projective to dAcn/a] we

have that L is isomorphic to Ln3' Similarly an and

nl
Ln4 are isomorphic. Furthermore, an is isomorphic to
Ln+],]' To see this, one shows that an satisfies the

defining relations of L and vice versa. This can be

n+l,1
done with the use of Lemma 8, and is left to the reader.

Similar arguments give that Lﬁ is a subdirect product of

L L and two copies of L

ni? n+2,1° n+1,1°

It follows from (17) that L has length 4n + 6.

n
Using Lemma 8 it follows that Ln] has length n + 1 and

an has length n + 2. Let S] =2 S, = M5 and S = L

~ 2 n+1l nl

n = 2.

In L az > a] zaza;za, and by (7) and (8)
and their duals every prime quotient of L, 1s projective to
a nontrivial subquotient of a2/a or a/éz. If we identify
a2 with a and ay with. a, then we get the modular
lattice freely generated by a,b,c,d subject to these
relations and the relations of L_. These relations are
equivalent to a vb =ayv c~= avd=bvc=bvd=1,
aAb=aasc=anrsd=bac=bad=cad=0. This is
the Tattice studied in [3]. We denote it by S.- Examining
the other congruences on L_ yield that L, 1is a subdirect
product of two copies of S_  and two copies of S:, its
dual. The same statement holds for L. These facts

together imply that Ln and LA, 0 =ns=sw®, are each a
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subdirect product of four subdirectly irreducibles chosen

from {S, | 1 = n = =} v {Si}. It follows from the distribu-
tivity of lattice congruences that any subdirectly irreducible,
breadth two, four-generated modular lattice is a homomorphic
image of one of the Sn or Si. For n < o, Sn is finite
and hence simple. Thus Sn, n < «» has no nontrivial homo-

morphic images. S and Si

oo

have only one nontrivial homo-
morphic image: the six element length two lattice, M6

[3]. Consequently

THEOREM 3: The subdirectly irreducible, breadth two, four-

generated modular lattices are precisely the set

< < oo d
{Sn J 1 =n = } A\ {Soo’ M6}-

In [3] the word problem for S, 1s solved. If
one takes the sublattice Kn of S_ generated by

a v dn’ b v dn’ n? n

b vd

c v a d v a if n 1is even and by

a v d c vV d v a if n 1is odd,

n-1° n-1° A+l n+1

then using the above mentioned solution to the word problem

in Sm,

one can show that Kn satisfies the relations

defining Sn' Since Sn is simple it follows that Kn is

isomorphic to Sn. This shows that the lattices of Theorem 3

are precisely the breadth two lattices considered in [3].

See Figures 4 and 5.
(FIGURE 4)

(FIGURE 5)
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5. COVERINGS IN FM(4)

It is apparent from Lemma 2 that coverings in free
modular Tlattices have important consequences in the study of
the structure of modular lattices. Moreover, McKenzie has
investigated the connections of coverings in a free lattice
to the theory of lattice varieties. In view of these
applications we give some examples of coverings in FM(4).

In particular, we give an infinite list of covering in FM(4),
u, > v, inequivalent in the strong sense that if w(ui, Vi)

1 1

is the unique maximal congruence separating U from v

then the FM(4)/w(ui, vi)'s are pairwise nonisomorphic. In
fact, there is a covering corresponding to each Sn’
1 = n < o,

Let f map FM(n) homomorphically onto L.

Then” f 1is called upper bounded if for each x € L there is

an element wu e FM(4) such that f(u) = x and f(v) = x
implies v = u. If the dual property holds then f s

lower bounded. If f 1is both upper and lower bounded then

f 1is bounded. If u 1is as above we call u the maximal

inverse image of x. The minimal inverse image is defined

dually. Note that if f : FM(n) -» L 1is bounded and y > x
in L, and if wu s the maximum inverse image of x and v
is the minimal inverse image of y, then u v v > u and

U Av<v in FM(n). These concepts were defined and

studied by R. McKenzie [6]. When L 1is finite McKenzie gives

the following process for deciding if f is bounded. For
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each x e L define M(x) to be the family of two elements
subsets {y, z} of L such that x =2y Az, x#y, x # z

and if Yo 2 ¥ 2, % 2, and x = Yo N 2, then Yo =Y

and z, = z. Choose a, L>FM{n) such that R is mono-

tine and f(ao(x)) = x for all x e€ L, and such that

a < aof(a) for each generator of FM(n). Now define
n,

(35) a;(x) = a;_3(x) v.{x’ y\}/ o Hix) (o5 _1(y) A ay_4(2))

Now if f(u) = x then wu = o.,(x) for some i [6]. Thus f

is upper bounded if and only if a; T a4 for some 1.

Let FM(4) be freely generated by %,R,g,g. Let

S be the Tattice defined above. Let the generators

on+1 = Lkan,1

of S be a,b,c,d. Let f : FM(4) > S be the unique

2n+1 2n+1
extension of the map f(%) = a, f(R) = b, f(g) = c, f(g) = d.

Note that since the maximal inverse image function, when it
exists, preserves meets and 32n+1 has breadth two we may re-
strict our attention to the meet irreducibles in 52n+1 in cal-

culating the a;’s. The meet irreducibles of 52n+1 consist of

2n=-3 2n-2

a <a =a = a° = a4 = = a = a <=avhb
b=b =b%<bd=pts < b2 3 2 p2M2 < gy p
¢ = c] < CZ - c3 < < c2n-2 - C2n-1
d = dlls a2 = a3 < ... < ¢?n-2 o 42n-]

Now M(a) = {{b, c'}, {b, d'3}, m(a?l) = (2}, c21%1y,
R L T L I LS S I PR
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M(a v b) = {{c2M Y, 2" Ny, m(c?itly = (q@i), Q%12

(@211 p2i2y 0,21 62y, 4 =0, L., -2,

M(czn']) = {{a v b, dzn']}}. The definition of M(b
2i+1)

similar to M(aZi) and M(d2i+]) to M(c

With these definitions one can choose an appropriate
definition of a, and compute o) by {(35). For large enough
k, O = Oy We shall only give this final function. In

FM(4) with generators b g g let

’\J
(36) a = a v (c A d ']) b' = b v (c1'] v d"])
4] n, ’\1 '\J. '\4' n, '\;. '\l.
Vv (a b ']) d' = d v (a”l v b1-])
4" s n, n, n, n, n,

Define g : S, .4 * FM(4) inductively as follows

_ 2n-1 2n-1
g(azv ?) ) sz ? ' ;g 1 "4 ! 2n-1 2
n- - n- n- n- n-1 2n-1
g(c . ) -zg v(d .A(gvg)) g(d ) v(c A(avb))
g(a?7) = a?Tv(? ag(c?™1))  g(b?T)= p? v(a frg(c21*1))
g(c21+]) = m21+]V(g21+1Ag(321+2)) (d21+]) = m21+]v(g21+]Ag(a21+2))

To see that g 1s the final function we must show

that if we let o =g in (35) then oy

g. The following
identities in FM(4) may be proved by induction, starting

with {1 = n - 1 and working down,

9(321) = 2‘21 v (b21 A g(c21+])) = N v ( 21 A g(d21+]))
g(c21']) - 521-1 v (dZi -1 A 9(621)) - c21 1 v (321-1 A g(b21))
Let o, = g we have

0
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21) - %21V(RZiA9(C
v {[RZiV( ZiAg(C2i+1))]A[g2i+]V(g2i+]Ag(a2i+2))]}
{[RZiV(aZiAg(C21+]))]A[g21+]V(g21+]Ag(321+2))]}

v {[gZi_]v(QZi']Ag(aZi))]A[QZi-]v(€2i—]Ag(a21))]}

21+]))

o

<
I

Observe that

[RZ1V(221A (c21+]))]A[g2i+]v(c21+]A (a21+2))]
- [R21v(g21Ag(d21+]))]A[g21+]v(g21+]Ag(a21+2))]
- [RZiv(221A(d21+]v(gZi+]A (a2i+2))))]A[g2i+]v(321+]Ag(a21 2))]
- [221Ag(d21+1)]v(RZiA[22i+]v(c2i+]A ( 27 2))])' .

With the use of this identity, the modular law and the fact

that c¢21°1 5 ¢21-1 < a?i=1 ¢ is easy to show that
n V] V]
a21

a]( = g(a2i). Similar argument show that ay = g. If we

extend g to all of S, ., by letting g({x A y) g{x) A g(y)
then g is well-defined and is the ma*imum inverse image
function. Since 52n+1 is isomorphic to its dual we can
calculate the minimal inverse limit function h as well.
Then since a] > a in 52n+1 we have the following coverfng

in FM(4).

g(a) v h(a) v h(c A d) = g(a) v h(a]) > g(a)

g{a) v h(c A d)

Letting ay and Ri be the elements dual to g’ and Q1
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Also, gf(a) = 2

2n-1
(¢

in FM(4), we have h(c A d) = ¢ A Q A (QZn-l Vv RZn-l)'
a
")

2
a v ( v (R A e
v (ﬂ?n'] A (a v R) ..). Thus we have proved the

following theorem.

Theorem 4: For n =1, 2, ... we have the following

coverings in FM(4).

[CAdA(NZn 1V22n ])]v%v(RA(%]v(d]...(czn']v(dzn']A(ivR)...)

1 1
QV(RA(% v(% ...A(%

e

Furthermore, if Yy is the unique maximal congruence

separating this covering then FM(4)/1pn Y 52n+1'

Similarly one obtains coverings in FM(4)
corresponding to each of the SZn's.
Following McKenzie, call a modular lattice L a

splitting modular lattice if there exists an equation ¢

such that for any variety V of modular lattices either
all members of V satisfy e or L € V. By the above,

n=20,1,2, ... 1is a splitting modular lattice.

COROLLARY: L 1is a breadth two, four-generated splitting

modular lattice if and only if L is isomorphic to S, for

PROOF: It was shown in [3] that M, S_, and s are not

splitting modular lattices. The corollary follows from the
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fact that a splitting modular lattice must be subdirectly

irreducible.

Now let V be the variety of modular lattices
generated by all breadth two modular lattices and let
FL(V, 4) be the free V-lattice on four generators. A

lattice L 1is called weakly atomic if for x >y in L

there exists u, v € L such that x 2 u > v =2y,

COROLLARY: FL(V, 4) is a unique irredundant subdirect

product of 14 copies of S5,, 14 copies of S,, and 6
copies of S, n=3,4, .... Moreover, FL(V, 4) is

weakly atomic,

PROOF: In [3] it is shown that V 1is generated by
'{Sn | 1 = n < «}. Hence FL(V, 4) 1is a subdirect product

of S n=1,2, .... It is easy to check that there are

ne
14 distinct congruence relations y on FL(V, 4) such that
FL(V, 4)/y = Sy» 14 congruences giving S,, and 6 congruences
~giving Sn’ n=3,4, .... With the aid of Lemma 2 and
Theorem 4 it can be shown that none of these lattices can be
removed from a subdirect representation of FL(V, 4).

If x>y in FL(V, 4) then by the above there

exists a homomorphism f from FL(V, 4) onto S for some

n 3
n < «, such that f(x) > f(y). Since f 1is bounded there
exists u, v € FL(V, 4) with u> v and f(x) = f(u) > f(v) =

f(y). Now it is easy to see that wu/v 1is projective to a
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subquotient wu'/v' of x/y in two or less steps. By

modularity x = u' > v' = y, proving the corollary.

The above corollary implies that the word problem
for FL(V, 4} 1is solvable. However, by J6nsson's theorem
[5] the four-generated subdirectly irreducible members of V
are precisely the lattices listed in Theorem 3 (see also [1]).

Hence we have the following corollary. *

COROLLARY: If L is the V-lattice freely generated by four

generators subject to finitely many relations, then the word

problem for L is solvable.

With the aid of the results of this paper,
C. Herrmann has been able to list all subdirectly irreducible
four-generated modular lattices in the class C of all lat-
tices embeddable in a complemented modular lattice. From this
it follows that the word problem for four-generated lattices
in € is solvable. This contrasts the result of G. Hutchinson
that the word problem for nine-generated lattices in C s
not solvable. An easy modification of Hutchinson's argument
yields that the word problem for seven-generated lattices in

C 1is not solvable.
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