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Abstract

In this work we introduce and study a new notion of amenability for actions
of locally compact groups on C*-algebras. Our definition extends the definition of
amenability for actions of discrete groups due to Claire Anantharaman-Delaroche.
We show that our definition has several characterizations and permanence prop-
erties analogous to those known in the discrete case. For example, for actions on
commutative C*-algebras, we show that our notion of amenability is equivalent to
measurewise amenability. Combined with a recent result of Alex Bearden and Jason
Crann, this also settles a long standing open problem about the equivalence of topo-
logical amenability and measurewise amenability for a second countable G-space
X.

We use our new notion of amenability to study when the maximal and re-
duced crossed products agree. One of our main results generalizes a theorem of
Matsumura: we show that for an action of an exact locally compact group G on a
locally compact space X the full and reduced crossed products Cp(X) Xmax G and
Co(X) Xyea G coincide if and only if the action of G on X is amenable. We also
show that the analogue of this theorem does not hold for actions on noncommuta-
tive C'*-algebras.

Finally, we study amenability as it relates to more detailed structure in the
case of C*-algebras that fibre over an appropriate G-space X, and the interaction
of amenability with various regularity properties such as nuclearity, exactness, and
the (L)LP, and the equivariant versions of injectivity and the WEP.

1991 Mathematics Subject Classification. 46L55, 43A35.
Key words and phrases. Amenable actions, C*-algebra, Matsumura’s theorem, weak contain-
ment, exact groups.






CHAPTER 1

Introduction

Amenability is an important property of groups and their actions (and other
objects) with many consequences in dynamics, harmonic analysis, geometric group
theory, and elsewhere. There is a good notion of amenability in the literature for
an action of a locally compact group on a von Neumann algebra. However, for
actions on C*-algebras, some natural definitions only work in the case where the
acting group is discrete. Our goals in this work are four-fold:

(1) Introduce a notion of amenability for an action of a locally compact group
on a C*-algebra, and study its relationship to approximation properties
for the action and to existing notions of amenability for actions on com-
mutative C*-algebras.

(2) Study the connection of amenability to the weak containment problem of
when the maximal and reduced crossed products coincide.

(3) Study amenability in the case of actions on X xG-C*-algebras for a regular
action G —~ X, and for type I G-C*-algebras.

(4) Study the connection of amenability to various important regularity prop-
erties such as nuclearity, exactness, lifting properties, and equivariant ver-
sions of the WEP and injectivity.

We now discuss each of these goals in turn.

1.1. Amenable actions

To explain our notion of amenable actions, we start by recalling the classical
case of actions on von Neumann algebras. This theory was initiated by Claire
Anantharaman-Delaroche |4, Définition 3.4] over forty years ago and has been used
to great effect by Anantharaman-Delaroche and many others in the intervening
period.

To establish terminology, let A be a C*-algebra (or a von Neumann algebra)
equipped with an action a : G — Aut(A) of a locally compact group G. Then
(A, ) is a G-C*-algebra (respectively, G-von Neumann algebra) if for all a € A
the ‘orbit map’ G — A defined by g — «,4(a) is norm (respectively, ultraweakly)
continuous.

Let G be a locally compact group, and let (M, o) be a G-von Neumann algebra.
Equip the von Neumann algebra tensor product L*(G)®M with the tensor product
of the canonical action 7 on L®(G) induced by left translation, and the given action
o on M. The following definition is due to Anantharaman-Delaroche |4, Définition
3.4]. Note that it reduces to one of the standard definitions of amenability of G if
M =C.
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DEFINITION 1.1. A G-von Neumann algebra (M, o) is amenable if there exists
an equivariant conditional expectation ® : L®(G)®M — M, where we view M as
a von Neumann subalgebra of L*(G)®M via the canonical embedding m — 1®m.

If (A, «) is a G-C*-algebra and G is discrete, then its double dual A** is a G-
von Neumann algebra with the canonically induced action a**, and Anantharaman-
Delaroche |6, Définition 4.1] defines the G-action on A to be amenable precisely
when (A**, a**) is an amenable G-von Neumann algebra. This definition works
well in the discrete case, but not for general locally compact G: indeed, A** is
typically not a G-von Neumann algebra when G is not discrete.

One of the main ideas in this paper is to find an appropriate replacement
for A** when G is locally compact. The key ingredient is given by the following
theorem of Akio Tkunishi:

THEOREM 1.2 (|46, Theorem 1.1]). Let G be a locally compact group, and (A, «)
a G-C*-algebra. Then there is a canonically associated G-von Neumann algebra
(A ") with the following universal property: any equivariant x-homomorphism
A — M from A to a G-von Neumann algebra M extends uniquely to an ultraweakly
continuous equivariant x-homomorphism A — M.

It follows from the theorem that when G is discrete, (AL, a”) = (A** a**).
Thus A? is a natural replacement for A**. We show that it has similar functoriality
properties to A**, although it is often a proper quotient.

Replacing A** by the G-von Neumann algebra A” we define a G-C*-algebra
(A, @) to be von Neumann amenable if (A, a”) is an amenable G-von Neumann
algebra. This clearly extends the notion of amenable action of a discrete group G.

However, von Neumann amenability is not directly useful for studying proper-
ties of the associated crossed products. Very early on in the theory, Anantharaman-
Delaroche [5 Corollaire 3.7] established the striking fact that amenability of a
G-von Neumann algebra (M, o) is equivalent to amenability of the induced action
of G on the centre Z(M). For discrete G, Anantharaman-Delaroche later used this
in |6, Théoreme 3.3] to characterize amenability in terms of an approximation prop-
erty using functions of positive type on G with values in the centre Z(M) of M,
that is, functions 6 : G — Z(M) such that for all finite F' € G the ‘F' x F-matrix’

(Uge(g_lh))%hep € MF(Z(M))

is positive. Specializing to M = A** gives characterizations of amenability for
G-C*-algebras. The following definition is inspired by this characterization.

DEFINITION 1.3. Let (A, &) be a G-C*-algebra. We say that (A, «) is amenable
if there exists a net (6; : G — Z(Al)) of norm-continuous, compactly supported
functions of positive type such that |[0;(e)| < 1 for all i € I and 0;(g) — 1lar
ultraweakly and uniformly on compact subsets of G.

Our notion of amenability is a complete analogue of the classical definition of
Anantharaman-Delaroche |6, Définition 4.1] for discrete groups G. For actions of
discrete groups it has been shown by Anantharaman-Delaroche in |6, Théoréme 3.3]
that amenability and von Neumann amenability coincide. In this work we prove
that amenability and von Neumann amenability coincide for actions of ezact locally
compact groups G. Shortly after we posted a first draft of this work on the arXiv,
Alex Bearden and Jason Crann showed in [12, Theorem 3.6] with different methods
that both notions coincide also for non-exact groups. Thus we can now state
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THEOREM 1.4 (Bearden-Crann). A G-C*-algebra (A,«) is amenable if and
only if it is von Neumann amenable.

A drawback of these formulations of amenability is that the enveloping G-von
Neumann algebra is usually a huge object which is not easy to understand. Mo-
tivated by this, we give a different characterization, which we call the weak quasi-
central approzimation property (wQAP). To state it, let us denote by S(A)¢ the set
of states ¢ on a G-C*-algebra (A4, «) such that, if o* is the induced action of G on
A* then the map

G— S(A4); g~ ay(9)

1S norm-continuous.

DEFINITION 1.5. Let (A, a) be a G-C*-algebra. We say that (A, «) has the
weak quasi-central approximation property (wQAP) if there exists a net (&;)er of
functions in C.(G, A) < L*(G, A) such that:

(i) [K€i[&pall < 1 for all i € I
(ii) for all ¢ € S(A)® we have ¢((&; | Aj&ipa) — 1 uniformly for g in compact
subsets of G;
(iii) for all ¢ € S(A)° and all a € A we have ¢({&;a — a&; |&a — a&iya) — 0.

The (wQAP) is a variant of the quasi-central approzimation property (QAP)
as introduced by the authors in |26, Section 3] to explain some work of Yuhei
Suzuki [69]. The (QAP) is analogous to the (wQAP), but one replaces the weak
convergence conditions (ii) and (iii) by the analogous nornﬂ convergence conditions.
We show in Theorem that amenability is equivalent to the (wQAP) and to the
weak approzimation property (wAP), a weak version of the approzimation property
(AP) as introduced by Ruy Exel and Chi-Keung Ng in |38, Definition 3.6] for Fell
bundles over G. In an earlier draft of this work we presented an argument that for
discrete G amenability is also equivalent to the (QAP) and the (AP), and we asked
whether such result could also hold for actions of general locally compact groups.
While it turned out later that our argument contained a mistakeﬂ, our question has
been answered in the positive by Narutaka Ozawa and Suzuki in |61, Theorem 2.13
and Theorem 3.2]. Combining the results of Ozawa and Suzuki with ours we can
now state

THEOREM 1.6 (Theorem and Ozawa-Suzuki). For a G-C*-algebra (A, @)
the following are equivalent
(i) (A, «) is amenable.
(i) (A,«) has the (WQAP).
(iii) (A, ) has the (wAP).
(iv) (A, «) has the (QAP).
(v) (A,«) has the (AP).

We note a striking aspect of the (wQAP) and/or the (QAP). As discussed
above, Anantharaman-Delaroche [5, Corollaire 3.7] showed that amenability of
a G-von Neumann algebra is equivalent to amenability of the induced action on
its centre. It had been suspected — see for example [23| Definition 4.31] — that
amenability of a G-C*-algebra (A, a) would also be equivalent to amenability of

1One should use strict convergence in the multiplier algebra in the non-unital case.
2We are grateful to one of the referees for pointing this out to us!
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the action on the centnﬂ Z(A). However, in Definition [1.5] one has only the “quasi-
centrality” condition in (iii) above. Thanks to work of Suzuki [69] (see also the
discussion of Suzuki’s work in |26] Section 3]), we know that this distinction be-
tween centrality and quasi-centrality in the C*-algebra case is quite fundamental.
Indeed, for simple C*-algebras A, amenability of the action on ZM(A) = C al-
ways implies amenability of G, while it follows from Suzuki’s constructions (see
also the more recent work of Ozawa and Suzuki in [61]) that there are many im-
portant examples of amenable actions on simple C*-algebras by groups which are
not amenable. It forms a theme of the current work that amenability for actions
on C*-algebras is a genuinely ‘noncommutative’ property.

Using our characterizations of amenability, we can establish the following per-
manence properties. We think of these as evidence that amenability is a natural
condition.

THEOREM 1.7. Amenability is inherited under taking equivariant: quotients;
hereditary subalgebras (in particular ideals); extensions; inductive limits; Morita
equivalent G-C*-algebras.

At this point, it seems we can be confident that the definition of amenability
in this paper (equivalently, the (QAP)) is the ‘correct’ notion of amenability for
actions of locally compact groups on C*-algebras.

We use the equivalence of the (AP) and amenability to show that nuclearity of
the cross-sectional C*-algebra of a Fell bundle B over a discrete group G implies
the (AP): this resolves a conjecture of Pere Ara, Exel, and Takeshi Katsura |9,
Remark 6.5].

Let us complete this discussion of amenability with a result on measurewise
amenability. Having said that amenability is fundamentally a noncommutative
property, our introduction of the enveloping G-von Neumann algebra also allows
us to resolve problems concerning actions on commutative C*-algebras. Using the
equivalence of von Neumann amenability and amenabilityﬂ as shown by Bearden
and Crann |12, Theorem 3.6], we get the following result.

THEOREM 1.8. Let (4, a) be a G-C*-algebra with A = Co(X) commutative,
and both X and G second countable. Then the following are equivalent:

(1) the G-C*-algebra A is amenable;
(2) for every quasi-invariant Radon measure p on X, the G-von Neumann
algebra L*(X, p) is amenable.

Condition (2) was introduced by Jean Renault in [66] Definition II.3.6], who
called it measurewise amenability (see also [8) Definition 3.3.1]). In [3, Theorem
A] (see also |8, Theorem 4.2.7]), Scot Adams, George Elliott and Thierry Giordano
show that measurewise amenability is equivalent to requiring that for every quasi-
invariant Radon measure p on X, the measure space (X,u) is amenable in the
classical sense of Robert Zimmer [76, Definition 1.4]. Thus our notion of amenabil-
ity interacts well with those of Zimmer and Renault.

Bearden and Crann [12| Corollary 4.14] have recently shown that amenability
of an action a : G — Aut(Cy(X)) is always equivalent to topological amenability of

3In the non-unital case, one should use the centre ZM(A) of the multiplier algebra.

4In an earlier version of this paper, we were able to establish a variant of Theorem under
the additional assumption that G is exact; the work of Bearden and Crann allowed us to establish
the current more general version.
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the underlying action G —~ X. Combining this with Theorem [I.8] gives a positive
answer to the long standing open question whether topological amenability and
measurewise amenability for an action G —~ X coincide (for second countable G
and X).

1.2. The weak containment problem

A G-C*-algebra (A, «) has the weak containment property (WCP) if the canon-
ical quotient map A Xpax G — A Xyeq G is an isomorphism.

In [6, Proposition 4.8], Anantharaman-Delaroche used approximations by pos-
itive type functions to show that for discrete G, amenability of a G-C*-algebra
(A, o) implies the (WCP). In this paper, we use our definition to extend this to
general locally compact groups. The weak containment problem asks whether the
converse holds true as well, i.e. if (A, a) has the (WCP), is it also amenable?

For the class of exact groups G and commutative G-C*-algebras A, we can give
a complete, positive answer to this problem.

THEOREM 1.9. Let G be a locally compact and exact group, and let A = Cy(X)
be a commutative G-C*-algebra. Then the following are equivalent:

(i) the G-C*-algebra A is amenable;
(ii) the canonical quotient map A Xmax G — A X1eqa G is an isomorphism.

The class of exact groups was introduced by Eberhard Kirchberg and Simon
Wassermann in [50]. It is very large, containing for example all almost connected
groups [51] Corollary 6.9]. The exactness assumption comes into play in our work
via an important characterization of the property due to Jacek Brodzki, Chris
Cave, and Kang Li |22 Theorem 5.8] (in the second countable case) and Ozawa
and Suzuki |61, Proposition 2.5] (in general).

In the case of discrete G and unital commutative A, Theorem is due to
Masayoshi Matsumura [55, Theorem 1.1]. Our proof is different to Matsumura’s,
relying heavily on ideas from our earlier work [26] Sections 4 and 5].

For noncommutative C*-algebras, we establish the following analogue of The-
orem

THEOREM 1.10. Let G be a locally compact exact group, and let (A,«) be a
G-C*-algebra. Then the following are equivalent:
(i) (A, «) is amenable;
(i) for every G-C*-algebra B, the canonical quotient map (A ®max B) Xmax G —
(A Qmax B) Xrea G is an isomorphism;
(iii) the canonical quotient map (A @max A°P) Xmax G = (A ®max AP) X1eqa G 18
an isomorphism.

Theorem extends Matsumura’s [55, Theorem 1.1] which covers the case
where G is discrete and A is a unital nuclear C*-algebra. Again, our techniques
are closer to our earlier work |26, Proposition 5.9] in the discrete case than to
Matsumura’s ideas.

It might at first seem odd that in Theorem [1.10| amenability is equivalent to
the weak containment property for A ®max A°P, and not for A itself. This is in
fact quite necessary and is another manifestation of the idea that amenability for
actions on C*-algebras is a noncommutative phenomenon. Indeed, we have the
following striking example.
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THEOREM 1.11. There is an action of G = PSL(2,C) on the compact operators
K that is non-amenable, but such that the canonical quotient map K Xpax G —
K %eq G is an isomorphism.

Using these examples, we are able to answer a question of Anantharaman-
Delaroche |7, Question 9.2 (b)] on whether the weak containment property passes
to the restriction of an action to a closed subgroup.

THEOREM 1.12. There is an action of G = PSL(2,C) on the compact operators
K and a closed subgroup I' of G such that the canonical quotient map K Xpmax G —
K X1eq G is an isomorphism, but the canonical quotient map for the restricted action
K Xpax I' = K Xpeq I is not injective.

The bad behaviour of the (WCP) under taking restrictions is in stark contrast to
the behaviour of amenability: we show that for actions of exact groups, amenability
passes to the restriction to a closed subgroup. While this paper was under review,
the exactness assumption was shown to be unnecessary by Ozawa and Suzuki [61]
Corollary 3.4].

We should remark that a key technical tool in our investigation of the weak
containment problem is a notion we call commutant amenability: see Definition
The interaction of amenability and commutant amenability with each other
and with exactness seems to be at the heart of the weak containment problem: see
for example [73] and [52] for some results relating exactness, amenability, and the
weak containment problem for groupoids.

1.3. Regular X x G-algebras and type I C*-algebras

In the case that the C*-algebra being acted on has good structure, we are
able to establish several interesting permanence properties and applications. These
results mainly seem to be new even in the discrete group case.

Let X be a locally compact G-space. An X x G-algebra is a C*-algebra that
fibres over X in a way that is compatible with the given actions. Such C*-algebras
are important in the theory of induced representations, and in connection to the
Baum-Connes conjecture (among other places).

In the case that the G-action on X is sufficiently well behaved (the technical
condition needed is reqularity - see Definition we can use our results on weak
containment to deduce that amenability for a regular X x G-algebra is determined
by the actions on the fibres.

THEOREM 1.13. Suppose that G is an exact group and that X is a reqular locally
compact G-space. Further let (A, a) be an X x G-algebra. Then the following are
equivalent:

(1) a: G — Aut(A) is amenable.
(2) For every x € X, the action o® : G, — Aut(A,) on the fibre A, is
amenable.

As a corollary, we get yet another permanence result: an induced action of an
exact group from a closed subgroup is amenable if and only if the original action
was. This partly generalizes a result of Anantharaman-Delaroche from the discrete
case [6, Théoreme 4.6].
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Specializing to actions on type I C*-algebras, we can also show that suitable
amenable actions on type I algebras are determined by amenability of the actions
on the point stabilizers.

THEOREM 1.14. Let o« : G — Aut(A) be an action of a second countable, locally
compact, exact group on a separable, type I C*-algebra A such that the induced
action on A is reqular. Then « is amenable if and only if all stabilizers G, for the
action of G on A are amenable.

In the case of Hausdorff spectrum, we get the following very satisfactory char-
acterization of amenability. Unlike the results above, the theorem below does not
proceed via our results on weak containment, and so does not require exactness.

THEOREM 1.15. Let o : G — Aut(A) be an action of a second countable, locally
compact group on a separable, type I C*-algebra A such that X = A s Hausdorff
(for example, if A has continuous trace). Then « is amenable if and only if the
induced action on Co(X) is amenable.

Combining our work with a result of Bearden and Crann |12, Corollary 4.14],
one sees that in the situation of the theorem above, « is amenable if and only if
the action on X is topologically (or measurewise) amenable.

1.4. Regularity properties

For discrete groups, it is a well-known philosophy that if (A4, «) is an amenable
G-C*-algebra, then regularity properties such as nuclearity should be inherited by
the crossed product A X..q G. For our notion of amenability for actions of locally
compact groups, we get the following results.

THEOREM 1.16. Let (A, ) be an amenable G-C*-algebra. Then A is nuclear
(respectively is exact, has the WEP, has the LLP) if and only if A Xmax G is nuclear
(respectively is exact, has the WEP, has the LLP).

We also get a similar result on the LP, although this is more subtle, in particular
requiring separability assumptions.

In the discrete case, the results on nuclearity and exactness are well known:
see for example [23| Theorem 4.1.8]. The result on the WEP for discrete groups
is proved in [17] with a different proof, and under the stronger assumption that
the G-C*-algebra (A, o) is unital and amenable in the sense of Brown and Ozawa
[23] Definition 4.3.1]; this is what we call strong amenability (see Definition
and it is the same as topological amenability of the action on the spectrum of the
centre Z(A) in case A is unital.

We turn now to G-injective C*-algebras. A G-C*-algebra A is injective if for
any commutative diagram

T N
AN
AN
o\

B——A
where the solid horizontal arrow is an equivariant ccp map and the vertical arrow
is an injective equivariant s*-homomorphism, the diagonal arrow can be filled in by

an equivariant ccp map. The following theorem generalizes work of Brodzki, Cave,
and Li [22] and of Mehrdad Kalantar and Matthew Kennedy [48, Theorem 1.1]
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characterizing exactness in terms of actions on injective G-C*-algebras. We refer
to Definition for the notion of a strongly amenable action.

THEOREM 1.17. Let G be a locally compact group. Then the following are
equivalent:

(1) G is ezxact.
(2) Every G-injective G-C* algebra (A, «) is strongly amenable.
(8) There exists a strongly amenable G-injective G-C*-algebra (A, a).

Finally in the circle of ideas about regularity, we introduce a weakening of
G-injectivity called the continuous G-WEP. A G-C*-algebra (A, «) has the con-
tinuous G-WEP if for any equivariant inclusion B < A of a G-C*-algebra (B, 3)
into (A, @), there is an equivariant ccp map A — Bj such that the composition
B—> A— Bg is the canonical inclusion of B into its enveloping G-von Neumann
algebra. For actions on suitably nice C'*-algebras, this property is closely related
to amenability. Indeed, one has

THEOREM 1.18. Let (A, «) be a G-C*-algebra and assume that A has the WEP
(e.g. A is nuclear) and G is exact. Then (A, «) is amenable if and only if it has
the continuous G-WEP.

We conclude with the following result on a variant of the weak containment
property.

THEOREM 1.19. Let (A, «) be a commutative G-C*-algebra. Then (A, ) has
the continuous G-WEP if and only if A Xmax G = A Xy G.

We will not explain all the terminology here, but just state that this is one of the
most general forms of the equivalence between a variant of the weak containment
property and a variant of an amenability property; indeed, it reduces to Theorem [L.9
when G is exact. Outside the exact case, weak containment unfortunately remains
quite mysterious, and the above is currently the most general result we know in
that direction.

1.5. Outline of the paper

In Chapter [2| we study one of the main actors in this paper: Ikunishi’s en-
veloping G-von Neumann algebra (A7, a”) of a G-C*-algebra (A4,a). We show
that the construction (A, «) — (A”,a”) has good functoriality properties, similar
to those of the usual bidual construction A — A**. Our construction is different
from the one given by Ikunishi in [46], but it follows from the universal proper-
ties of (A,a”) that both constructions coincide. We also establish a one-to-one
correspondence between quasi-equivalence classes of covariant representations of
(A, G, a) and G-invariant central projections in A”.

In Chapter [3] we introduce several notions of amenability and study some rela-
tions between approximation properties by positive type functions and our notions
of amenable actions. We also prove some basic permanence properties of amenabil-
ity. We then establish the equivalence of measurewise amenability and amenability.

In Chapter [@ we prove the equivalence between amenability and the weak quasi-
central approximation property (wQAP) and we relate this to the more recent
results of Ozawa and Suzuki in [61] which show that amenability is equivalent to
the stronger quasi-central approximation property (QAP), as introduced by the
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authors in [26] Section 3], and to the approximation property (AP) as introduced
in |38, Definition 3.6]. As an application we solve a long-standing open question
of Ara, Exel, and Katsura on the nuclearity of cross-sectional C*-algebras of Fell
bundles over G.

In Chapter [5] we study the relation between amenability of actions and the weak
containment property. Section proves the central positive results: Theorems
[[.9 and [I.I0] above. A key tool here is the use of the Haagerup standard form
of a G-von Neumann algebra. In Section [5.3] we construct our examples of non-
amenable actions o : G — Aut(K) with K = K(H) for some Hilbert space H, such
that I Xpmax G = K %64 G; in other words, this gives a negative solution to the
weak containment problem. We also give our examples of actions with the weak
containment property that have restrictions without that property.

In Chapter |§| we give applications to C*-algebras with good structure. In
Section [6.1| we prove our results on X x G-algebras in which X is a regular G-space
and for regular actions on type I G-C*-algebras. In Section we study actions
on type I C*-algebras A with Hausdorff spectrum A.

In Chapter [7] we study the relationship of amenability to regularity properties.
In Section we show that various regularity properties pass to crossed products
as in Theorem [I.16] above. In Section we prove Theorem [1.17} and in Section
we introduce our equivariant version of the weak expectation property of Lance,
the continuous G-WEP.

Finally, in Chapter 8] we discuss some recent developments and summarize some
natural questions which arise from the results in this paper. In particular we will
discuss the impact of the recent works of Bearden and Crann [12[[13] and of Ozawa
and Suzuki [61] on the subject of this paper.

1.6. Conventions and notation

In this paper, B(H) refers to the algebra of bounded operators on a Hilbert
space H and L(H) refers to the algebra of adjointable operators on a Hilbert
C*-module H. We will follow standard usage, and say that a net (a;) in B(H)
converges weakly if it converges in the weak operator topology (not in the weak
topology that B(H) inherits from its dual space), and similarly in B(H, H') if H'
is another Hilbert space. The ultraweak topology on a von Neumann algebra M
will refer to the weak-# topology coming from its unique predual; if M < B(H) is
a concrete von Neumann algebra, then the weak operator topology inherited from
B(H) agrees with the ultraweak topology on bounded sets (but not necessarily in
general). As we will usually be interested in convergence of bounded nets, we will
sometimes elide the difference between weak and ultraweak convergence when we
are dealing with a concrete von Neumann algebra.

Throughout, G denotes a locally compact group equipped with a fixed Haar
measure. We will typically write A, (4,G), (4, a) or (A, G, «) for a G-C*-algebra
depending on which data we want to emphasize. If A is a G-C*-algebra (or G-von
Neumann algebra) associated algebras and spaces such as the multiplier algebra
M(A), the centre Z(A), the dual A*  and the double dual A** will be equipped
with the canonically induced actions. We warn the reader that even if the action
of G on A is strongly continuousﬂ the induced actions of G on A* and M(A) will

SRecall this means that for each a € A, the map G — A defined by g — ag(a) is norm
continuous.
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typically not be strongly continuous, and the induced action on A** will typically
not be ultraweakly continuous.

Throughout, L*(G) denotes the von Neumann algebra of (equivalence classes
of) bounded, measurable functions on G equipped with the left translation action
7 defined by (7, f)(h) := f(g~*h). This makes L*(G) a G-von Neumann algebra.
If A is a C*-algebra (or von Neumann algebra) equipped with a not-necessarily-
continuous action o : G — Aut(A), we will write A, for the collection of all a € A
such that the map g — a4(a) is norm continuous; note that norm continuity is
used here, even if A was originally a von Neumann algebra. Note that A, is a
G-C*-algebra with the naturally induced structures.

If (M, 0) is a G-von Neumann algebra, then M becomes an L!(G)-module via

(11) femi= Lf(g)rfg(m) dg, felL\G), me M,

where the integral converges ultraweakly. For f € L'(G) and g € G we define
74(f)(h) := f(g7'h); direct computations then show that

(1.2) [f=ml| <[flxllm] and oy(f*m) =74(f) *m

for all g € G, f € L'(G) and m € M. Since the translation action of G on L!(G)
is strongly continuous, it follows that L'(G) * M < M,. On the other hand, it is
easily checked that if (f;)er is a standard approximate unit of L!(G) consisting of
positive continuous functions with compact supports, then f; *m — m in norm for
every m € M, (see |62, Lemma 7.5.1]). Thus it follows from an application of the
Cohen-Hewitt factorization theorem [45, Theorem (2.5)], that

(1.3) M. =LYG)* M, = L*(G) = M.
In particular, if we define
(1.4) Cup(G) := L*(G). = L}(G) = L*(Q),

it follows that Cy,(G) consists of all bounded continuous functions f : G —» C
that are uniformly continuous for the left-invariant uniform structure on G (see
[43| Proposition 3.3]). Throughout, we equip C\»(G) with the restriction of the
action 7 on L*(G), i.e. (14f)(h) := f(g~'h).

Throughout, a G-map always means a G-equivariant map between sets
equipped with G-actions. This terminology might be combined with others in
what we hope is an obvious way: for example, G-embedding, ccp G-map, normal
G-map etc.

If p is a positive Radon measure on a locally compact space X and M is a
von Neumann algebra, then L* (X, M) denotes the von Neumann tensor product
L*®(X, u)®M. We refer to [71, Chapter V, Theorem 7.17] for the relationship
between L* (X, M) and the bounded ultraweakly measurable functions from X to
M.

For a G-C*-algebra A we regard C.(G, A), the space of compactly supported,
norm continuous A-valued functions on G, as a =-algebra with convolution and
involution given by

fi s falg) == Lﬁ(h)ah(fz(h-lg))dh and  f*(g) == Alg )y (f(g~1)*
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for f1, fa,f € Cc(G,A) and g € G, where the integral is with respect to Haar
measure on G and A : G — (0,00) denotes the modular function on G. A co-
variant homomorphism (m,u) : (A,G) — M(D) for a C*-algebra D consists of a
x-homomorphism 7 : A — M(D) together with a strictly continuous homomor-
phism v : G — UM(D), denoted g — ug, into the group of unitaries of M (D) such
that for all a € A and g € G we have

m(ag(a)) = ugm(a)ug.

We say that (7, u) is nondegenerate if m : A — M(D) is nondegenerate in the sense
that w(A)D = D. If D is the algebra K(H) of compact operators on a Hilbert space
H, then M(D) = B(H) and (7, u) is a covariant representation on the Hilbert space
H in the usual sense. Every covariant homomorphism (7, u) of (A, G, «) into M (D)
integrates to a *-homomorphism

7xu: Ce(G,A) > M(D); 7xu(f):= JG w(f(g))ug dg.

The mazimal crossed product A X .y G is defined as the completion of C.(G, A) by
the C*-norm

| lmax == sup w0 > u(f)]-

(m,u)
Every integrated form m x u : C.(G, A) — M(D) extends uniquely to a #-homo-
morphism out of A %, G, and this implements a one-to-one correspondence
between nondegenerate covariant homomorphisms of (A, G, a) and nondegenerate
x-homomorphisms of A Xy, G — the reverse process of (7,u) — 7 x u is given by
sending a nondegenerate *-homomorphism ® : A X, G — M(D) to the covariant
homomorphism (® oia,® o ig), where (ia,ig) : (A,G) > M(A Xpmax G) is the
canonical covariant homomorphisnﬂ If A Xpax G — B(H,) denotes the universal
representation of A X, G, i.e. the direct sum of all representations which appear
as GNS-constructions from the states of A X2 G, then extending this representa-
tion (uniquely and faithfully) to M(A Xpax G), we will typically identify (ia,i¢)
with the underlying covariant representation of (A, G, a) on H,.
The regular representation of (A, G, a) is the covariant representation

(i, i) = (lda @ M) o a,1® \g)

of (A,G) to M(A® K(L*(G))) in which A\¢ : G — U(L*(G)) denotes the left
regular representation, M : Co(G) — B(L?(G)) denotes the representation by
multiplication operators, and & : A — Cy(G,A) € M(A ® Cy(G)) is defined by
(6(a))(g) = ag-1(a). The reduced crossed product A xeq G is defined as the image
of the integrated form (also called the regular representation)

Atto) : A Xmax G = A e G € M(A® K(LA(G)))

of (i%,i). If o : A — B(H) is any nondegenerate #-representation of A, the
extension of 0 @ idx : A® K(L*(G)) — B(H ® L*(G)) to M(A® K(L*(G)))

restricts to a representation

3 A Axeq G— B(H®L*G))

6Note that we have abused notation slightly: we use the same symbol & for the canonical
extension of the original map ® to M(A Xmax G). Such abuses will be used throughout the paper
when they seem unlikely to cause confusion.
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which is faithful if and only if ¢ : A — B(H) is faithful. It can be described
more concretely as the integrated form of the covariant representation (5,A) on
L*(G,H) ~ H® L?*(G) given by

(1.5) (G(a)€)(9) =0 (ag-1(a))é(9) and (A&)(h) :=E(g™"h),
for £ € L?(G, H). We call G x \ the regular representation induced from o.

Note that the construction of (&, A) as in also makes sense if we start with
a G-von Neumann algebra M and a normal #-representation o : M — B(H), in
which case & is faithful whenever o is.

One of the main topics of this work is the question of when the regular rep-
resentation is an isomorphism. When this happens, we say that the G-C*-algebra

A (or action «) has the weak containment property (WCP) and usually write
A Xpax G = A Xypeqg G or just A Xpax G = A Xpeq G.
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CHAPTER 2

The G-equivariant enveloping von Neumann
algebra

In this chapter, we introduce the enveloping G-von Neumann algebra of a
G-C*-algebra, and establish its basic properties. For us, the point of the envelop-
ing G-von Neumann algebra is that it plays the same role with respect to covariant
representations of a G-C*-algebra as the usual enveloping von Neumann algebra
plays with respect to representations of a C*-algebra.

In Section [2.1] we give our definition of the enveloping G-von Neumann algebra,
and establish its universal property and functoriality properties.

In Section we give a brief discussion of central covers of representations and
how they interact with the enveloping G-von Neumann algebra A”. This material
is a natural extension of the non-equivariant theory, and will be useful in the proof
that measurewise amenability and amenability are equivalent.

Finally, in Section [2:3] we show that our enveloping von Neumann algebra
is canonically isomorphic to the universal W*-dynamical system of Ikunishi [46],
who seems to be the first to have studied this object. We also give a brief summary
(closely related to the work of Tkunishi [46]) of the predual of the enveloping G-von
Neumann algebra.

2.1. The enveloping von Neumann algebra of a C*-action

Let (A, ) be a G-C*-algebra and let (i4,i¢) : (A, G) — B(H,) be the universal
representation of (A, G), that is, the covariant representation corresponding to the
direct sum of all GNS-representations of A x,.xG as explained in Section above.

DEFINITION 2.1. With notation as above, the enveloping G-von Neumann al-
gebra of (A, «) is defined to be

A" = ia(A)" < B(H,).
Note that A” is a G-von Neumann algebra with G-action given by o := Adig.

REMARK 2.2. The universal property of A** gives a G-equivariant, normal,
surjective *-homomorphism

AT g (A) = AL

Nk

It can happen that i%* is an isomorphism (see Remark below), but this is not
true in general. Indeed, if A = Cy(G) equipped with the (left) translation action
7, then Co(GQ) Xmax G = K(L?*(G)) via the integrated form M x X of the covariant
pair (M, \), where M is the multiplication action of Cy(G), and A is the regular
representation. Therefore Co(G)” = L*(G). For non-discrete locally compact
groups, the induced map ié’(‘]‘(c) : Co(G)** — L*(G) is always a proper quotient,

19
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as the left hand side contains the characteristic function x4, of any singleton as a
non-zero element, and this is non-zero on the right if and only if G is discrete.

The algebra A? enjoys the following universal property for covariant represen-
tations:

PROPOSITION 2.3. Let (A,«) be a G-C*-algebra, and let (mw,u) : (A,G) —
B(Hy) be a nondegenerate covariant representation. Let o™ = Adu denote the
action of G on w(A)" given by conjugation with u. Then there exists a unique
normal o -a™ -equivariant surjective x-homomorphism

ﬂ_// . A// N ﬂ_(A)//
which extends 7.

PROOF. Let (m x u)** : (A Xpmax G)** — B(H;) be the normal extension of
the integrated form 7 x u, which exists by the universal property of (A Xpax G)**.
Viewing A? as a von Neumann subalgebra of (A Xpax G)**, the homomorphism
(> u)** restricts to the desired G-equivariant normal extension 7" : A”? — 7(A)” <

B(H,). O

COROLLARY 2.4. Suppose that (M,o) is a G-von Neumann algebra and let
p: A— M be a G-equivariant =-homomorphism. Then there is a unique normal
G-equivariant extension ©" : Al — M.

Moreover, this extension is surjective if (and only if) p(A) is ultraweakly dense
in M.

ProoF. Using the regular representation associated to a faithful normal rep-
resentation of M as in line , we may assume that M < B(H), and that
there is a unitary representation v on H that implements o. Then H' = p(A)H
is a wu-invariant closed subspace. We can apply Proposition [2.3] to the nonde-
generate covariant representation (p,u) of (A,G,«) on H’, giving an extension
"+ A — B(H'). The image of ¢” is contained in the ultraweak closure of p(A)
in B(H’), which equals the ultraweak closure of ¢(A) in B(H), and is therefore
contained in M. The surjectivity statement is clear from the construction. (|

It follows from Corollary that A” is the ‘biggest’” G-von Neumann algebra
containing A as an ultraweakly dense G-invariant C*-subalgebra.

REMARK 2.5. The canonical map ¢%* : A** — A’ of Remark is an isomor-
phism if and only if A** is a G-von Neumann algebra: indeed, if A** is a G-von
Neumann algebra, then Corollary gives an inverse to ¢%*. In particular, i%* is
an isomorphism whenever G is discrete.

Notice that A” contains (a copy of) M(A) as a unital G-invariant C*-
subalgebra. To see this, let i4 : A — B(H,) be the canonical representation of A
in the universal representation of A X,.x G. As this representation is faithful and
nondegenerate, M(A) identifies canonically with the idealizer of i4(A) in B(H,)
which lies in the bicommutant A” of i4(A) € B(H,). From this, we see that the
construction A — A” has good functoriality properties:

PROPOSITION 2.6. Let (A,«a) and (B, ) be G-C*-algebras, and let ¢p: A —
M(B) be a (possibly degenerate) G-equivariant x-homomorphism. Then there is a
unique normal G-equivariant extension ¢": A7, — Bj of .
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Moreover, this correspondence gives a well-defined functor (A, ) — (AL, a")
from the category of G-C*-algebras and equivariant *-homomorphisms to the cate-
gory of G-von Neumann algebras and equivariant normal x-homomorphisms.

PrOOF. To construct ¢”, identify M(B) with a C*-subalgebra of M := By,
and apply Corollary The functoriality statement follows as the maps involved
are normal extensions from ultraweakly dense subalgebras. O

Above, we identified A? with the image of A** in (A Xpax G)** under the
normal extension of the canonical map i4 : A — (A Xpax G)**. Using the reduced
crossed product makes no difference.

LEMMA 2.7. Let (A, a) be a G-C*-algebra. Then A” is isomorphic to the image

of A* in (A Xrea G)** under the normal extension (J'4)** of the canonical map
it A > (A Xypeq G)*F*.

PROOF. Applying the regular representation construction from line (1.5) to the
representation i4 : A — B(H,) and its normal extension i : A” — (A Xpax G)** C
B(H,) we get representations

ia XA Axeq G — B(L2(G,H,)) and 1:A” — B(L*(G, H,)).

Consider the diagram

A" "o (A Xpax G)¥* — (A xyeq G)¥*

B(L*(G, Hy))

where the map (A Xpax G)** — (A Xpeq G)** is the canonical quotient. This
commutes: indeed, it clearly commutes on A, and all the maps are normal. The
lemma states that the composition of the two horizontal maps is injective. However,
the diagonal map 7is injective as i is, so we are done. O

REMARK 2.8. Note that the image of the homomorphism (i x A)** in the
proof above equals

[EA(A) 1@ N (@] = [i(AL) (1@ N(G))" € B(H, ® L*(G))
which is the von Neumann algebra crossed product A” xG.

In the remainder of this section, we show that the functor A — A” has good
behaviour on injections, short exact sequences, and Morita equivalences.

COROLLARY 2.9. If (A,a) and (B,p) are G-C*-algebras and ¢: A — B is
an injective G-equivariant s-homomorphism, then the unique normal extension
@": Ay — B is still injective.

PRrROOF. Consider the commutative diagram

"

/ £ "
AL By
\L W) R l’
(A AHred G)** & (B Ared G)**7
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where the vertical maps are the inclusions of Lemma [2.7] The reduced crossed
product functor and the double dual functor take injective #-homomorphisms to
injective #-homomorphisms, whence (¢ x G)** is an injection, so ¢” is too. O

The following result shows that the functor (4, a) — (A%, ") converts short
exact sequences into direct sums, just as for the usual double dual.

LEMMA 2.10. Suppose that I — A — B is a short exact sequence of G-C*-
algebras, with actions on I, A, and B called v, o, and 3, respectively. Then there
is a functorial direct sum decomposition (Ag,, ") = (I/',.") ® (Bg, B").

PROOF. As the maximal crossed product is an exact functor, the sequence
I Nmax G(—> A Nmax G — B N max G

is exact. As taking double duals converts short exact sequences to direct sums (see
for example |20} I11.5.2.11]), we get a canonical isomorphism

(A X ax G)** = (I Xmax G)** @ (B X max G)**.

It follows directly that if p € I is the unit (which is also the unit of (I Xy G)**),
then pAy = I} and (1 —p) A7, = Bj. O

We give a definition of Morita equivalence of G-von Neumann algebras, which
is based on [1} Definition 4.1].

DEFINITION 2.11. Two G-von Neumann algebras (M, o) and (N, 1) are Morita
equivalent if they are Morita equivalent via some M-N bimodule X in the sense of
[21} 8.5.12]E| that also satisfies the following equivariance condition: X is equipped
with a weak-= continuou&ﬂ G-action k that is compatible with the M- and N-
valued inner products: this means that (kg () |kg(y)) = 04(m{z|y)) and {ky(z)|
kg(y))n = T4((z|yyn) for all z,y € X and g € G.

The next lemma relates the above to Morita equivalence of G-C*-algebras: see
for example |27, Section 3, Definition 1] for the latter.

LEmMA 2.12. If (A, @) and (B, ) are two Morita equivalent G-C*-algebras,
then (Ay, o) and (Bj, ") are Morita equivalent as G-von Neumann algebras.

ProOF. If (A, «r) is Morita equivalent to (B, /), then there is a (linking) G-C*-
algebra (L, 0) containing A and B as opposite full corners by G-invariant orthogonal
full projections p,q € M(L): this follows for example from the argument of [31]
Remark 2.5.3 (4)]. Then the enveloping G-von Neumann algebra A” of the corner
A = pLp identifies with the corner pL{p in Lj, and similarly Bj identifies with
gL%q. Moreover, as p is full in L, it is also full in L} in the sense that the ideal of
L} generated by p is ultraweakly dense, and similarly for g. The result follows from
this: compare |1, Remark 4.3]. O

1See also |21} 8.5.1] for the background definitions needed to understand 8.5.12.
2X has a canonical weak-# topology by [21, Lemma 8.5.4].
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2.2. Central covers of covariant representations

In this section we discuss central covers of representations and how they interact
with the enveloping G-von Neumann algebra A”. This material seems interesting
in its own right, and will be useful in the proof that measurewise amenability and
amenability are equivalent.

Recall from |62, Theorem 3.8.2] that for every nondegenerate #-representation
m 1 A — B(H) there exists a unique central projection ¢, € Z(A**) such that
A =~ 7(A)” via the normal extension 7** : A** — B(H). Recall also from
[62] Definition 3.3.6] that two representations 7y, my are quasi-equivalent if there
exists an isomorphism ® : m1(A)” — m2(A)” such that ®(m(a)) = m2(a) for all
a € A. From [62] Theorem 3.8.2] again, m; and my are quasi-equivalent if and only
if ¢ry = Cpy-

Now, if (m,u) is a nondegenerate covariant representation of (A4,G,a) on a
Hilbert space H, it follows from the equation 7 o oy = Aduy o 7 and the fact that
Adugom is (quasi-)equivalent to 7 that ¢, is G-invariant. Let d, € Z(A!,) denote the
image of ¢, under the canonical quotient map A** — A”. Since 7** : A** — 7(A)"
factors through the o”’-Adu-equivariant map 7" : A? — w(A)" of Proposition it
follows that 7" induces a G-isomorphism d. A =~ w(A)”. Recall that A” is defined
as the double commutant i4(A)” < B(H,), where H, denotes the Hilbert space of
the universal representation iy x ig of A Xy G. If (p,v) denotes the restriction
of (ia,ig) to the subspace d.H, of H, we get p(A)" = dia(A)" = dAZ. Thus
we see that (p,v) is quasi-equivalent to (7, u) as in

DEFINITION 2.13. We say that two nondegenerate covariant representations
(m1,u1) and (7, uz) of (A4, G, a) are quasi-equivalent if there exists an Adu;-Adus-
equivariant isomorphism ® : w1 (A)” — ma(A)” such that ®(m(a)) = m2(a) for all
a€A.

PROPOSITION 2.14. Let (m1,u1) and (w2, u2) be nondegenerate covariant rep-
resentations of (A, G, «). Then the following are equivalent:

(1) (m1,u1) and (72, us2) are quasi-equivalent.

(2) m and wy are quasi-equivalent as representations of A.

(8) Cny = Cp, in Z(A®*).

(4) dn, = dy, in Z(AL).
Moreover the correspondence (m,u) +— d, sets up a bijection between quasi-
equivalence classes of nondegenerate covariant representations and G-invariant
central projections in Al .

Proor. The implications = and = are trivial, and =
follows from [62, Theorem 3.8.2]. The implication (4) = (1)) follows from the above
observed fact that the o”-Adu;-equivariant maps 7/ : A? — m;(A)” of Proposition
induce G-equivariant isomorphisms d,, A? =~ m;(A)", i =1,2.

For the final statement, the discussion so far shows that the correspondence
(m,u) — d is well defined and injective. To see that it is surjective, let (ia,ig) :
(A,G) — B(H,) be the universal representation. If p € Z(A”) is a G-invariant
projection then this restricts to a representation (m,u) on pH,, and we have by
definition that d, = p. O

Thanks to Proposition [2:14] the following extension of the classical terminology
(compare [62] 3.8.1 and 3.8.12]) seems reasonable.
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DEFINITION 2.15. Let (m,u) be a nondegenerate covariant representation of
(A,G). Then the projection d, € A” is called the equivariant central cover of

(m,u).

Of course, if A** = A! (for example if G is discrete), then the equivariant
central cover of (m,u) is just the classical central cover of 7.

2.3. The predual of the enveloping G-von Neumann algebra

In this section, we show that our enveloping G-von Neumann algebra is the same
as the one defined by Ikunishi in [46| page 2]. We then discuss the G-continuous
functionals on A in a little more detail. This material will be used in our treatment
of the weak quasi-central approximation property (wQAP) in Section

Let A be a G-C*-algebra, and let A*¢ consist of all elements ¢ € A* such that
the map g — o} (¢) defined by a(¢)(a) := ¢(ay-1(a)) is norm continuous. In [46,
Theorem 1] Tkunishi constructed the universal W*-dynamical system (M, G, &)
of a G-C*-algebra (A, a) as the quotient of A** by the annihilator of A*°. The
following proposition, due to Ikunishi for #-homomorphisms (although the proof for
ccp maps is the same), shows that (M, @) enjoys the same universal properties as
(A7, a").

PROPOSITION 2.16 (see [46, Theorem 1]). Let (N, o) be any G-von Neumann
algebra and let ¢ : A — N be a G-equivariant x-homomorphism (resp. ccp map).
Then there exists a unique normal G-equivariant =-homomorphic (resp. ccp) exten-

sion ¢ : My — N. In particular, the identity id : A — A extends to an isomorphism
(Mo, &) = (Ag, a”).

PROOF. First note that the induced action on the predual N, of N is norm
continuous: this can be deduced by representing N faithfully, equivariantly, and
normally into some B(H) via some regular representation (7, u) as in Section
and observing that the induced action Adu on the space of trace-class operators is
norm continuous. Thus we get a dual map ¢* : Ny — A*¢ by Ny 2 ¢ — 1o ¢.
The extension ¢ is then given by ¢ = ¢** : M, = (A*¢)* — N. If ¢ is ccp, then so
is ¢ as A is ultraweakly dense in M,. The last assertion follows by observing that
id : M, — A” is the inverse of the extension id” : A” — M,, of Corollary O

Identifying M, with A” as above, we now immediately get:

COROLLARY 2.17. The assignment A — A” functorially takes equivariant ccp
maps to equivariant and normal ccp maps. (I

In order to give a better description of A*, note that L'(G) acts on A and
A* via the formulas

(2.1) h*a:= JG h(g)ag(a)dg and hx*¢:= JG h(g)ofg“(d)) dg

(the former integral converges in the norm topology, and the latter in the weak-#
topology). Moreover, for any a € A and ¢ € A*, one has the formula

(h+6)(a) = L h(g) (0 6)(a) dg = f h(g)d(0ry-1 (a)) dg

G

- L h(g™)A (g )blag(a)) dg.
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Hence for any a € A, ¢ € A* and h e LY(G), if we define h(g) := h(g~ " )A(g™"), we
get the formula
(2.2) (h*@)(a) = ¢(h = a).

The following proposition is probably well known to experts. As pointed out
in [12] it can be deduced from [43] Proposition 3.4(i)] (or by a direct computation)
that the span of L}(G) * A* := {f ¢ : f € L'(G),p € A*} is dense in A*¢, and
the proposition then follows from an application of the Cohen-Hewitt factorization
theorem [45, Theorem (2.5)].

PROPOSITION 2.18. For any G-C*-algebra (A, ) we have
A*C = Ll(G) % A%C = Ll(G) x A% O






CHAPTER 3

Amenable actions

In this chapter we introduce several a priori different notions of amenability for
actions of locally compact groups on C*-algebras. These are inspired by the work
of Anantharaman-Delaroche in the case of discrete groups [6, Definition 4.1]. We
also establish some permanence properties and relate amenability to measurewise
amenability in the sense of Renault [66] Definition 11.3.6] (see also |8, Definitions
3.2.8 and 3.3.1]). Combining this with a recent result of Bearden and Crann [12]
Corollary 4.14], this affirmatively solves the long-standing open problem of whether
measurewise amenability and topological amenability are equivalent for an action
G —~ X of a second countable locally compact group on a second countable locally
compact space.

In Section [3.1] we introduce our notions of amenability in terms of the enveloping
G-von Neumann algebra of a G-C*-algebra. A lot of the work in this section is to
discuss different approximation properties of G-von Neumann algebras.

In Section[3.2] we discuss some permanence properties of amenable actions. This
was one of the main motivations for establishing the various equivalent formulations
of amenability earlier in the chapter.

Finally, in Section we prove that for second countable G and X an action
G —~ X is measurewise amenable if and only if the induced action on Cy(X) is
amenable.

3.1. Amenable actions of locally compact groups

In this section, we introduce amenable actions of general locally compact groups
on C*-algebras, and establish the equivalence of amenability with several other con-
ditions. The main technical tool is Proposition [3.16] which establishes the equiva-
lence of several approximation properties for a G-von Neumann algebra.

Recall that if M is a G-von Neumann algebra, we denote by L* (G, M) the von
Neumann algebra tensor product L*(G)®M equipped with the tensor product
action. We refer to [71, Chapter V, Theorem 7.17] for the relationship between
L*®(G, M) and the space of bounded, ultraweakly measurable functions from G to
M. We identify M with the subalgebra 1 ® M of L* (G, M).

Anantharaman-Delaroche |4, Définition 3.4] defined a continuous action of G
on a von Neumann algebra to be amenable if there is an equivariant conditional
expectation

P:L*(G,M)—> M.
Later in [6, Définition 4.1], Anantharaman-Delaroche defined an action of a discrete
group on a C*-algebra A to be amenable if the induced action on the double dual

A** is amenable in the sense above. However, this does not make sense for general
actions of locally compact groups, as A** is not a G-von Neumann algebra in

27
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general. Replacing A** by A” in the case where G is a general locally compact
group, leads to

DEFINITION 3.1. A G-C*-algebra (A, «) (or just the action a)E| is called won
Neumann amenable, if there exists a G-equivariant conditional expectation

P:L7(G,A") — A,

REMARK 3.2. In |5, Corollaire 3.7], Anantharaman-Delaroche showed that a
G-von Neumann algebra M is amenable if and only if Z(M) is amenable, i.e., if
and only if there exists a G-equivariant conditional expectation

P L®(G, Z(M)) — Z(M).

In the context of this work, it is important to note that amenability of a
G-C*-algebra A turns out not to be equivalent to amenability of Z(A) in general.

Although Definition [3:1] is a straightforward extension of the established def-
inition of amenable actions for discrete groups, it is not the most useful one for
studying the behaviour of the associated crossed products. In the case of discrete
groups Anantharaman-Delaroche was able to characterize amenability in terms of
several approximation properties involving functions of positive type. The following
is based on [6, Definition 2.1].

DEFINITION 3.3. Let (4, @) be a G-C*-algebra, or G-von Neumann algebra. A
function 6 : G — A is of positive type (with respect to «) if for every finite subset
F < G the matrix

(0 (0(g™* 1), oy € Mr(A)
is positive.

If A is a G-C*-algebra, then the prototypical examples of positive type functions
are given by 60(g) = (€| 74(£))a, where & is a vector in a G-equivariant Hilbert
A-module (H,7). Indeed, it is shown in [6 Proposition 2.3] that every continuous
positive type function into a G-C*-algebra is associated to some essentially unique
triple (H,~,£) as above.

DEFINITION 3.4. A G-C*-algebra (A, «) is amenable if there exists a net of
norm-continuous, compactly supported, positive type functions 6; : G — Z(A%)
such that |0;(e)| < 1 for all i € I, and 6;(g) — 14~ ultraweakly and uniformly for
g in compact subsets of G.

DEFINITION 3.5. A G-C*-algebra (A, «) is strongly amenable, if there exists
a net of norm-continuous, compactly supported, positive type functions 0; : G —
ZM(A) such that [0;(e)| < 1 for all i € I, and 6;(g9) — 1zaqca) strictly and
uniformly for g in compact subsets of G.

The next several remarks record connections between these notions and the
existing literature.

1Throughout this paper, we will treat properties of G-C*-algebras and of actions interchange-
ably: for example, “Let A be a von Neumann amenable G-C*-algebra” means the same thing as
“Let o : G — Aut(A) be a von Neumann amenable action”.
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REMARK 3.6. If G is discrete then A”? = A**. It follows that for G discrete,
amenability as in Definition for (A, «) is equivalent to von Neumann amenabil-
ity as in Definition this was shown in 1987 by Anantharaman-Delaroche
[6, Théoreme 3.3]. On the other hand, the equivalence between amenability and
von Neumann amenability was established very recently for all actions of locally
compact groups by Bearden and Crann in |12, Theorem 3.6]; we will discuss this
in more detail below.

REMARK 3.7. If A is unital, then strict convergence in M(A) = A coincides
with norm convergence. It follows that strong amenability as in Definition [3.5
extends the notion of amenability defined by Brown and Ozawa in [23| Definition
4.3.1).

REMARK 3.8. Since the inclusion ig : A & (A Xmax G)** extends to a unital
inclusion of M(A) into A” such that ZM(A) is mapped into Z(A”), we see that
strong amenability as in Definition implies amenability as in Definition [3.4]

If A is commutative and G is discrete, then Anantharaman-Delaroche showed
that strong amenability is equivalent to amenability in [6, Théoréeme 4.9]. This
result has been extended recently by Bearden and Crann in [12| Corollary 4.14] to
actions of arbitrary locally compact groups on commutative C*-algebras.

At the other extreme, if A is simple, then ZM(A) =~ C and so strong amenabil-
ity for a G-action on A implies amenability of G. This is in stark contrast to the
fact that there are important examples, given by Suzuki in [69] (see also [61]),
of amenable actions of non-amenable discrete exact groups on unital, simple and
nuclear C*-algebras: see the discussion in 26| Section 3]. This implies in partic-
ular that strong amenability is strictly stronger than amenability and it indicates
that strong amenability is not the ‘correct’ notion of amenability for actions on
noncommutative C*-algebras.

The following result, which is a consequence of |7, Proposition 2.5], relates
strongly amenable (and hence amenable) actions on commutative C*-algebras to
topologically amenable actions on spaces as in |7, Definition 2.1].

PRrROPOSITION 3.9. An action G —~ X of a locally compact group G on a locally
compact space X is topologically amenable if and only if the induced action o : G —
Aut(Co(X)) is strongly amenable.

PrROOF. It is shown in [7, Proposition 2.5] that the action of G on X is topo-
logically amenable if and only if there is a net (h;) in C.(X x G) of positive type
functions (in the sense of 7, Definition 2.3]) that tend to one uniformly on compact
subsets of X xG. Let (h;) be anet in C.(X x G) implementing topological amenabil-
ity as above. Then the net 6; : G — Cy(X) defined by 6;(g9)(x) := h;(x, g) satisfies
the assumptions needed for strong amenability in Definition Conversely, as-
sume 0; : G — M(Co(X)) satisfies the conditions in Definition[3.5] Let J consist of
ordered pairs (K, €) where K is a compact subset of X x G, and where € > 0. Make
J a directed set by stipulating that (K, e) < (K',€¢') if K € K’ and ¢’ < e. For each
J = (K,¢€) € J choose i; such that [0;, (g)(z) — 1| < € for all (z,g) € K. For each
Jj = (K,e), let Kx < X be the projection of K to X, and choose e; € C.(X) with
values in the unit interval [0, 1] such that ay(e;)(z) = 1 for all (z, g) € KUKx x {e}.
Define hj € Co(X x G) by hj(x,9) = e;(x)0;,(9)(x)ay(e;)(x). Then each h; is pos-
itive type, and the net (h;) converges uniformly to one on compact sets, showing
amenability of the action of G on X as in |7}, Definition 2.1]. O
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Our main goal in the rest of this section is to show that in general amenability
implies von Neumann amenability, and moreover that both are equivalent if G is
exact. We also relate these to several other approximation properties. As already
mentioned above, since we first circulated a draft of this paper, Bearden and Crann
[12] Theorem 3.6] showed that amenability and von Neumann amenability are
equivalent in general. However, the results below still seem worthwhile: first, as
the proof is different and simpler in the exact case; and second, as some of the
other approximation properties we consider are equivalent to amenability when G
is exact, but not in general.

For the next lemma, recall from Section that if 8 : G — Aut(B) is any
homomorphism of G into the group of x-automorphisms of a C*-algebra B, we
write B, for the C*-subalgebra of B consisting of all elements b € B such that the
map

G B g By0)

is continuous in norm.

LEMMA 3.10. Let (M, o) be a G-von Neumann algebra. Then the following are
equivalent:

(1) there exists a met of norm-continuous, compactly supported, positive type
functions 0; : G — M such that |0;(e)| <1 for allie I, and 0;(g) — 1u
ultraweakly and uniformly for g in compact subsets of G;

(2) there exists a net of norm-continuous, compactly supported, positive type
functions 0; : G — M, such that |0;(e)|| < 1 for allie I, and 6;(g) — 1
ultraweakly and uniformly for g in compact subsets of G.

The equivalence also holds if we replace “0;(g) — 1y ultraweakly” with “0;(g) —
1ar in norm” in both conditions.

Note that the lemma applied to M = Z(A”) implies that we can replace the
codomain in the definition of amenability (Definition with a G-C*-algebra.

PROOF OF LEMMA The implication = is clear, so we just need
to prove that if (6;) has the properties in , then we can build a net with the
properties in .

Let {V; : j € J} be a neighbourhood basis of e in G consisting of symmetric
compact sets such that V; < Vjr if j > j' and let (f;);es be an approximate unit
of L'(@) consisting of continuous positive functions with § f;(g) dg = 1 and such
that supp(f;) < V; for all j € J. Assume further that there exists a compact
neighbourhood Vy = V5! of e such that V; < V; for all j € J.

For each pair (4,j) € I x J we define

Qi,j (g) = JG fj(k)ak(ﬁz(k_lgk)) dk.

We claim that each 6; ; is norm-continuous, compactly supported, positive type,
satisfies ||6; ;(€)| < 1, and takes values in M,. Indeed, it is straightforward to check
that the functions 6; ; : G — M are compactly supported, and satisfy [|6; ;(e)| <1
for all 4, j. Moreover, each is norm-continuous as 6; is norm-continuous and com-
pactly supported, so uniformly norm-continuous. To see that each 0; ; is positive
type, let F' be a finite subset of G. Then

(@657 D) e = | 150 (e O g b))

g,heF
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This is an ultraweakly convergent integral of positive matrices in Mg (M), so posi-
tive. Finally, to see that 0; ; is valued in M., we note that for any g,h € G,

on(6i1(9)) = L £ (k) (03 (k" gh)) i "2 L £ (b D060 hgh 1)) dl.

Norm-continuity of this in A follows from uniform norm-continuity of the original
0;, plus uniform continuity of each f;.

To complete the proof in the case of ultraweak convergence it suffices to show
that for any compact K < G, any finite F' € M, and any € > 0 there exists a pair
(i,7) € I x J such that for all g € K and all ) € F' we have

9(05,5(9) — 1nm)| < e.

We now do this.

Since 0;(g) — 1ps ultraweakly and uniformly on compact sets in G, we can find
an index ¢ € I such that for all ¢ € F' and for all g € VoKV we get

€
1(0:(9) — 1amr)| < 3

Let 0 # C = max{|¢| : v € F}. Since 0; : G — M is norm-continuous, the
image 0;(VoKVp) is a norm-compact subset of M. We therefore find finitely many
elements g1,...,9, € VoKV such that 6;(VoKVp) < U;_, B, (0;(g1)). Since o :
G — Aut(M) is ultraweakly continuous, we can further find an index j € J such
that for all k € V; and for all ¢ € F

(0 (6:(9)) — ba(an))| < 5
Then for all k€ Vj, g€ K and ¢ € F we find a suitable [ € {1,...,r} such that
(o (0: (k™ gk)) — 1a1)]|
< | (ok(0:(k gk) — 0:(9)))| + [¥ (on(8: (1)) — O:i(q0)) | + [ (0:(q1) — 1as)]
€ € €

<SS 848
33tz

We then conclude for all g € K and v € F, that

[(6:,5(9) = 1ar)| = L Fi(R)Y (o (0: (k™ gk) — 1ar)) dk

< J Fi(k) [ (o (0: (k™ gk) — 1)) | dke
e

< JG fi(k)edk =€

which completes the proof under the assumption that 6;(g) — 1s ultraweakly.

Suppose instead that 6;(g) — 137 in norm uniformly for g in compact subsets
of G. Then if K € G is compact and € > 0, let iy € I be such that ||0;(g) — 1a| <€
for all g € VoKV and ¢ = ig. Then, for all ge K, j € J, and ¢ = iy we get

16,5 (9) — 1] < L fi(k)|ow (0: (k™ gk) — 1) | dke < JG fi(k)edk = e,
which completes the proof. ([

REMARK 3.11. Similarly to the proof of Lemma one can replace the
codomain of the maps 6; in the definition of strong amenability (Definition
with (ZM(A)).. We leave the details to the reader.
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We need some more preliminaries. First, we recall a standard definition.

DEFINITION 3.12. Let A be a C*-algebra and let X be a locally compact space
equipped with a fixed Radon measure ,uﬁ Define L2%(X, A) to be the Hilbert A-
module given as the completion of C.(X, A) with respect to the A-valued inner
product

(| = L £(@)*n() du(x).

We write ]|z := A/[{€]| &) a] for the associated norm. Note that L?(X, A) identifies
canonically with the (exterior) Hilbert module tensor product L?(X) ® A.

Let now (A4, a) be a G-C*-algebra. There is a continuous action A* of G on
L?(G, A) determined by the formula

X5 (€)(h) = ag(&(g™"h)).
A direct computation shows this is compatible with the given action of G on A,
meaning that (ASE|A2n)a = ay(¢€|nya) for all g€ G and &, e L*(G, A). We call
A% the a-regular representation of G on L?(G, A).

We record a well-known result of Anantharaman-Delaroche |6, Proposition 2.5]
for later use.

LEMMA 3.13. Let A be a G-C*-algebra. For any norm-continuous, compactly
supported, positive type function 0 : G — A, there exists ¢ € L*(G, A) such that

0(g) = €1AGE)a
forallge G. |

LEMMA 3.14. Let A < B(H) be a concrete C*-algebra and let o : G — Aut(A)
be a homomorphism (not necessarily continuous in any sense). Then the following
are equivalent:

(1) There exists a net (&;)icr of vectors in the unit ball of L*(G, A..) such that
&ilAg&ipa. — 1u

weakly in B(H) and uniformly for g in compact subsets of G.
(2) There exists a net (&); in Ce(G, Ac) with |[&|2 <1 for allie I and
EilAg€iva. — 1u
weakly in B(H) and uniformly for g in compact subsets of G.
(8) There exists a net (0;)ier in Co(G, Ac) of positive type functions such that
[0:(e)| <1 for allie I, and 0;(g9) — 1y weakly and uniformly for g in
compact subsets of G.

The same equivalences hold if we replace “weakly” everywhere it appears by
either “in norm” or “strictly in M(A).”.

PROOF. = follows by defining 0;(g) = (& | \g&i)a, for all g € G
and = follows from Lemma In order to show = , let (&):
be a net of unit vectors in L*(G, A.) such that (& | AJ&)a, — 1g weakly and
uniformly for g in compact subsets of G. Since C.(G, A.) is dense in L?(G, A.)
we can find for each ¢ € I and n € N an element 7, , € C.(G, A) with ||n; ]2 < 1

and [& — minl2 < 1. Then, with the canonical order on I x N one easily checks

n’

2We will mainly be interested in the case that X = G and p is Haar measure
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that (17:n)(i,n) satisfies the conditions in . For norm or strict approximation the
arguments are analogous. ([

We need one more definition before getting to the main results. Let M < B(H)
be a G-von Neumann algebra with G-action o. For € € C.(G, M) there is a bounded
operator ¢ : H — L2(G, H) defined by (¢ -v)(g) := £(g)v. With notation as in
Definition one computes directly that | v[72q zy = v,{{ | Emv)m and
therefore the map C.(G, M) — B(H, L*(G,H)) extends uniquely to an isometric
inclusion L*(G, M) — B(H, L*(G, H)).

DEFINITION 3.15. With notation as above, we define L2 (G, M) to be the weak
closure of L?(G, M) inside B(H, L*(G, H)).

Note that L2 (G, M) is still a Hilbert M-module: considering L?(G, M) as
inside B(H, L?(G, H)), the inner product on L?(G, M) is given by operator compo-
sition via the formula {(£|n) = £* o n; one checks that this still gives an M-valued
inner product for ¢ and 7 in the weak closure of L?(G, M). As any two normal,
faithful, (unital) representations of a von Neumann algebra have unitarily equiva-
lent amplifications (see for example [20} 111.2.2.8]), L2 (G, M) does not depend on
the choice of representation of M, up to canonical isomorphis

In particular, replacing the Hilbert space H if necessary, we may assume with-
out loss of generality that the G-action on M is implemented by a unitary repre-
sentation u: G — B(H), that is, o, = Adu,. Considering L?*(G, M) as a subset of
B(H,L*(G,H)), the actiorﬁ A\? on L?(G, M) of Definition is then induced by
the formula

(A (x) = (Ag@ug) oz oul, wxeL*G,M).

Clearly this formula extends A° to a weakly continuous action on L2 (G, M).
Note finally that there is an equivariant action of L*(G,M) on L2?(G,M) by
adjointable operators that extends the natural tensor product action of L*(G)® M
on L*(G,M) = L*(G) ® M. This can be realized concretely via the canonical
representation of L (G, M) = L*(G)®M on L?*(G,H) = L*(G) ® H: the action
of f € L*(G,M) on x € L2(G,M) is realized by the operator composition
fox: H— L*G,H), which one checks belongs to L2 (G, M). We leave the
algebraic checks that the action is equivariant and by adjointable operators to the
reader.

The following result relates amenability of a G-von Neumann algebra to certain
approximation properties. It is the key technical result of this section.

PROPOSITION 3.16. Let (M, o) be a G-von Neumann algebra and consider the
following assertions:

(1) there is a net of compactly supported, norm-continuous, positive type func-
tions 0; : G — Z(M). with ||0;(e)| <1 and 6;(g) — 1 in norm uniformly
for g in compact subsets of G;

30ne can also see that L2 (G, M) is a Hilbert M-module that does not depend on the cho-
sen representation of M by identifying it with the selfdual completion of the Hilbert M-module
L2?(G, M) as a ternary ring of operators: see the discussion on page 357 of [21] and also |75).

41t is not necessarily strongly continuous for the Hilbert module norm, but this does not
matter.
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(2) there is a net of compactly supported, norm-continuous, positive type func-
tions 8; : G — Z(M). with |0;(e)| < 1 and 0;(g) — 1 ultraweakly and
uniformly for g in compact subsets of G;

(3) there is a bounded net (&;) in C.(G,Z(M).) < L*(G,Z(M).) with

&ilAg (&) zny, — 1

ultraweakly and uniformly for g in compact subsets of G;
(4) for any ultraweakly dense x-subalgebra A of M, there is a bounded net (&;)
in L2 (G, M) such that

&l aAZ(&»M —a

ultraweakly and pointwise for each g € G and each a € A;

(5) the G-von Neumann algebra (M,c) is amenable, i.c., there is a
G-equivariant projection P: L*(G, M) — M;

(6) there is a ucp G-map L*(G) — Z(M);

(7) there is a ucp G-map Cyup(G) — Z(M)...

Then
D=00<=-0=0=0-<0

and all of these conditions are equivalent if G is exact.

Note that by Lemma we may replace Z(M). by Z(M) in statements (|1
and above. As mentioned before, Bearden and Crann showed (amongst other
things) in Theorem 3.6] that implies even for non-exact groups G. Using
this and the implications from Proposition [3.16, we then get

THEOREM 3.17 (Bearden-Crann, plus Proposition [3.16). Items - in
Proposition |3.10 are all equivalent. ([

PROOF OF PROPOSITION [3.16. The implication (1)) = (2) is clear, and [2) <
follows from Lemma The implication = follows (with A = M)
because, since (§;) takes values in the centre, we have

&ilmAg (&) = &l Mg (&)ymm

for all m € M, and as multiplication is separately ultraweakly continuous on
bounded sets. The implication = @ follows by restriction of P to L*(G),
and using that M is in the multiplicative domain of P to conclude that the image
of the restriction is central. The implication @ = (|7)) follows by taking continuous
parts and using that L®(G). = Cup(G) (see line (1.4) above). The implication
@ = for G exact follows from Proposition 2.5]E| which implies that the
G-action on Cyp(G) is strongly amenable if (and only if) G is exact.

It therefore remains to establish the implications = and = (@ For
= we shall use the idea of the proof of [2, Lemma 6.5], which is exactly the
implication {4) = (5) we need for G discrete.

First notice that once holds for a € A, then it also holds for ¢ in the norm
closure of A because the net (&;) is bounded. Hence we may assume without loss
of generality that A € M is a C*-subalgebra, and in particular, that there is an
increasing approximate unit (e;) for A. Using the canonical left action of L*(G, M)

5See also @ Theorem 5.8], which handles the case of second countable G.
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by adjointable operators on the von Neumann Hilbert module L2 (G, M) we define
for each i and for all f e L*(G, M),

Qi(f) = &l f&),

where here (and below) we put (- | -) := { | )ps. Then (Q;) is a uniformly
bounded net of completely positive linear maps L*(G, M) — M with sup, ||Q;] <
sup, ||& |3 < 0. The set of all completely positive linear maps L* (G, M) — M that
are bounded by a fixed constant C' = 0 is compact with respect to the pointwise
ultraweak topology (this follows for example from [23, Theorem 1.3.7]). Hence we
may assume (after passing to a subnet if necessary) that there is a cp linear map
Q: L*(G,M) - M with Q(f) = lim; Q;(f) ultraweakly for all f € L*(G, M).

Recall that (e;) is an increasing approximate unit for A. For each j we define
the cp map P; : L%(G,M) — M as

(3.1) Pi(f) == Q(e}*fe}/?) feL™(G,M),

and for all pairs (¢,7) and f € L®(G, M) we define
() o= Qile;? fej?) = &l e fei*e.

Then for each j, P;(f) = lim; Py ;(f) = lim;(&; |e}/* fel/ &) for all f e L?(G, M).

Let us consider the restriction of P; to the centre Z(L*(G, M)), which equals
L*(G, Z(M)) by |71, Chapter V, Corollary 5.11]. Hence we get a net (P;) of cp
maps Pj: L*(G,Z(M)) — M. We shall prove that this net converges pointwise-
ultraweakly to a G-equivariant projection P: L*(G,Z(M)) — Z(M). As we al-
ready know that the existence of such a projection is equivalent to the von Neumann
amenability of M (see Remark , this will complete the proof of = .

We first claim that the net (P;) converges pointwise ultraweakly to a cp map
P : L*(G,Z(M)) — M. For this it suffices to show that for any positive f €
L*(G, Z(M)), the net (P;(f)) is increasing. Notice first that f commutes with all
elements of M < L*(G, M), so in particular it commutes with all elements of A.
Hence for any j < k and any positive f € L*(G, Z(M)), we have

Pi(f) < Q(ef? fell?) = QU2 %) < QU 2er V) = Qe fe*) = Pulf)

as required. Let P: L*(G, Z(M)) — M be the pointwise ultraweak limit of (P;).

We next claim that P takes image in Z (M), and is a projection. It is enough to
show that P(f)a = aP(f) for every positive f € L*(G,Z(M)) and every positive
a € A. For this it is enough to show that P(f)a is positive. By construction,

P(f)a = limlim(e;*¢; | fe;*6)a = limlim(e; 6| fe;*Gia)
J T J 2
ultraweakly. Now, for any normal state ¢ on M we compute
2 2
0(¢e) il fej iy — ()i faey e | = | (¢e)/ %61 fle)/*ia — ae}*6))) |
(32) <|&I31fI76 (Cej*¢ia — aej*¢i|ej*¢ia — aej*c:))
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and notice that

limlim ¢(Ce/*¢ia — ae}*¢; e} *¢ia — ael*¢))
J 7
T 1/2 1/2 1/2 1/2
= tim lim (((e; *6ia] ¢} *6:0)) — 6((e} *a]ac}*)

— 6(Cae) "l e} *6ia)) + 6((ae}/*6 ae)*€)) ) = 0

since all terms are converging to ¢(a*a) by the assumption on the net (&;). But
since fa = 0 (as f and a are positive and commute), this and line (3.2)) then proves

¢(P(f)a) = limlim ¢((e}/*¢; | fae}/?€;)) = limlim ¢ (P j(fa)) = 0
J ? 7 A

as desired. Thus P takes image into Z(M) and can therefore be viewed as a cp
map P: L®(G,Z(M)) — Z(M). It is a projection because for every m € Z(M),

P(m) = lim lim<e;/2£i |me;/2£i> = limlim{¢; |e;m&; ) = limejm = m,
J % J 2 J
where all limits are with respect to the ultraweak topology (note that as A is

ultraweakly dense in A, (e;) converges ultraweakly to the identity of M).
It remains to verify that P is G-equivariant. This is equivalent to the identity

(3.3) o (P((T®0)y-1(f))) = P(f)
for every positive f € L®(G,Z(M)) and g € G. Observe that for all i and j we
have

04 (P ((®0)y-1 (1)) = 0, (e &G | AN ()} *€0) = N (e %60) | £AG (e %60)>.
Thus, in order to prove it suffices to show that
6 (O} L x5 ()P = e}/ 6 fey %60 ) | — 0

for every normal state ¢ of M. The triangle inequality implies that every semi-norm
satisfies

[zl = yl? = (2l + Dyl Il = lyl] < (lel + lyl) Iz = yl;
applying this to the semi-norm | - ||, induced by the semi-inner product {§|n)4 :=
#((€|n)) on L2 (G, M) we deduce that

6 (g€ 1 - X5} — (e} il fe) %60 |
= |I£72xg (e} el — 1£ 72} ¢l
< 25up &l - 1] IXg (ej%€:) — e/ %€l
Finally notice that
IAg(ef %) — e} cl?
= (g (e)%€) — €)% |32 (e)°¢) — e)¢)
= 6 (0g((e}*Eile}/*60) — () 7€) e}/ 260 — (e} Pl X (€] P€) + e}/ 6 )6
Taking the limit in ¢ and using the properties of (§;), this converges to

qS(ag(ej) — 0'9(631-/2)6;/2 — e;/2ag(e]1-/2) + ej),
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and taking now the limit in j, using that (e;) is an approximate unit (and hence
converges ultraweakly to 1), this converges to zero.

Finally, it remains to show that = @ We adapt ideas from the proof of
|6, Lemme 2.1]. Let ® : Cyp(G) — Z(M). be a ucp G-map as in (7). Then for
every positive function h € C.(G) with |h|; =1 it follows from line that

D), : LP(G) — Z(M)e;  ®u(f):=®(h = f)

gives a well-defined completely positive map. As it is clearly unital, it is thus ucp.

Let I be a directed set and let (U;);er be a neighbourhood base of the identity
in G with U; € U; « i > j. For each i € I let h; € C.(G) be a positive function
with |h;]l; = 1 and supp(h;) € U;; write ®; := ®p,. Then (P;) is a net of ucp maps
from L*(G) to Z(M), and by |23, Theorem 1.3.7] we may assume, after passing
to a subnet if necessary, that there exists a ucp map ® : L*(G) — Z(M) such that
®(f) = lim; ®;(f) for all f € L®(G), where the limit is in the ultraweak topology
of Z(M).

It remains to show that ® is G-equivariant. First observe that for each h e
LY(G) we have |h = h; — h; = h|; — 0 and therefore

(3.4) [(hx i = hi w h) * flloo < [l hi = hi % b1 flloo — 0
for all f € L®(G). Recall from Section that we denote the translation action

on Cyu(G) by 7. Then for all f € Cup(G) and h € LY(G) it follows from the
G-equivariance of ® that

B(hs f) = ( [ mormn dg) - [ @2y do
_ L h(g)oy(B(f)) dg = h = B(f).

Since convolution with h is ultraweakly continuous on Z (M), this and line (3.4)
imply that for all h € L'(G) and f € L*(G):

B(hx f) =lm®(h; x h* f) = Hm ®(h = hy * f) = lim b B(h; * f) = h = O(f).
Recall now from line that
og(hxm) =714(h)*m (resp. Tg(h* f)=T14(h)*f)

for every g € G, h € L'(G), and m € M (resp. f € L*(G)). On the other hand, for
all g€ G, he L*(G) and m € M, we get

heay(m) = | bs)agm)ds " | Alg™)hsg™ e (m)ds = py-s () <.

where we define py(h)(s) := A(g)h(sg) for g € G and h € L'(G). Similarly, we have
hx1y(f) = pg-1(h) = f for g€ G, he L*(G) and f € L*(G).

Now, using the fact that h; * m — m (resp. h; = f — f) ultraweakly for all
m e Z(M) (resp. fe L*(G)) and in norm for m € Z(M). (resp. f € Cup(G)), we
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get for all g € G and f € L*(G):

B(r, (1)) = lim @ (b, 7 (1)) = lim B, -+ (ki) » f)
= lim lim ®(h; * pg-1(hs) * f) = Himlim ®(pg-1(hs) * by * f)
[ 7 g J
= limlim p,-1 (h;) * ®(h; = f) = limlim h; = og(®(h; * f))
A 7 1 J

= lim by 0, (8(f)) = 0y (B(1),
which completes the proof. (Il

REMARK 3.18. In |7, Theorem 7.2], Anantharaman-Delaroche shows (amongst
other things) that if a group admits a topologically amenable action on a compact
space, then it is exact. Applying this to the spectrum of the C*-algebra Z (M),
we see that condition of Proposition implies exactness of G.

On the other hand, condition is automatic for M = L*(G), so does
not imply in general. This follows from the fact that the translation action
of G on itself is topologically amenable (e.g., see Examples 2.7 (3)]), hence
T: G — Aut(Cy(Q)) is strongly amenable by Proposition and hence amenable
by Remark But then follows from the fact that Co(G)” = L*(G) (see
Remark .

We also remark that is automatic for M = Cy,(G)”: one can just consider
the canonical inclusion Cy,(G) — Cup(G)”. On the other hand, if M = Cy(G)”
satisfies condition , then the action on Cy,(G) is amenable by Theorem
and therefore the action of G on the spectrum of Cy;(G) is topologically amenable
by Corollary 4.14] and Proposition Hence G is exact by Theorem 7.2]
again, and we see that @ = cannot hold in generalﬁ

To summarize, the conditions in Proposition [3.16] satisfy

O-0<-@<-@<-0-0-0

in general, and all are equivalent when G is exact. But neither of the one-way
implications are reversible when G is not exact.

As our main interest is in G-C*-algebras, it is convenient to record the conse-
quences of Proposition above and Theorem [3.17] of Bearden and Crann in this
case.

COROLLARY 3.19. For a G-C*-algebra (A, @) consider the following statements:

(1) the induced action o' : G — Aut(Z(A%).) is strongly amenable;
(2) « is amenable;

(3) « is von Neumann amenable;

(4) there is a uep G-map L*(G) — Z(AL);

(5) there is a ucp G-map Cyup(G) — Z(AL)..

Then
D=0 =-0<@

and all of these conditions are equivalent if G is exact.

Proor. Apply Proposition and Theorem to M = A”. O

6We are grateful to Jason Crann for pointing this out to us.
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3.2. Permanence properties of amenability
In this section, we record some permanence properties of amenable actions.

PRrROPOSITION 3.20. Amenability is preserved by Morita equivalence: precisely,
if (A,a) and (B, ) are Morita equivalent G-C*-algebras, then A is amenable if
and only if B is amenable.

Proor. If (4, «) and (B, ) are Morita equivalent, then so are the correspond-
ing G-von Neumann algebras Ay, and Bj by (the proof of) Lemma This implies
that their centres Z(Ay) and Z(Bjg) are isomorphic as G-von Neumann algebras
(see |2, Proposition 4.6]) and this clearly implies the result. O

LEMMA 3.21. Let (A,«a) and (B, ) be G-C*-algebras and let &: A — M(B)
be a mondegenerate G-equivariant x-homomorphism. If the normal extension
" AL, — Bj maps Z(Ay) into Z(Bj) and if (A,«) is amenable, then so is
(B,B). Similarly, if the strictly continuous extension ®: M(A) — M(B) maps
ZM(A) into ZM(B), then strong amenability passes from (A, a) to (B, ).

PRroOF. Since ¢ is nondegenerate, ®”: A7, — Bj is normal and unital. Thus,
if (0;) is a net of positive type functions implementing amenability of (A, «), then
(®” 0 0;) implements amenability of (B, ). A similar argument works for strong
amenability. (I

REMARK 3.22. The above lemma is not true in general without the assumptions
that Z (A7) (vespectively, ZM(A)) is mapped to Z(Bj) (respectively, ZM(B)). To
see counterexamples, let G be a non-amenable group acting amenably on a non-zero
C*-algebra A and let B = A x,¢q G equipped with the action 8 = Adig, where
i : G > UM(A xyeq G) denotes the canonical homomorphism. As the inner
action 5 on A X,eq G induces the trivial action on Z((A Xyeq G)g), we see that
is amenable if and only if G is amenable. On the other hand, the canonical map
ia: A— M(A xeq G) is a nondegenerate G-equivariant *-homomorphism (which
has image in B if G is discrete). We refer to [69] for more involved examples where
A and B are both simple and unital.

PROPOSITION 3.23. Let a : G — Aut(A) be a continuous action and let I < A
be a G-invariant ideal. Then « is amenable if and only if the induced actions of
and o' on I and A/I, respectively, are both amenable.

PrOOF. The decomposition Ay, = 17, ® (A/I)" ,,; of Lemma induces a
decomposition Z(Ay) = Z(I2,) ® Z((A/I)" 4;1). The result follows directly from
this. 0

As a consequence of the previous results we also get permanence properties for
hereditary subalgebras:

COROLLARY 3.24. Let o : G — Aut(A) be a continuous amenable action and
let B € A be a G-invariant hereditary C*-subalgebra. Then the restricted action
on B is amenable.

PrROOF. The right ideal BA is an imprimitivity bimodule implementing a
Morita equivalence between B = BAB and the ideal I = ABA. The result follows
from Propositions and [l
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We shall see in Proposition [4.8 below that amenability is also preserved under
taking inductive limits of amenable G-C*-algebras.

3.3. The equivalence of amenability and measurewise amenability

In this section, we establish the equivalence of amenability and measurewise
amenability for actions on commutative C*-algebras A = Cy(X). Measurewise
amenability was introduced by Renault in |66} Definition I1.3.6]. In |3, Theorem
A], Adams, Elliott, and Giordano show that the original definition is equivalent to
the following.

DEFINITION 3.25. Let Cy(X) be a commutative G-C*-algebra, where both
X and G are second countable. Then the underlying action of G on X is called
measurewise amenable if for every quasi-invariant Radon measure p on X, the
G-von Neumann algebra L* (X, p) is amenable.

Using Theorem of Bearden and Crann we obtain the following characteri-
zation of measurewise amenability.

PROPOSITION 3.26. Let Cy(X) be a commutative G-C*-algebra, where both X
and G are second countable. Then the underlying action G —~ X is measurewise
amenable if and only if for every quasi-invariant Radon measure u on X there
exists a net of compactly supported, positive type, norm-continuous functions 0; :
G — L*(X,p) with 0;(e) < 1 for all i and such that 0;,(g) — 1 ultraweakly and
uniformly on compact subsets of G. O

Our main goal in the rest of this section is the following

THEOREM 3.27. Let (Co(X), o) be a commutative G-C*-algebra, and assume
that X and G are second countable. Then the following are equivalent:

(1) « is amenable;
(2) the underlying action G —~ X is measurewise amenable.

For the proof, we will need a technical lemma. For the statement, let us say
that a covariant representation (7, u) of a G-C*-algebra A is cyclic if the integrated
form 7 % u is cyclic as a representation of A X . G.

LEMMA 3.28. Let G be a locally compact group, and let (A, «) be a G-C*-
algebra. Then the following are equivalent:

(1) « is amenable;

(2) for every nondegenerate covariant representation (w,u) of (A, G, ) the action
Adu: G — Aut(m(A)") is amenable;

(3) for every cyclic covariant representation (m,u) of (A,G,«) the action Adu :
G — Aut(m(A)") is amenable.

Proor. The implications = = (3)) are straightforward, so we only need
to check = (|1)). For this, using Theorem [3.17} it suffices to check condition
from Proposition i.e. to show that for any finite set {¢1, ..., ¢, } of states from
the predual of A”, any € € (0,1), and any compact subset K of G there exists a

continuous compactly supported positive type function 6 : G — Z(A”) such that
|0(e)| <1, and such that

(3.5) |p:(0(g)) — 1] <eforallie{l,..,n}and g € K.
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Define 9 := %2?21 ¢;, which is also a state in the predual of A”. As A” is a
(unital) von Neumann subalgebra of (A X G)**, we may extend ¥ to a normal
state, say 1, on (A Xmax G)** using |20, Corollary I11.2.1.10]. Considering Y as a
state on A X .y G, let (7w, u) be its GNS representation, considered as a covariant
pair for (A4, G) with associated cyclic vector &.

Now, as the representation (m,u) is cyclic, assumption gives a continuous
compactly supported positive type function 6y : G — Z(w(A)”) such that |[fy(e)| <
1, and such that if ¢y is the (normal) vector state on 7(A)” associated to &, then
[10(60(g)) — 1] < €2/2n for all g € K. Let d, € Z(A”) be the central cover of
(7, u) as in Definition so there is a canonical equivariant normal isomorphism
m(A)” =~ d,A”. This restricts to an equivariant isomorphism of centres Z(m(A)") =~
Z(d.A%). Let v : Z(mw(A)") — Z(A”) be the composition of this isomorphism and
the canonical inclusion Z(d,A”) — Z(A”). We claim that 0 := ¢ o §; has the right
properties. Indeed, it is clearly positive type, satisfies |0(e)| < 1 and is compactly
supported, so it remains to show the condition in line (3.5)).

For this, we note that ¥((1 — d;)A”) = 0, whence 9y 0 0y = ¥ o 0, and so for
any g € K,

€ w
= > [ol0ol9)) — 11 = 6(09) 1] = | - 3. 6x(6(9)) — 1
i=1
whence
5> | D (6ub9) — 1)

For each i € {1, ...,n}, write z; and y; for the real and imaginary parts, respectively,
of ¢;(0(g)), so taking real parts of this inequality gives

R €
3.6 - — < i— 1)< —.
(36) RPCEIES
Note that, as ¢ is positive type and ||f(e)| < 1, we have |0(g)|| < 1 for all g € G,
whence z; + /—1y; is in the unit ball of C for all ¢ € {1,...,n}. Hence line (3.6
implies that 1 — €2/2 < x; < 1 for each i. As z7 + y? < 1, this implies that
y? < €2 — €*/4 for each i. Hence for each i and each g € K,
2 2 o _ € 2 € 2

[6i(0(9) = 1" = (zi = 1)"+ i < f+ e — =

and we are done. ]

IS

PROOF OF THEOREM [3.271 For the implication (1)) = (2)), assume that C(X)
is amenable. Note that if x4 is a quasi-invariant Borel measure on X we can construct
a covariant representation (M, u) of (Co(X), G, ) on L?(X, ) given by

1)\ 1/2
(Mu(NE) @)= F@sta) and (1,6) ) o= (H0) Vet 1),

du(g— =)
dp(z)
Now, M,, gives an equivariant *-homomorphism Cy(X) — L*(X, p) with ultra-
weakly dense image, whence Corollary gives a canonical, equivariant, surjective
extension M); : Co(X)y — L*(X, ) to the enveloping G-von Neumann algebra

[e3

Co(X)2 of Co(X). Let (0; : G — Co(X)%) be a net satisfying the conditions as

[e3

where denotes the Radon-Nikodym derivative.
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in (2) of Proposition Then (M o 6;) also satisfies the same conditions with
respect to L®(X, ). Hence by Proposition L*(X, p) is an amenable G-von
Neumann algebra.

To see = , note that by Lemma it is enough to show that for every
cyclic covariant representation (m,u): (Co(X),G) — B(Hy) the action Adu : G —
Aut(m(Cy(X))") is amenable. Since Cy(X) Xmax G is separable, it follows that the
Hilbert space H, is separable as well. It follows then from Renault’s disintegra-
tion theorem [67, Théoreme 4.1], that there exists a quasi-invariant measure p on
X such that 7 has a direct integral decomposition S% 7 du(z) with respect to a
measurable field of Hilbert spaces over (X, i), and that G acts compatibly on this
field. This implies that there exists an ultraweakly continuous, unital, equivariant,
x-homomorphism &, : L% (X, u) — Z(w(Cp(X))"”). Composing @, with a net (6;)
of positive type functions in C.(G, L*(X, u)) with the properties in Proposition
we obtain a net which establishes amenability of (7(Co(X))”, Adu). O

In (12| Corollary 4.14], Bearden and Crann show that amenability for a commu-
tative G-C*-algebra Cy(X) is equivalent to strong amenability. As strong amenabil-
ity of Co(X) is the same as topological amenability of G — X (see Proposition[3.9)),
we thus get the following corollary. As noted in the introduction to this chapter,
this solves a long-standing open question.

COROLLARY 3.29. Suppose that G —~ X is a continuous action of a second
countable locally compact group on a second countable locally compact space X.
Then the following are equivalent:

(1) G ~ X is measurewise amenable;
(2) G —~ X is topologically amenable. O



CHAPTER 4

The quasi-central approximation property

In earlier work [26] Section 3], we introduced the quasi-central approximation
property, or (QAP), for an action « : G — Aut(A) of a discrete group G on a
C*-algebra A. We showed there that the (QAP) implies amenability of the action
in the sense of Anantharaman-Delaroche [6, Définition 4.1] (equivalently, in the
sense of Definition , but left the converse open. Since we introduced it, the
(QAP) played an important role in recent work of Suzuki [70] on the classification
of G-C*-algebras; this (and the naturalness of the question) motivated us to revisit
the converse in this chapter.

In Section [4.1] we show that amenability of an action of a locally compact group
G is always equivalent to a weak version (wQAP) of the (QAP). This provides a
description of amenability in terms of A-valued positive type functions which avoids
the use of the enveloping G-von Neumann algebra A”. As a consequence, we show
that amenability passes to inductive limits of G-C*-algebras.

In the meantime Ozawa and Suzuki showed in |61}, Theorem 3.2] that amenabil-
ity (and hence the (wQAP)) and the (QAP) are equivalent and, in |61, Theorem
2.13], that the (QAP) is also equivalent to the approximation property (AP), which
was introduced by Ruy Exel [36| Definition 4.4] in the context of Fell bundles over
discrete groups, and by Exel and Chi-Keung Ng |38, Definition 3.6] for Fell bundles
over general locally compact groups.

In Section we deduce consequences for C*-algebras associated to Fell
bundles. The equivalence of amenability and the (AP) for group actions on C*-
algebras gives a hint that Exel’s definition is the “correct” extension of the notion
of amenability to the setting of Fell bundles. In this context, we use the connection
between amenability and the (AP) to solve a conjecture of Ara, Exel, and Katsura
relating the (AP) and nuclearity of cross-sectional C*-algebras.

4.1. The weak quasi-central approximation property (wQAP)

In this section we want to give some characterizations of amenability in terms
of A-valued positive type functions on G. This is preferable for certain purposes, as
the properties use A itself, rather than the much larger enveloping G-von Neumann
algebra A” of the action.

Recall from Section above that Tkunishi [46] Theorem 1] showed that the
predual of A? canonically identifies with the closed subspace A* of all ¢ € A*
such that the map

G— A% g ag(e)

g
is norm continuous. Every such functional can be written as a linear combination
of at most four states in S(A4)° := S(A4) n A*, which then identifies with the set
of normal states on A”.

43
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In what follows, if H is a Hilbert A-module (such as L?(G, A) from Definition

3.12) we shall write €]z := [<€|€)a]2 for all € € H. Moreover, if ¢ is a positive
linear functional on A, then we shall write

(4.1) (€Yo = B(EImya) and  [€ly = (€]6)2

for all £, € H. Note that {-|-)4 is a semi-inner product on H and therefore satisfies
the Cauchy-Schwarz inequality

(4.2) KEImsl < [€llolnle

for all £, € H, whence in particular each |- |4 is a seminorm. Following Ananthara-
man-Delaroche [6, Section 1], we write 75 for the topology on H defined by this
family of semi-norms.

In what follows we equip L?(G, A) with the G-action A\* as in Definition
above, and the left and right A-module actions determined respectively by

(a&)(g) :==al(g) and (£a)(g) :=&(g)a
for all £ € C.(G, A).

DEFINITION 4.1. An action « : G — Aut(A) of a locally compact group G on
a C*-algebra A satisfies the weak quasi-central approzimation property (wQAP) if
there exists a net (&;);e; of functions ¢; € C.(G, A) < L?(G, A) such that
(1) |2 < 1foralliel;
(2) for all ¢ € S(A)° we have (§;|Aj&i)¢ — 1 uniformly on compact subsets
of G;
(3) for all ¢ € S(A)° and all a € A we have |[&a — a&;|y — 0.

REMARK 4.2. The (wQAP) is a variant of the quasi-central approzimation
property (QAP) as introduced for actions of discrete groups in |26} Section 3]. The
(QAP) has a natural extension to locally compact groups where conditions and
in Definition are replaced by the conditions

(2') €| Ag€ipa — 1 in the strict topology of M(A) uniformly on compact

subsets of G;
(3") ||€ia — a&;]l2 — O for all a € A.

Our main goal in this section is to show that the (wQAP), and some related
properties, are equivalent to amenability. While this paper was under review,
Ozawa and Suzuki established that the (QAP) is also equivalent to amenability
(hence the (QAP) and (wQAP) are always equivalent by Theorem below)ﬂ

Another interesting approximation property is the Exel-Ng approximation
property (AP). This was introduced in 38| Definition 3.6] in the setting of Fell
bundles over locally compact groups. In the special case of actions « : G — Aut(A)
this translates into

DEFINITION 4.3. An action « : G — Aut(A) satisfies the approzimation prop-
erty (AP) if there exists a bounded net (&;) in C.(G, A) < L?*(G, A) such that for
alla e A

&ilargé€ipa — a
in norm, uniformly on compact subsets of G.

Mna previous version of this paper we had a proof of this fact for discrete groups G, but, as
was pointed out to us by one of the referees, there was a mistake in our proof.
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An action « : G — Aut(A) satisfies the weak approzimation property (wAP) if
there exists a | - [2-bounded net (&;) in C.(G, A) such that for all ¢ € S(A)° and for
allae A

o((&ilarg&pa —a) =0

uniformly on compact subsets of G.

It is clear that the (AP) implies the (wAP). The main result of this section is
the following

THEOREM 4.4. Let a: G — Aut(A) be an action of the locally compact group
G on the C*-algebra A. Then the following are equivalent:

(1) « is amenable.
(2) « satisfies the (wWQAP).
(8) « satisfies the (wAP).

The following lemma is well known to experts: it is a special case of a version of
Kaplansky’s density theorem for Hilbert modules due to Zettl (see |75, Lemma 2.4
and Corollary 2.7]). For completeness, we give an elementary direct proof below:

LEMMA 4.5. Suppose that M is a von Neumann algebra and A < M is an
ultraweakly dense C*-subalgebra. Then, if H is a Hilbert space, the unit ball of
the Hilbert A-module H ® A is dense in the unit ball of the Hilbert M -module
H ® M with respect to the locally convex topology s generated by the seminorms
€ €]y = (L&) 2, where ¢ Tuns through the set of normal states of M.

PROOF. Let us assume without loss of generality that A is represented faithfully
and nondegenerately on the Hilbert space K such that M = A” < B(K). We

KH)@A H® A) faithfully on the

represent the linking algebra L(H ® A) := H*® A A

Hilbert-space direct sum (H ® K) @ K via

E®a @b ((®v)  [k(®av+E{R@bw

n"®c d w )\ |Ocev+dw )T
Let p and ¢ = 1 — p denote the orthogonal projections from (H ® K) ® K onto
H® K and K, respectively. The isometric inclusion of H ® A into the upper right
corner B(K,H® K) = pB((H ® K) @ K)q extends to an isometric inclusion of
H®M = H®A”. Moreover, H® M lies in the strong closure of H ® A inside
B(K,H® K), as if £ ® m is any elementary tensor in H ® M and (a;) is a net in
A which converges strongly to m, then for every vector w € K we get

(E®a)w =E@aw — ER@muw = (EQ@m)w.

It follows then from the Kaplansky density theorem applied to L(H® A) <€ B((H®
K) ® K), that the unit ball of H ® A is strongly dense in the unit ball of H ® M.

Let then & be an element of the unit ball of H ® M and let (&) be a net in
the unit ball of H ® A such that £; — & strongly; we claim that § — & in the 7
topology, which will suffice to complete the proof. We have £v — &v in K for all
v € K, whence for all v,w € K we have

(& = €1& — Omv|wye = (& — (& — v|wyc = (& — v | (& — Hw)e — 0

as ¢ — o0. Hence the bounded net (& — & | & — & )i weakly converges to 0.
Since the ultraweak topology coincides with the weak topology on bounded sets,
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it follows that |&; — &4 — O for every normal state ¢ of M. Thus § — £ in the
topology Ts. ([

COROLLARY 4.6. Let a : G — Aut(A) be an action and V < G an open subset
of G. Then for every € € L*(V, A”) with |||2 < 1 there exists a net (&) € C.(V, A)
such that |&le < 1 for alli € T and & — £ in the topology Ts generated by the
seminorms & — |&||g, ¢ € S(A)°.

Proor. This follows from Lemma with H = L?(V) (with respect to the
Haar measure of G restricted to V) together with the fact that the unit ball of
C.(V, A) is norm-dense in the unit ball of L?(V, A). O

For what follows we also need the following well-known fact. We leave the
straightforward proof to the reader.

LEMMA 4.7. Suppose that X is a normed space, (¢;) is a norm-bounded net in
X* and ¢ € X*. Then the following are equivalent:
(1) (¢;) converges to ¢ in the weak*-topology.
(2) (¢;) converges to ¢ uniformly on every compact subset K of X. O
We are now ready for the

PrOOF OF THEOREM [4.4]l For = assume that o is amenable and let
(&) be anet in Cc(G, Z(A7Y)c) with (& &) a2 < 1 such that
(4.3) &N € > 1 as i— o0

for all ¢ € S(A)° uniformly on compact subsets C < G. For each ¢, let V; € G
be a relatively compact open subset of G such that supp¢&; < V;. It follows from
Corollary [4.6] that for each & we can find a net (§;;); in C.(V;, A) such that &2 <
1 and

(4.4) 1§ = &ilp =0 as j— 0

for each state ¢ € S(A)°¢. With notations as in (4.1)), we compute for each ¢ € S(A)":
635 X5 (€300 — G125 (€0l < €15 = &1X (€63l + K& X5 (5 — €l
< 835121185 = &illo + €ill21€i5 = &illax , (4)
< N85 = &ille + 1165 = &illax_, (0)-

Using Lemma (applied to A” as the dual space of A*¢) we conclude that the
sum in the last line converges to 0 as j — o0 uniformly for g in the compact closure
C; of Vinl in G. Since {§; | /\g”gi>Ag = 0 for all g ¢ C; (and similarly with &;
replaced by &;;), we conclude that for each ¢,

(4.5) 651G (€500 = €61 X5 (€:))s| = 0 as j— o0
uniformly on g € G.

Let now F be a finite subset of S(A)¢, let A be a finite subset of A, let C be
a compact subset of GG, and let ¢ > 0. To complete the proof, it suffices to find
n € Ce(G, A) such that [n]2 < 1, such that [(n[Agn)s — 1| < e for all g€ C and ¢
in F, and such that |[na — anfs < € for all a € A and ¢ € F. Using line [4.3), we
may find ¢ so that &; satisfies

(4.6) K& | A €dp — 1] < €/2
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for all p € F and g € C. Let P(A)¢:= P(A) n A*°, where P(A) denotes the set of

positive functionals on A. Then the limits in lines (4.4)) and (4.5) clearly still hold
for all ¢ € P(A)°. Using this and the limit in line (4.4)) we may find j such that &;

satisfies

€ .
(17) iy — €illo < & with 5 = 2(1 + mae )
forall ¢ in F' U {¢p(a-a*): 1€ F,ae A}, and so that

(48) 615125 (€5 — G125 (€))el < /2
for all ¢ € F and g € G. We claim that 1 := §;; works.

Indeed, 1 is in C.(G, A) and |n]]2 < 1 as all elements of the net (&;;) have these
properties. Lines and imply that [(n|Agn)y — 1| < € for all g € C' and
¢ € F. Finally, we note that for any ¢ € F and any a € A, using that & takes
values in the center of A” we have

Ina —anlls = na — &a + a&; —anly
< (n—&)aly + [a(n — &)l
< ¢a*(n — & |n — &yana)'? + ¢(al > — &ln — &)an)'?
= |0 — &l g(a*-a) + lallln — &l

This is less than e by line (4.7]), so we are done with = .
For the proof of = (3) let (&) be a net in C.(G, A) as in Definition
Then, for all a € A and ¢ € S(A)¢ we get:

|6(CGilarg&iva — al&il Ao&iva)| = [<a*&i | Ag&ivg — (&sa™ | AGEiDs
= (a*& — &a™ | A3 &)y
< a*& — &a* || A2 ]2 — 0

uniformly on G. Since ¢((&;|A§&;) — 1) — 0 uniformly on compact subsets of G, it
follows from this and separate ultraweak continuity of multiplication on bounded
sets that ¢((§i[aAj&i)a — a) — 0 uniformly on compact subsets of G as well.

The implication = (1) follows from Theorem Indeed, our assumption
(3) implies that condition (4)) from Proposition holds with respect to M = A”
and the canonical inclusion A < A”; hence by Theorem condition (2) from
Proposition [3.16] holds, which is the desired conclusion. O

We now give a useful application of Theorem [£.4] towards inductive limits of
amenable G-C*-algebras.

PROPOSITION 4.8. Suppose that (Am,G, o) is a directed system of G-C*-
algebras and let o : G — Aut(A) denote the induced action on the inductive limit
A :=lim,, A,,. If all oy, are amenable, then so is a.

ProoOF. We follow the ideas of |26, Proposition 3.3]. Proposition implies
that amenability passes to quotients. Hence we may assume that the canonical
maps A,, — A are G-embeddings, and we therefore may regard A as the closed
union of the A4,,. For each m, let (fi(m)) be a net in C.(G, A,) € C.(G, A) which
implements the (wQAP) for a,, which exists by Theorem These nets can be
used to construct a net that establishes the (WQAP) for A: we leave the elementary

details to the reader. Theorem 4.4l now shows that A is amenable. O
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The theorem below records the equivalences between the family of properties
around the (QAP) and (AP), combining Theorem 4.4 and some of the main results
of Ozawa-Suzuki [61] for the reader’s convenience.

THEOREM 4.9. Let o : G — Aut(A) be an action of a locally compact group G.
Then the following are equivalent:

(1) « is amenable;

(2) « satisfies the (QAP);

(3) « satisfies the (wWQAP);

(4) « satisfies the Exel-Ng (AP);
(5) « satisfies the (wAP).

PrRoOOF. The equivalences < and = are due to Ozawa and
Suzuki: see [61, Theorem 3.2] and [61, Theorem 2.13], respectively. On the other
hand, , , and were shown to be equivalent in Theorem ([

REMARK 4.10. There is a variant of the approximation property due to Bédos
and Conti (see |14} Definition 5.7]) for actions of discrete groups G, which is ex-
tended to actions of locally compact G by Bearden and Crann in |12, Section
4]. Parallel to our work, Bearden and Crann showed in [12, Theorem 4.2] that
amenability is equivalent to a variant of the Bédos-Conti approximation property.
The Bédos-Conti property is in a similar spirit as the (AP) of Ng and Exel but it
is a priori weaker than the (AP).

4.2. Consequences for Fell bundles

As mentioned at the start of this chapter, the approximation property of Exel
was originally defined in the context of Fell bundles (see for example [37] for back-
ground on Fell bundles). In |9, Remark 6.5] it is conjectured that nuclearity of the
cross-sectional C*-algebra C (B) of a Fell bundle B should imply the (AP) for B.
Using Theorem we give a positive answer to this conjecture:

COROLLARY 4.11. Let B = (Bg)g4ecc be a Fell bundle over the discrete group G
and assume that its reduced cross-sectional C*-algebra C¥ ,(B) is nuclear. Then B
has the (AP) of Exel.

PRrROOF. Consider the dual G-action « := SB on the crossed product A :=
C¥4(B) x5, G by the canonical (dual) coaction dz of G' on the cross-sectional
C*-algebra C} (B). Using [1, Remark 3.3 and Theorem 3.4], we see that B is
weakly equivalent to (A, «) as Fell bundles in the sense of [1, Definition 2.6]. If
C* ,(B) is nuclear, then so is A X4 req G as it is isomorphic to C* ,(B) ® K(¢*(G))
(see |1, Remark 3.3] again). Using [6, Théoreme 4.5], this implies that the G-
action a on A is amenable and hence by Theorem « also has the (AP). The
(AP) passes through weak equivalences of Fell bundles by |2, Corollary 5.24 and
Theorem 6.12], from which it follows that B has the (AP). O

The converse of the above corollary is known: if B has the (AP) and B, is
nuclear, then C*(B) = C¥ ,(B) is nuclear (see [37, Proposition 25.10]). Note that
this really is the precise converse of Corollary as nuclearity of C%  (B) implies
nuclearity of B. due to the existence of a conditional expectation E : C¥ ,(B) — B.
(see |37, Definition 19.2 and Proposition 19.3]).
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The (AP) is therefore a way to characterize nuclearity of cross-sectional C*-
algebras of Fell bundles, in particular, crossed products. We should remark that this
problem of characterizing nuclearity of Fell bundle C*-algebras or crossed products
has been studied recently in [44}[57] using the theory of Herz-Schur multipliers.
In |57, Definition 4.1] a notion of ‘nuclearity’ for a G-C*-algebra A is introduced
that is shown to be equivalent to nuclearity of A x4 G in [57, Theorem 4.3].
A similar ‘nuclearity’ notion is introduced for Fell bundles in |44, Definition 6.3],
and again this is used to characterize nuclearity of the cross-sectional C*-algebra
in [44] Theorem 6.8]. Combining all this together, we can rephrase nuclearity of
C*-dynamical systems in terms of the ((Q)AP) as follows:

COROLLARY 4.12. A G-C*-algebra A is nuclear in the sense of |57] if and only
if A is a nuclear C*-algebra and « has the (QAP). Similarly, a Fell bundle B is
nuclear in the sense of |44 if and only if B, is a nuclear C*-algebra and B has the
(AP) of Exel. O






CHAPTER 5

The weak containment property and commutant
amenability

In this chapter we study the weak containment property as in the following
definition.

DEFINITION 5.1. A G-C*-algebra (A, «) (or just the action «) is said to have the
weak containment property (WCP) if the regular representation A(4 4y 1 AXmaxG —
A Xyeq G is an isomorphism. When this is the case, to shorten the notation, we
usually write A Xpax G = A Xpoq G or even A Xpax G = A Xp0q G.

For discrete groups, Anantharaman-Delaroche showed in |6, Proposition 4.8]
that amenability implies the (WCP), but the converse has been a long-standing
open problem. We are interested here in elucidating the relationship between
amenability and the (WCP).

In Section we build on our earlier work 26|, Sections 4 and 5] for discrete
groups. We study injectivity properties of covariant representations, and use this
to show that the (WCP) for (A4, G, ) with G exact is equivalent to a property
we call commutant amenability. Roughly, A is commutant amenable if the com-
mutant 7(A)" of A in any covariant representation (7,u) (or just in the universal
representation) has an amenability-like approximation property. These results also
show that (commutant) amenability always implies the (WCP), whether or not the
acting group is exact.

In Section 5.2 we bring into play the Haagerup standard form, which is a covari-
ant representation of a G-von Neumann algebra with particularly good properties.
The results here extend work of Matsumura [55], who first had the idea of us-
ing the Haagerup standard form to study amenability (our proofs are different to
Matsumura’s, however, following instead the lines of our earlier work [26] Section
5] on discrete groups). The Haagerup standard form lets us translate commutant
amenability into more intrinsic properties: for example, amenability of A turns out
to be equivalent to commutant amenability of A ®uax A°P. We also show that
commutant amenability is equivalent to amenability for actions on commutative
C*-algebras. Thus for actions of exact locally compact groups on commutative
C*-algebras, amenability is indeed equivalent to the (WCP).

In sharp contrast, in Section we show that the (WCP) is not equivalent to
amenability for actions on noncommutative C*-algebras. Our counterexamples are
quite concrete: for example, we show that actions of PSL(2,C) on the compact op-
erators can satisfy the (WCP), yet be non-amenable. We use the same examples to
show that the (WCP) does not pass through the restriction of an action to a closed
subgroup, which answers a question of Anantharaman-Delaroche |7, Question 9.2
(b)] in the negative.

51
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5.1. Injective representations and commutant amenability

In this section, we use ideas developed by the authors in the case of discrete
groups in |26] Section 4] to provide necessary and sufficient conditions for a G-C*-
algebra (4, a) to have the weak containment property (WCP) from Definition
at least when G is exact.

Recall from [25] that the injective crossed product functor (A, a) — A xinj G
is the largest crossed product functor which is injective in the sense that every
G-equivariant inclusion ¢ : A — B from a G-C*-algebra A into a G-C*-algebra
B descends to an inclusion ¢ xin; G @ A Xinj G — B x5 G. For a given G-C*-
algebra (A, a), the crossed product A Xi,; G can be realized as the completion of
the convolution algebra C.(G, A) with respect to the norm

[ fllinj := Inf{|@ o flBxpmuma : ¢ : A < B is G-equivariant}.

It was observed in [25, Proposition 4.2] that A xinj G = A Xeq G whenever G is
exactﬂ so that for exact groups the (WCP) is equivalent to A Xyax G = A Xinj G,
that is, to the statement that the canonical quotient map g : A Xmax G = A Xin; G
is an isomorphism.

Our first goal is to characterize when ¢ : AXmax G — A Xy G is an isomorphism
in terms of injective representations as in the next definition.

DEFINITION 5.2. Let (A4, a) and (B, 8) be G-C*-algebras and let ¢ : A < B be
a G-equivariant inclusion. Then a covariant representation

(m,u) : (A, G) — B(H)

is called G-injective with respect to ¢ if the dashed arrow below

B
A—T- B H)
can be filled in with a ccp G-map o (here B(H) is equipped with the G-action Adu).

We say that (m,u) is G-injective if it is G-injective with respect to any
G-inclusion ¢ : A — B of A into a G-C*-algebra B.

We need the following generalization of |26, Lemma 4.8].

LEMMA 5.3. Let A be a G-C*-algebra, and (o,u) : (A,G) — B(H) be a pair
consisting of a ccp map o and a unitary representation u satisfying the covariance
relation

o(atg(a)) = ugo(a)u
for alla e A and g € G. Then the integrated form

oxu:C.(G,A) — »—>J 9))ug dg

extends to a ccp map 0 X u: A Xpax G — B(H

PrOOF. The ccp G-map o : A — B(H) necessarily takes image in B(H),,
and by [24, Theorem 4.9, (5) = (6)] it then descends to a ccp map o Xmax G :
A Xmax G — B(H): Xmax G, with respect to the action Adu : G — Auwt(B(H).)

IThis can fail if G is not exact: see |25, Lemma 4.7).
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given by conjugation with u. Composing o Xmax G with the integrated form id x u :
B(H). Xmax G — B(H) of the covariant pair (id, u) gives the ccp map o xu. O

The following proposition extends [26, Theorem 4.9], where the same result
has been shown for actions of discrete groups. Although the proof is almost the
same as in the discrete case, we include it for completeness.

PROPOSITION 5.4. Let t: A — B be an inclusion of G-C*-algebras (A, «) and
(B, ). Then the following are equivalent:

(1) the descent L Xpax G 1 A Xinax G — B Xmax G is injective;

(2) every nondegenerate covariant representation (w,u) of (A, G, a) on some
Hilbert space H is G-injective with respect to the inclusion v : A — B;

(3) there exists a mnondegenerate covariant representation (mw,u) of (A, G, a)
which is G-injective with respect to v : A — B and which has a faithful
integrated form ™ x u : A Xy G — B(H).

PRrROOF. Assume (1)), and let (7, u) : (4,G) — B(H) be a covariant represen-
tation. We must show that the dashed arrow below can be filled in with a ccp
G-map

(5.1) B

N
N
L N
N
A

A—" > B(H) .

Let A and B be the unitizations of A and B and let % : A — B(H) and 7: A — B
be the canonical (equivariant) unital extensions. It will suffice to prove that the
dashed arrow below

B

N
. AN
AN
' N

A—%5 B(H)

can be filled in with an equivariant ccp map; indeed, if we can do this, then the
restriction of the resulting equivariant ccp map B — B(H) to B will have the
desired property.

Since the descent ¢t X G : A Xpax G — B Xpmax G of ¢ is injective by assumption,
it follows from this and the commutative diagram

00— B Xmax G —> B Xmax G —> C Xppax G —> 0

| |

00— A Xpax G — A Xpax G —— C xypax G —> 0

of short exact sequences that the map
Tx G A xpax G — B Xmax G

is injective as well. From now on, to avoid cluttered notation, we will assume that
A, B, m and ¢ are unital, and that the map ¢t x G : AXpax G — B Xy G is injective;
our goal is to fill in the dashed arrow in line ((5.1)) under these new assumptions.



54 5. THE WEAK CONTAINMENT PROPERTY AND COMMUTANT AMENABILITY

It follows from unitality of ¢ that the map ¢t x G : A Xpax G > B Xpax G
uniquely extends to an injective #-homomorphism M (A X pax G) > M(B Xpax G).
Hence in the diagram below

M(B Xpax G)
T SN awu
1xG S

M(A X pax G)

7T><1'U,*

—— B(H)
we may use injectivity of B(H) (i.e. Arveson’s extension theorem as, for example,
in |23 Theorem 1.6.1]) to show that the dashed arrow can be filled in with a ucp
map. Any element of the form i2(g) € M(B Xmax G) is in the multiplicative
domain of 7 x u, from which it follows that the restriction ¢ of T x u to B =~
ig(B) € M(B Xmax G) is equivariant. This restriction ¢ is the desired map.

The implication = is clear, so it remains to show = (1). Let
T XU A Xpax G — B(H) be a nondegenerate faithful representation such that
there is a ccp G-map ¢ : B — B(H) that extends 7 as in . Lemma implies
that this ccp map integrates to a nondegenerate ccp map @ Xt : B Xax G — B(H).
As the diagram

B X]max G

LNGT @

A X G "5 B(H)
commutes and the horizontal map is injective, the vertical map is injective too. [
Notice that A Xpmax G = A %ip; G if and only if every G-embedding ¢: A — B

satisfies the equivalent conditions in Proposition [5.4] Hence we get the following
immediate consequence, which we record for ease of future reference:

COROLLARY 5.5 (cf. [26| Corollary 4.11]). For a G-C*-algebra A, the following
are equivalent:
(1) A XmaXG =A Ninj G,’
(2) every nondegenerate covariant representation (mw,u) is G-injective;
(3) there is a G-injective nondegenerate covariant representation that inte-
grates to a faithful representation of A Xmax G.

Moreover, if G is exact, xin; may be replaced by Xieq in the above. (]

In order to connect the above observations to amenability, we need the following
extension of [26, Lemma 4.12] from discrete to locally compact groups.

LEMMA 5.6. Let A be a G-C*-algebra and let (m,u): (A,G) — B(H) be a
nondegenerate G-injective covariant pair. Then for any unital G-C*-algebra C
there exists a ucp G-map ¢ : C — w(A) < B(H).

PROOF. Let G act diagonally on C® A and consider the canonical G-embedding

i A>MC®A),; a—1Qa.
Then G-injectivity of 7 yields a ccp G-map ¢: M(C® A), — B(H) with poi = m.
Say now (hy) is an increasing approximate unit for A. As ¢ is ccp, we see that for

any k
1

\Y

(1) = p(1® hi) = @(i(hi)) = m(hg).
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As mw(hg) — 1 strongly, the above inequalities force p(1) = 1, so ¢ is ucp. We now
consider the canonical G-embedding j: C - M(C®A)., ¢ — c®1, and then define
¢: C — B(H) by ¢(c) := ¢(j(c)). It remains to show that ¢(C) < w(A)". However,
since @ 04 = 7 is a homomorphism, the image of 4 lies in the multiplicative domain
of ¢, so that

p(e)7(a) = ¢(i(c)i(a)) = p(i(a)i(c)) = m(a)d(c)- O

We are now going to introduce a notion of amenability which, at least for exact
groups G, characterizes weak containment:

DEFINITION 5.7. Let (A, a) be a G-C*-algebra. For a covariant representation
(m,u) : (A,G) - B(H), equip the commutant 7(A)" with the action Adu. Then
(m,u) is commutant amenable if there exists a net (6; : G — w(A4)") of norm-
continuous, compactly supported, positive type functions such that |6;(e)| < 1 for
all ¢ and 6;(g) — 1 ultraweakly and uniformly for g in compact subsets of G.

The G-C*-algebra (A, «) is commutant amenable if everyﬂ nondegenerate co-
variant pair is commutant amenable.

REMARK 5.8. Lemma implies that one can require instead a net taking
values in w(A)”, (but that otherwise has the same properties) without changing the
definition of commutant amenability.

In what follows, we say that a family {(7;,u;) : j € J} of covariant representa-
tions of (A, G, «) is faithful if their direct sum integrates to a faithful representation
of A Xpa.x G.

LEMMA 5.9. Suppose that (7, u) is a commutant amenable covariant represen-
tation of (A, G,a) on some Hilbert space H. Then for each f € C.(G,A) we have

Il > w(H) < [ faneac-
In particular, if there exists a faithful family {(m;,u;) : j € J} of commutant
amenable covariant representations of (A, G, ), then A Xmax G = A Xyeq G.

PROOF. Let (m,u) : (A, G) — B(H) be a commutant amenable covariant repre-

sentation. Using Remark[5.8 and Lemmal[3.14] there is a net (&) in C.(G, 7(A).) <
L?(G,m(A).) with the properties from item (2)) of Lemma For each i, define

T,: H— L*(G,H), v+~ [g~ &(g)v].
A direct computation shows that for all ¢ € I we have
|Tiv])? = v <& |€dniayvie < o]
Thus |T;|| < 1 for all i € I. More direct computations show that the adjoint of T;
is given by
T7(n) = L &i(9)*n(g) dg
for ne C.(G, H).
Now, via Fell’s trick, the covariant pair (n ® 1,u® ) : (A, G) — B(L*(G, H))
integrates to A x4 G. Consider the net of contractive completely positive maps
¢; : B(LA*(G,H)) — B(H); b TFbT;.

2We will see in Proposition below that it suffices for the universal representation to be
commutant amenable.
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For f € C.(G,A) € A xpax G and v € H we compute:
Pi(T®1) x (u@N)(f))v =T ((r®@1) x (u@ N (/)T

(J f &l (9))ugi(g™ h)dgdh)

Let Adu be the action on m(A)’, and AA9% the induced action on L?(G,7(A)") from
Definition Using that &; takes values in w(A)’, we get

@«W®UN(WDMU»=J;ﬂﬂ®)<L&Mﬁ%&@]hmzﬁ)%dg
- [ AU @HEIN " eay g o

As (& )\gAd“&}ﬂ( 4y converges weakly to 1 uniformly for all g in compact subsets of
G, and as multiplication is separately weakly continuous, we get weak convergence

¢i((m®1) x (u@N)(f)) — (7 = u)(f).

As weak limits do not increase norms and as each ¢; is contractive, this implies
|(m > w)(f)]| < limsup [¢; (1@ 1) x (u@A)(f))]
1—00

<[(m@1) x (w@N) () < Iflax.cac
which completes the proof. [

Here is the main result of this section. Note in particular that commutant
amenability characterizes weak containment for actions of exact groups.

PROPOSITION 5.10. Let (A, ) be a G-C*-algebra. Consider the following state-
ments:

(1) « is amenable;

(2) « is commutant amenable;

(3) there exists a commutant amenable, covariant representation (m,u) of
(A, G, ) such that ™ X u : A Xyax G — B(H) is faithful;

(4) « has the weak containment property.

Then
=@=0-=0@.
Moreover, if G is exact, we also have = .

PROOF. Suppose that holds and let (mw,u) be a nondegenerate covariant
representation of (4,G,«). By Proposition there exists a normal surjective
G-equivariant #-homomorphism ® : A” — w(A)”. Surjectivity implies that ® re-
stricts to a unital *-homomorphism &, : Z(A”) — Z(w(A)") < w(A)’. Thus if
(0; : G — Z(A")) is a net of compactly supported positive type functions imple-
menting amenability of « it follows that (® 00 1mplements commutant amenabil-
ity of (m,u), hence . The implication is trivial and . . follows
from Lemma [5.9] above.

Assume now that G is exact. Then and Corollary imply that every
nondegenerate covariant representation (7w, u) is G-injective, so Lemma implies
that there exists a G-equivariant ucp map @ : Cyp(G) — w(A)’. As G is exact,
[61, Proposition 2.5] implies that the action on Cy,(G) is strongly amenable as
in Definition i.e., there exists a net (n; : G — Cyup(G)) of norm-continuous,
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compactly supported, positive type functions such that |[n;(e)| < 1 for all ¢ and
ni(9) = l¢,,(e) in norm and uniformly on compact subsets of G. But then (® o
7;) is a net of w(A)’-valued positive type functions that implements commutant
amenability of (m,u). O

REMARK 5.11. We have seen in Section [3.2] that our notion of amenability
enjoys some desirable permanence properties like passage to ideals and quotients.
It is also not difficult to see from the definition that commutant amenability passes
to quotients and ideals. In particular, since commutant amenability implies the
(WCP) by Proposition above, it follows that commutant amenability of a
G-C*-algebra A implies its inner exactness in the sense that the sequence

0—>I><1redG—>A><lredG—>(A/I) NredG_’O

is exact for every G-invariant ideal I < A.

On the other hand we will see in Theorem [5.16] below that if A is amenable then
A ®umax B is amenable for any B; this property fails for commutant amenability, as
will follow from our examples in Section [5.3] below.

We conclude this section by showing that in order to check commutant
amenability one does not have to study all representations: indeed it suffices to
just look at cyclic representations, or just at the universal representation. We were
motivated to show this by a question of Ruy Exel.

First, we record a basic lemma about permanence properties.

LEMMA 5.12. Let (A,a) be a G-C*-algebra. Then the class of commutant
amenable covariant representations of (A, «) is closed under taking subrepresenta-
tions, and under taking arbitrary direct sums.

PROOF. Let (o,v) be a subrepresentation of (m,u), where the latter acts on
some Hilbert space H. Assume that (7, u) is commutant amenable, and let (6; :
G — w(A))ier be a net implementing its commutant amenability. As (o,v) is
a subrepresentation of (mw,w), there is a G-invariant projection p € mw(A)" such
that (o,v) is the restriction of (mw,u) to pH. In particular, the corner pm(A)'p
identifies canonically with o(A)’. Using this identification, the functions defined by
g — pb;(g)p implement commutant amenability of (o,v).

Let now (7;,u;)jes be an arbitrary family of representations of (A, G), all of
which are commutant amenable, and let (7, u) be their direct sum. For each j € J,
let (953 )G - 7i(A) )icr, be a net implementing the commutant amenability of
(mj,uj). For each finite subset F' of I and each tuple i:= (i;)jer € [ [;cp I}, define
0pi: G — m(A) by taking the direct sum

Do G- DAy
jeF jeF
and composing with the canonical inclusion
D mi(4) = m(4Y.
jeF
Let A be the collection of pairs A = (F,i) where F is a finite subset of J, and
i€ [[jcplj. Define a (directed) partial order on A by stipulating that (Fi) <
(F',i") if F < F', and if for all j € F, the j'* entry of i is at most the ;" entry
of i’. Then the net (6))rea implements commutant amenability of the direct sum
representation; we leave the direct checks to the reader. O
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For the next result, recall from Section [3.3] that we call a covariant representa-
tion (m,u) of (A, G) cyclic if the integrated form 7 x u is cyclic as a representation
of A Xpax G.

PROPOSITION 5.13. Let (A, ) be a G-C*-algebra. The following are equivalent:

(1) (A, ) is commutant amenable;
(2) all cyclic covariant representations of (A, a) are commutant amenable;
(3) the universal covariant representation of (A, a) is commutant amenable.

PrOOF. The implications = and = hold by definition. Any
representation is a direct sum of cyclic representations, so = by Lemma
m Finally, = by Lemma as any cyclic representation is (unitarily
equivalent to) a subrepresentation of the universal representation by definition of
the latter. (]

5.2. Applications of the Haagerup standard form

A von Neumann algebra M admits an essentially unique Haagerup standard
form: this is a representation of M such that the relationship between M and M’
has particularly good properties, and that is covariant for a unitary representation
of the group of automorphisms of M with the point-ultraweak topology. Crucially
for us, a Haagerup standard form exists even for possibly non-countably decompos-
able von Neumann algebras such as A”. In this section, we exploit the Haagerup
standard form to improve the results of the previous section. In particular, we will
see that commutant amenability and amenability coincide for actions on commu-
tative C*-algebras, and we will also show that amenability is characterized by the
weak containment property of A ®max A°P for actions of exact groups.

The idea to use Haagerup standard forms for the study of amenable actions
is due to Matsumura [55], and was also exploited by the current authors in [26]
Section 5] for actions of discrete groups.

The following theorem records the consequences of the Haagerup standard form
that we will need: see [41] Theorem 2.3 and Corollary 3.6]. For the statement, for
a G-C*-algebra A, let (A°P, a°P) denote its opposite C*-algebra equipped with the
G-action a°P that agrees with « as an action on the underlying set.

THEOREM 5.14 (Haagerup). Let (A, «) be a G-C*-algebra. There exist faithful
normal representations w of Al and w°P of (A°P)!., on the same Hilbert space H
together with a strongly continuous unitary representation u : G — U(H) such that
the following are satisfied:

(1) (w,u) is covariant for (AL,G,a") and (7°P,u) is covariant for
((Aop):;op’ G, (aop)”);
(2) w(A) = 7P (AP )on) and 7P(APY = m(AL).
Moreover, if A is commutative, we have w(A) = w(A)" = Al. O

The equivalence of and as in the next theorem is due to Matsumura
[55 Theorem 1.1] for G discrete and exact and A = C(X) commutative and unital.
Matsumura’s result has been extended by the authors to actions of discrete, exact
G on possibly non-unital A = Cy(X) in |26, Theorem 5.2]. Here we give a version
which works for actions of general locally compact groups.

THEOREM 5.15. Let (A, G, a) be a G-C*-algebra with A = Cy(X) commutative
and consider the following statements:
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(1) the underlying action G —~ X is topologically amenable;
(2) « is strongly amenable;

(3) o is amenable;

(4) « is commutant amenable;

(5) « has the weak containment property.

Then
D@ =@=0-

If, in addition, G is exact, all five properties are equivalent.

Only the relationships between the last three properties are new: (1)) < is
well-known (see Proposition above), and the equivalence < (3) is a deep
recent result of Bearden and Crann Corollary 4.14]. We include and
only for ease of reference.

PrOOF. As discussed above, we only need to discuss the implications between
, and . Propositiongives = = . To see = observe
that (4]) implies in particular that the Haagerup standard form representation (7, u)
is commutant amenable. For A commutative, we have w(A) = A? = Z(Al),
hence commutant amenability of (m,u) implies amenability of «. If G is exact,

Proposition gives (B) = (4). O

We now move on to noncommutative G-C*-algebras. For arbitrary
G-C*-algebras we get the following application of the Haagerup standard
form: this result extends Matsumura’s Theorem 1.1], where the equivalence of
(1) and is shown for G discrete and A unital and nuclear.

THEOREM 5.16. Let (A, ) be a G-C*-algebra and consider the following state-
ments:

(1) (A, ) is amenable;

(2) for every G-C*-algebra (B, ) the diagonal action (A ®max B,a ® B) is
amenable;

(3) for every G-C*-algebra (B, 3) the diagonal action (A Qmax B,a ® ) is
commutant amenable;

(4) the diagonal action a ® a°® : G — Aut(A Qmax A°P) is commutant
amenable;

(5) a® a°P satisfies the weak containment property.

Then
D=@=B=B=0

and if G is exact, all these properties are equivalent.
Proor. The map
®:A > MAQmax B); ®(a)=a®1

is a nondegenerate G-equivariant *-homomorphism whose extension to enveloping
G-von Neumann algebras (see Proposition preserves centres. Thus it follows
from Lemma that « amenable implies @ ® S amenable, whence = .
Proposition shows that amenability always implies commutant amenability,
whence = . The implication = is trivial. Moreover, (4) = (b)), and
also = in the case that G is exact, follow from Proposition

Thus to complete the proof, we need to show = . If (7, u) and 7°P are
as in the Haagerup standard form, we obtain a covariant representation (7 x 7P, u)
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of (A ®max A°P, G, a® a°P) into B(H) such that (7 x 7°P)(a ® b) = 7(a)7w°P(b) for
all a € A and b e A°P. Then implies that (7 x 7°P,u) is commutant amenable.
It follows then from the properties of m and 7°P that

(1 % T)(A ®max A%P) = 7(A) A 1(APY = 1(A) A w(A)" = Z(x(A)") = Z(A"),

hence commutant amenability of (7 x 7°P, u) implies amenability of « as required.
O

As we will want to refer back to it below, we record the following corollary of
Theorem and Proposition [5.10)

COROLLARY 5.17. Let (A, «) be a G-C*-algebra with G exact. Then the fol-
lowing are equivalent:

(1) (A,«) is amenable.
(2) For every G-C*-algebra (B, ), the diagonal action a ® 5 on A Qmax B
has the weak containment property. ([l

REMARK 5.18. In [7] Anantharaman-Delaroche defined an action (A4, ) of G
to be weakly amenable, if for every G-C*-algebra (B, 3)

(A ®min B) X a®B,max G = (A ®min B) X a®B,red G.

Clearly this is closely related to Corollary especially as Anantharaman-
Delaroche also mentioned that there was no particular reason to choose the
minimal tensor product rather than the maximal one in her definition.

As an application of Theorem [5.16 and Corollary we conclude this section
by showing that amenability of an action (A, «) of G passes to the restriction of
the action to an ezact closed subgroup H of G. At first sight, this statement
looks trivial, since if (6; : G — Z(AL)) is a net of continuous compactly supported
positive type functions which implement amenability of (A, a), then the net (6, :
H — Z(Al)) certainly implements amenability of the action of H on A, which
implies amenability of a|y as long as we know A” w = A?. This is true if H is
open in G, since then the H-continuous states of A coincide with the G-continuous
ones, hence both algebras have the same predual.

In general, it follows from the universal property of AZ‘H that the identity of
A extends to a normal surjective *-homomorphism qp : A? Pl A” | but this map
is not always injective. For example, if G acts on A = Cy(G) by the translation
action 7, then Co(G)? = L*(G) as already observed before. But if H = {e}, we
get CO(G)ZI{E} = Cy(G)** which, as observed before, differs from L*(G) if G is not
discrete. However, using Theorem [5.16] we can show the following.

PROPOSITION 5.19. Suppose that oo : G — Aut(A) is an amenable action and
that H is an open, or exact and closed, subgroup of G. Then the restriction a|g :
H — Aut(A) is amenable as well.

While this paper was under review, Ozawa and Suzuki |61, Corollary 3.4]
showed that the result holds true even without the exactness or openness assump-
tions on H using a different argument.

Proor. By the above discussion, we may assume that H is exact. By Theorem
[E.16 it suffices to show that

(52) (A ®max Aop) N max H > (A ®max Aop) N red H
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via the regular representation. To see this we first observe that amenability of «
implies that the diagonal action o ® a®® ® 7 of G on A Qmax A°° ® Co(G/H) is
amenable as well, where 7 : G — Aut(Cy(G/H)) is given by left translation. As a
consequence, we have

(53) (A ®max Aop ® CO(G/H)) N max G = (A ®max Aop ® CO(G/H)) Xred G

via the regular representation. Now by Green’s imprimitivity theorem (e.g., see
the discussion after [31, Theorem 2.6.4]) there is a canonical equivalence bimodule
X G (A @max A°P) which implements a Morita equivalence

(A ®max A°P ® OO(G/H)) N max G ~M (A ®max Aop) Nmax H

and which factors through an equivalence bimodule X 2 (A®max A°P)req which gives
a Morita equivalence for the reduced crossed products

(A ®max A°P ® CO(G/H)) ANred G ~M (A ®max Aop) Ared H.

The isomorphism (5.2)) then follows from the isomorphism (5.3) and the Rieffel
correspondence between ideals in Morita equivalent C*-algebras (see [68], Theorem
3.1]). O

5.3. Weak containment does not imply amenability

In this section, we present an example of a non-amenable action o : G —
Aut(A) of a locally compact group G on the C*-algebra A = K(H) of compact
operators such that A Xp.x G = A X,eq G. Thus the weak containment property
(WCP) is not equivalent to amenability in general. The groups involved in our
construction are concrete: for example, one could use G = PSL(2,C). As this
group is exact, and as for actions of exact groups the (WCP) is equivalent to
commutant amenability, our construction also shows that commutant amenability
is strictly weaker than amenability. Our example will also show that the (WCP)
(or commutant amenability) for a G-C*-algebra (A, G, «) does not generally pass
to the restriction (A, H, a|p) to a closed subgroup H of G, answering a question of
Anantharaman-Delaroche |7, Question 9.2 (b)].

We do not have an example of a non-amenable action with the weak contain-
ment property where the acting group is discrete. We shall also see below that our
construction is unlikely to produce anything interesting in that case, so the discrete
case remains quite open.

In order to prepare our example, we need to recall some basic facts on circle-
valued Borel 2-cocycles w : G x G — T, the corresponding maximal and reduced
twisted group algebras C¥ ., (G,w) and C} (G, w), and their relations to actions of
G on the compact operators K(H) and their crossed products. As references for
more background and details, we suggest [30] and [31] Section 2.8.6]. Throughout
this section we assume that our groups are second countable and that H is a
separable Hilbert space.

Recall that a circle-valued Borel 2-cocycle on G is a Borel map w: G x G — T
such that

(5.4) w(g, hw(gh,l) = w(g, hl)w(h,l) and w(g,e) =1=uw(e,g)

for all g, h,l € G, where e denotes the neutral element of G. We write Z2?(G,T) for
the set of all such Borel cocycles. Two cocycles w,w’ are equivalent if there exists
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a Borel function ¢ : G — T such that

(5.5) w'(g,h) = p(g)e(h)e(gh)w(g, h)
and we write H?(G,T) for the set of equivalence classes [w] for w € Z?(G,T). Note
that pointwise multiplication of cocycles induces a group multiplication on Z2(G, T)
and H?(G,T), respectively.

An w-representation for a cocycle w € Z?(G, T) is a weakly Borel map v : G —
U(H) into the unitary group of a Hilbert space H such that

vgup = w(g, h)vg, Yg,h e G.
The regular w-representation \* : G — U(L*(G)) is defined by
(A€)(h) = w(g. g™ h)E(g™ h).

The w-twisted L'-algebra L' (G, w) consists of the Banach space L (G) (with respect
to Haar measure) with w-twisted convolution and involution given by

f1 %0 f2(g) = L f1(h) f2(h " g)w(h, k™ g) dg and f*(g) = A(g™w(g. g~ ) flg~),

for f, f1, fo € L*(G) and g € G. Every w-representation v : G — U(H) integrates
to give a #-representation v : L'(G,w) — B(H) via

o(f) = L f(g)vy dg,

and the assignment v — ¥ gives a one-to-one correspondence between w-represen-
tations of G and nondegenerate s-representations of L' (G, w).

The maximal twisted group algebra C*,. (G,w) is the enveloping C*-algebra
of LY(G,w), i.e., the completion of L'(G,w) by the C*-norm | f|max = sup, [5(f)],
where v runs through all w-representations of G. The reduced twisted group algebra
C* (G, w) is the completion of L' (G,w) by the reduced norm | f|;eq = H;\\‘f’(f)H Up
to isomorphism C¥ . (G,w) and C¥ ,(G,w) only depend on the cohomology class
[w] € H2(G,T): if ¢ : G — T implements an equivalence between w and w’ as in
, the map f — @f, f € L*(G,w), extends to an isomorphism of the twisted
group algebras.

Every w-representation v : G — U(H) (and in particular v = A\*) determines
an action a® := Adv : G — Aut(K(H)). Following |30, Section 3], let Brg({pt})
denote the equivariant Brauer group, which consists of all Morita equivalence classes
(equivalently by [30, Lemma 3.1], stable outer conjugacy classes) of actions « :
G — Aut(K(H)) with multiplication given by [a] - [8] = [a ® 5]. It follows from
[30, Lemma 3.1 and Section 6.3] that, up to stable outer conjugacy, a* only
depends on the class [w] € H?(G, T), and that the map

H*(G,T) - Bra({pt}); [w]— [a*]

is an isomorphism of groups.

If we Z%(G,T) is a 2-cocycle, its inverse in Z%(G,T) is given by the complex
conjugate @ of w, and if v : G — U(H) is an w-representation, we get an action
a¥ = Adv: G — Aut(K(H)) of G on the compact operators K := K(H) such that

(5.6) C* (Gw) QK =K Xmax G and  C* (G, w) QK = K %y04 G

max
where both isomorphisms are extensions of the map

L(G.w) O K = LYGK); f@k (g flg)kv})
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(e.g., see [31, Remark 2.8.18 (1)]). Conversely, since every action of G on K(H)
is implemented by some @-representation for some Borel cocycle w € Z2(G,T)
(compare [31, pages 76-77]), we see that crossed products of group actions on
K(H) always correspond to twisted group C*-algebras. As a direct consequence we
get the following

OBSERVATION 5.20. Assume that w is a circle-valued Borel 2-cocycle on the
locally compact group G. Then C¥ . (G,w) = C¥ ,(G,w) via the regular represen-
tation A% if and only if K Xqo max G = K X 4o red G via the regular representation.

The next observation follows easily from the definition of amenability together
with the fact that for any action o : G — Aut(K(H)) we have K(H)! = K(H)** =
B(H) and Z(B(H)) = C.

OBSERVATION 5.21. An action « : G — Aut(K(H)) of a locally compact group
G on the algebra of compact operators on a Hilbert space H is amenable if and
only if G is amenable.

Thus, if we combine the above observations, in order to produce a non-
amenable action o : G — Aut(K(H)) that satisfies the (WCP), it suffices to find
a non-amenable group G and a circle-valued 2-cocycle w : G x G — T such that

Cf ax (G w) = C* (G,w) via the w-regular representation A“.

In order to find such examples, we now consider central extensions
1-7Z—->L->G-1

of second countable locally compact groups. In this situation the maximal group
C*-algebra C¥ . (L) carries a canonical structure of a Cy(Z)-algebra via the struc-

ture homomorphism
®: Co(2) = C*(2) » ZM(ClunD)s ¥(F) = | F)inl:

thrc fe Co(Z) denotes the Fourier transform of f € C.(Z) € C*(Z), and where
: L - UM(CE, (L)) is the canonical homomorphism. It follows from |74,

Pr0p0s1t10n C.5] that the fibre Cf, (L), over a character x € 7 is the quotient of
Ck (L) by the ideal

(5.7) I, :=ﬂ{kerﬂ:uei,u|z=x-1Hu}.

Composing ® : Co(Z) — ZM(C

* (L)) with the regular representatlon induces a

similar Cy(Z)-algebra structure on C* ;(L) and if 7 is dlscret (i.e. Z is compact),
the fibre C* (L), at x € Z is the quotient

Clea(D)x = Cla(L)/LE = O (L) /(ker g + L) = O (L) /ax (ker Ar)
with
(5.8) I;ed = ﬂ {kerﬂ cueLuly=x-1pg,,u< AL} c CEL(D),
and where ¢, : CF, (L) — CF

%  ax(L)y denotes the quotient map.

3This is also true for general Z if G is exact: the key points are the Packer-Raeburn stabi-
lization trick |63 Proposition 1.1] and the work of Kirchberg and Wasserman |50, Theorem 4.2]
relating exactness to continuous fields; as we will not need this, we do not provide more details.
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If Z is compact (we will actually only use the case that Z is finite), we get
direct sum decompositions

(59) C:;lax(L) = @ CIT]&X(L)X and ;ked(L) = @ ;ked(L)X'

X€Z xX€Z

The fibres C¥,, (L), and C¥ (L), have alternative descriptions as twisted group
algebras. This well-known fact, which goes back to Mackey’s analysis of unitary
representations for group extensions, can be deduced, for example, from |63, The-
orem 1.2] (see also |35, Lemma 6.3]), but in order to give a complete picture, we
present the main ideas below.

First we choose once and for all a Borel cross-section ¢ : G — L for the quotient
map ¢ : L — G such that c(eg) = er, (such a cross-section exists by |11, Theorem
3.4.1], for example). Then each character y € 7 determines a 2-cocycle w, : GXG —

T by
wy(g,h) = x(c(g)e(h)e(gh) ™), g,heG.

The following lemma is a special case of [49 Theorem 4.53], but can be traced back
to Mackey [54].

LEMMA 5.22. For x € 2, let wy be as above. Then for every Hilbert space H,
the assignment

U—>v:=uoc

gives a one-to-one correspondence between the unitary representations v : L —
U(H) which restrict to x - 1y on Z and the wy -representations v: G - U(H). O

REMARK 5.23. If x € 27 then, using the Borel section ¢ : G — L, the induced
representation Indg X in the sense of Mackey and Blattner (e.g., see |31, Section
2.7] for the definition in this setting) can be realized on the Hilbert space L?(G) by
the formula

(5.10) (IndZ x(c(9)2)€) (h) = x(2)wx (9.9 *h)é(g™*h) g,heG,z€ Z.

Indeed, if H, = F, is the Hilbert space of the induced representation as defined pre-
ceding [31} Proposition 2.7.7], then the map u : F,, — L*(G); £ — £oc extends to a
unitary intertwiner between Blattner’s realization of Indé x and the representation
defined by the formula .

It follows that Indé X corresponds to the wy-regular representation A*x under
the correspondence of Lemma above. In particular, if Z is compact, the regular
representation of L decomposes as the direct sum D, zA“x under the direct sum

decomposition in (5.9)).

The proof of the next proposition follows along the lines of [63 Theorem 1.2]
(see also [35 Lemma 6.3]). Since every irreducible representation of L restricts to a
multiple of some character y € A , the statement for the maximal group algebra can
be deduced from Lemma and a straightforward computation. The statement
for the reduced group C*-algebra C (L) follows in a similar way by using Remark
and [31, Lemma 2.8.13].

PROPOSITION 5.24 (cf |63, Theorem 1.2]). Let 1 - Z - L - G — 1 be a
central extension of second countable groups, and for each x € Z let wy, € Z%(G,T)
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be the cocycle determined by x and the Borel cross-section ¢ : G — L. Then the
map

px : Col(L) — L}(Gwy); j fle
~C

max(

extends to a surjective x-homomorphism ¢, : G,wy) with kernel

I, and therefore induces an isomorphism
C;l;lax( ) = OrTnx(G7wX)'

Similarly, if Z is compact (or G is exact), the map @, induces an isomorphism

Cria(L)y = Cka(Grwy). ]

max

We are now ready to formulate the following principle:

PROPOSITION 5.25. Suppose that 1 - Z — L — G — 1 is a central extension
of second countable groups such that Z is compact (or G is exact). Suppose further

that G is not amenable and there exists a character x € Z such that the following
holds:

(Z) Ewery irreducible unitary representation u: L — U(H) of L that restricts
to x -1y on Z is weakly contained in the reqular representation A\ of L.

Then C (G, wy) = C% (G, wy) via the wy-reqular representation Ax . In partic-

ular, there exists a non-amenable action aX : G — Aut(K(H)) such that
K(H) Xmax G = K(H) Xyeq G
via the reqular representation.

PROOF. If y € Z is such that property (Z) holds for x, then it follows from
the description of the fibres Cffmx( )x and Cy(L)y as quotients of CF,, (L) by the
ideals described in and (| that the regular representation Ay : C* (L) —
C# 4(L) induces an isomorphism Clax(L)y = CX (L)y. The result then follows

from Proposition [5.24] together with Observations [5.20] and [5.21} O

We are grateful to Timo Siebenand for helpful discussions towards the follow-
ing example for a central extension satisfying all the assumptions of the above
proposition.

ExXAMPLE 5.26. Consider the central extension
1— Cy - SL(2,C) - PSL(2,C) — 1

where Cy denotes the cyclic group of order two sitting in SL(2, C) via +1 with I the
identity matrix. Write N for the positive natural numbers, and Ny for Nu {0}. The
representation theory of SL(2,C) is well known and, following [39 Chapter II], a
complete list of (equivalence classes) of irreducible representations of SL(2,C) can
be parametrized by the parameter space P consisting of the disjoint union of the
following subsets of Ny x C:

P = [N x iR]| u [{0} x i[0,00)] U [{0} x (0,1)] U {(0,2)}.

If (0,2) # (n,s) € P, the corresponding irreducible representation u(™*)
SL(2,C) — U(H,,)) acts on a Hilbert space H, ;) consisting of certain functions
¢ : C — C by the formula

(11)  (u (25)€)(2) = (b2 + ) oz + a2

CLZ+C)
bz+d/’
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The point (0,2) € P parametrizes the trivial representation of SL(2,C). It has
been shown by Lipsman in [53] that the only representations in this list which are
not weakly contained in the regular representation \ are the trivial representation
(with parameter (0,2)) and the representations u(®*) with ¢ € (0,1). But formula
(5.11)) easily shows that all these representations restrict to a multiple of the trivial
character of Cy. Hence it follows that the non-trivial character y of Cs satisfies all
assumptions of Proposition [5.25]

A similar direct approach, using the well-known representation theory of
SL(2,R), shows that the central extension 1 — C — SL(2,R) — PSL(2,R) — 1
together with the non-trivial character of Cy also gives an example satisfying the
assumptions of Proposition [5.25

REMARK 5.27. We should point out that the above example does not contradict
Theorem Indeed, if w € Z%(G, T) and o = Ad\* : G — Aut(K) is a corre-
sponding action on K = K(L?(G)) under the isomorphism H?(G,T) =~ Brg({pt}),
then (a¥)°P : G — Aut(K°P) can be identified (up to stable outer conjugacy) with
a® : G — Aut(K). This follows from the fact that under the bijection 7' — T°P
from K — K°P we get

QGP(TP) = (N TG ) = (X5-)PTP(X5)°P
and that g — v, 1= (A2.1)°P is a W-representation for the cocycle
O(g,h) =wh™t,g7Y) g, heq,

which is equivalent to @ (e.g., see [18 p. 989]). But then the diagonal action
¥ ® (a¥)°P ~ a* ® a¥ corresponds to the trivial cocycle 1 = w - @w. Therefore
o ® (a¥)°P represents the trivial class in the Brauer group Brg({pt}) and hence is
Morita equivalent to the trivial action of G on IC(H). However, the trivial action on
a non-zero C*-algebra A satisfies the (WCP) if and only if G is amenable: indeed,
one has canonical surjections

A Xid,max G=A ®max cx

max

(G) > A®CH

max

(G) > A® Cry(G) = A Xiqread G

and if the action has the (WCP) all these maps must be isomorphisms, which forces
the canonical quotient C%, (G) — C¥ ,(G) to be an isomorphism, too. It follows

in particular that for the actions « : G — Aut(K) constructed by the principle in
Proposition [5.25] the actions a ® a°P never satisfy the (WCP).

A similar construction of actions on K = K(H) of a non-amenable discrete
group I' seems to be unlikely, due to the following observation:

PROPOSITION 5.28. Suppose that T is a discrete group which contains a copy
of the free group Fo in two generators. Then, for every action o : T' — Aut(K) the
regular representation A : K Xpmax I' = K Xy0q I ds not faithful. Hence (K, «) does
not satisfy the (WCP).

For the proof we need:

LEMMA 5.29. Suppose that « : G — Aut(A) is an action of the locally compact
group G on the C*-algebra A and let H € G be an open subgroup of G. If (A, )
satisfies the (WCP), then so does (A, a|m).
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PrOOF. This follows from the commutative diagram

Aa,m)
—

A N'max o A Ared o
Ao
AXImaxG — AxredG
together with the fact that the vertical arrows are faithful, since H is open in G,
and the lower horizontal arrow is faithful if (A, ) satisfies the (WCP). O

PROOF OF PROPOSITION [5.28 Assume that « : I' — Aut(K) is an action
which satisfies the (WCP). By assumption, I' contains the free group Fy. Thus
it follows from Lemma that the restriction of a to Fy < T also satisfies the
(WCP). Since every automorphism of K = IC(H) is of the form Adu for some
u € U(H), it follows from the freeness of F5 that there exists a unitary representation
u : Fo — U(H) such that oy = Adu, for each g € Fo. But then « is Morita
equivalent to the trivial action. Since F5 is not amenable, it follows as in Remark
above that a does not have the (WCP). d

We now discuss applications to restricted actions. In [7, Question 9.2 (b)]
Anantharaman-Delaroche asked: if (A, G,a) is a G-C*-algebra with the (WCP),
and if H is a closed subgroup of G, then does (A, H, «|x) also have the (WCP)?
We will use our work above to give two examples showing that the answer is no.

Here is our first source of examples where the (WCP) does not behave well
with respect to restrictions. The proof is immediate from Proposition [5.28

PROPOSITION 5.30. Let (KC,G, o) be a non-amenable action with the (WCP)
as in the conclusion of Proposition[5.25, and let T be a discrete subgroup of G that

contains a copy of the free group Fo. Then the restricted action (K,T, a|r) does not
have the (WCP). O

ExAMPLE 5.31. There are many examples satisfying the condition in the state-
ment. To give a concrete example, note that using Example we may assume
that G = PSL(2,R). The fundamental group of any closed, orientable surface of
genus at least two embeds as a discrete subgroup of PSL(2,R) by the uniformiza-
tion theorem. Such a group I' always contains a copy of Fs, as is clear from its
standard presentation.

Below we give a second source of examples where the (WCP) does not behave
well with respect to restriction. This second collection of examples is perhaps even
more striking, as the subgroup in this case is just the diagonal subgroup of a product

G x G.

PROPOSITION 5.32. Let (K, G,~) be a non-amenable action of G = PSL(2,C)
or G = PSL(2,R) satisfying the (WCP) as in Example . Let A =K ® K°P be
equipped with the G x G action defined as ogpy = 74 ®7,". Let H := {(g,9) €
GxG|geG}c G xG be the diagonal subgroup.

Then (A,G x G, ) satisfies the (WCP), but (A, H, a|g) does not.

PROOF. We note first that (K°P,G,~°P) satisfies the (WCP). This follows as
the cocycle w corresponding to v°P takes values in Cy € T, and thus w equals
its complex conjugate w. As in Remark [5.27] 7°P is the action on K°P =~ K that
corresponds to @, whence (IC°P,~°P) and (K, ) are Morita equivalent.
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Note moreover that K X,eq G is nuclear (and therefore also I X pax G, KP X1eq G
and K°P X,.x G are nuclear). Indeed, using line above, K x,.q G is Morita
equivalent to C¥ ;(G,w). On the other hand, using line and Proposition
C#*4(G,w) is a direct summand of C* (L), for L = SL(2,C). Finally, note that L
is connected, whence C* ;(L) is nuclear by [28, Corollary 6.9 (c)].

Now, to see that (A, G x G, «) satisfies the (WCP), note that

A Xpax (G x G) = (K Xpmax G) ® (K Xax G)
=~ (K Xped G) ® (KP Xpeq G) = A Xyeq (G X G).

Notice that all C*-algebras involved here are nuclear, so that we do not need to
worry about the choice of maximal or minimal tensor product. On the other hand,
the restriction of the G x G-action on A to H is y®~°P which, by the non-amenability
of v (or G), does not satisfy the (WCP) by Theorem (or by Remark [5.27). O

We close this section with an application of the above results towards property
(WF3) as considered by Bekka and Valette in [16]. A locally compact group G
satisfies property (WF3) if (and only if) for every closed subgroup H and every
irreducible unitary representation v of H there exists a unitary representation u of
G such that v is weakly contained in the restriction u|gy. As pointed out in [16],
this is equivalent to asking whether the canonical *-homomorphism

Ju : Chax(H) > M(CF,.(G))

given as the integrated form of the restriction i¢|gy of the canonical map i¢ : G —
UM(CE,.(G)) is faithful for all closed subgroups H of G. Note that amenable
groups and discrete groups always satisfy (WF3) but it is shown in [16] that (WF3)
might fail in general. Indeed, |16, Theorem 1.3] shows that an almost connected
group G satisfies (WF3) if and only if G is amenable. It is an interesting problem
for a given group G to determine all closed subgroups H for which the map jg :
Ck (H) = M(Ck,. (@) fails to be injective. The following result complements

the results on lattices in SL(2,R) and SL(2,C) as given in [16] Section 5]:

THEOREM 5.33. Let ' be any nonamenable discrete subgroup of G = SL(2,R)
(resp. G = SL(2,C)) which contains the centre Z of G. Then the canonical
x-homomorphism jr : C%_ (T') - M(CE . (G)) is not injective.

max ( max

ProoF. As I' is nonamenable, it contains a free subgroup on two generators
by the Tits alternative |72, Corollary 1]. Since Cy = Z < I' we may write C_ (T')
as the direct sum C¥, . (T')1, ® Ck . (T')y as in where 1 denotes the trivial
character and y the nontrivial character of Z. With the similar decomposition of
Ct .« (GQ) as CF, (G)1, ® CE . (G)y it is easy to see that jr decomposes into the
direct sum of the two canonical *-homomorphisms

jl : C;jklax(r)lz - M(C:lax(G)lz) and jX : Crix:lax(r)x - M(CI:aX(G)X)

Thus jr is faithful if and only if both j; and j, are faithful. If o, : G/Z —
Aut(K) is the corresponding action on the compacts, faithfulness of j, translates
into faithfulness of the canonical *-homomorphism

j’l : IC ><]04>(-,11”16LX (P/Z) - M(]C >qacx,max (G/Z))
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By Example we have K Xpax (G/Z) = K Xyeq (G/Z) and hence j, factors
through the composition
K Xmax (T/2) D K %ea (T/2) = MK %rea (G/2))
which is not faithful by Proposition [5.28§ (]






CHAPTER 6

Actions on X x (G-algebras and type I C*-algebras

In this chapter we study amenability of actions on C*-algebras with particularly
good structure. Some results require separability and exactness assumptions: see
the theorems below for precise assumptions.

Very roughly, a G-space X is regular if the quotient G\X is not too wild. In
Section we discuss X x G-algebras over a regular G-space X. The key tool
used throughout Section [6.1]is Theorem [5.16} as a consequence most results of this
section require exactness of the acting group. A simple example of an X x G-algebra
with X regular occurs if H is a closed subgroup of G and we consider the G-space
X = G/H. Then, if A is an H-C*-algebra, there is an induced G-C*-algebra
Ind$ A, which turns out to be a (G/H) x G-algebra. In the special case of Ind$, A
our results imply that for G exact, (4, H) is amenable if and only if (Ind$ 4, G) is
amenable, partially generalizing a result of Anantharaman-Delaroche |6, Théoreéme
4.6] for actions of discrete groups. Another important application occurs when A
is a type I C*-algebra, and the induced action of the exact group G on A (which
need not be Hausdorff) is regular. According to a classical result of Glimm, A then
admits a sort of decomposition into Hausdorff regular G-spaces, and we use this
to show that (A, G, a) is amenable if and only if for each [7] € A, the stabilizer
subgroup G, of 7] is an amenable group.

In Sectionwe continue to study type I C*-algebras, but under the additional
assumption that A is Hausdorff. In this case, we show that (A, G) is amenable if
and only if (Co(A), G) is amenable.

Both of these characterizations of amenability for actions on type I C*-algebras
can be seen as partial generalizations of Observation above, which is the case
of an action on a type I C*-algebra with Aa single point.

6.1. Amenability of regular X x G-algebras

In this section, we study actions on C*-algebras that decompose in a good
way over a G-space X. We give applications to induced G-C*-algebras and type I
G-C*-algebras.

Recall that if X is a locally compact G-space, then a G-C*-algebra (A, «)
is called an X x G-algebra, if it is equipped with a nondegenerate G-equivariant
x-homomorphism ® : Cy(X) - ZM(A). If Ais an X x G-algebra, then for each = €
X the fibre A, of A at x is the quotient A, := A/I;, where I, := ®(Co(X ~{z}))A
is the ideal of “sections” vanishing at z. It follows from [74, Theorem C.26] that
a G-C*-algebra (A, «) has the structure of an X x G-algebra if and only if there
exists a continuous G-equivariant map ¢ : Prim(A) — X. More precisely, given
O : Co(X) - ZM(A) as above, then the corresponding map ¢ : Prim(A) — X
sends the closed subspace Prim(4,) < Prim(A) to the point z.

71
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If G, = {g € G: gr = z} denotes the stabilizer at a point x € X, then «
induces an action a® : G, — Aut(A,) via ag(a+ 1) = ay(a) + I,. In what follows,
we denote by G(x) = {gx : g € G} the G-orbit of z € X.

Recall that a topological space Z is called almost Hausdorff if every closed
subset Y of Z contains a relatively open dense Hausdorff subset U € Y, and Z is
called a Ty-space if for two points y,z € Z with y # z at least one of these points
is not in the closure of the other.

DEFINITION 6.1. A locally compact G-space X is called regular if at least one
of the following conditions hold:

(1) For each z € X the canonical map G/G, — G(x); gG, — gz is a homeo-
morphism and the orbit space G\X is either almost Hausdorff or second
countable;

(2) G\X is almost Hausdorff and G is o-compact;

(3) G and X are second countable and G\ X is a Ty-space.

To help orient the reader, let us point out that it is shown in [68] Proposition
7.1] that (2) = (I) and it follows from [40, Theorem] (see Theorem [6.5| below) that
all three properties are equivalent if X and G are second countable. For further
background on such regularity properties see [34] and [74] Section 6.1].

As an application of Theorem and Corollary We NOW prove

THEOREM 6.2. Suppose that G is an exact group, that X is a regular locally
compact G-space, and that (A,«) is an X x G-algebra. Then the following are
equivalent:

(1) o: G — Aut(A) is amenable;
(2) For every x € X the action o : G, — Aut(A,) is amenable.

For references on facts about induced representations of crossed products as
used in the proof below we refer to |31, Chapter 2] or |74].

PRrOOF. To see = we first apply Proposition to see that the re-
striction of a to G, is amenable for all x € X (note that closed subgroups of
exact groups are exact by [51, Theorem 4.1].) Since A, is a quotient of A by the
G-invariant ideal I, it follows then from Proposition[3.23]that the resulting action
on A, = A/I, is amenable as well.

For = we show that for every G-C*-algebra (B, ) the regular repre-
sentation

A (A Omax B) Nmax G— (A Omax B) Xred G
is an isomorphism. The result then follows from Corollary

Indeed, if (A,«) is an X x G-algebra via the structure map @ : Cy(X) —
ZM(A), then (A Qmax B,a® ) is an X x G-algebra with respect to the structure
map

PR1:CH(X) > ZM(A Qmax B).
Moreover, it follows from the exactness of the maximal tensor product that the fibre
(A ®max B). is isomorphic to A, Qmax B with action (a® 8)* = * ® 8 : G, —
Aut(A; ®max B). If o” is amenable, the same is true for o ® 8 by Theorem m
It follows that the X x G-algebra (A ®max B, @ ® () again satisfies all assumptions
of the theorem.

It therefore suffices to show that, under the assumptions of the theorem, the
maximal and reduced crossed products coincide. For this it suffices to show that
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every primitive ideal of A x,,« G contains the kernel of the regular representation
A A Xpax G > A xpeq G. To see this, let ¢ : Prim(A) — X be the continuous
G-map corresponding to ®. It follows then from [34, Proposition 3] that ¢ is
a complete regularization in the sense of [34, Definition 1], which then implies
(using [34, Proposition 2]) that every primitive ideal P € Prim(A4 x,ax G) can be
realized as the kernel of an induced representation Indgm (p x u), where (p,u) is
the inflation of some irreducible representation of (A, G, a,) to (A4, Gy, ). Since
oy : Gy — Aut(A,) is amenable, the representation p x u is weakly contained in the
inflation of the regular representation of (A4,,G., a") to (4, G, «), which, in turn,
is weakly contained in the regular representation of A Xy.x G,. Since induction
preserves weak containment and since the regular representation of A .« G
induces to the regular representation A of A Xyax G, we see that Indgw (p x u) is
weakly contained in A, which just means that P = ker(IndgT (p @ u)) 2 ker A and
the result follows. ' O

A trivial action of G on X is always regular, so the following is an immediate
consequence of Theorem [6.2

COROLLARY 6.3. Suppose that (A,a) is an X x G-algebra with X a trivial
G-space and that G is exact. Then « is amenable if and only if all fibre actions
o : G — Aut(A;) are amenable. O

If H is a closed subgroup of G and o : H — Aut(A) is an action, then

forallgeG,heH,}

G o  flgh) = an-1(f(9))
Ind7 (A, a) = {fer(G,A). (9)]) € Co(G/H)

and (gH > | f
is a G-C*-algebra with respect to the action
Inda: G — Aut(Ind$ (4, @));  Inday(f)(t) := f(g~').

The system (Ind%(A,a), G, Ind ) is called the system induced from (A, H,a) to
G. Note that there is a canonical G-equivariant structure map

©: Co(G/H) — Z(Indf (A ));  (2(0)f)(9) = p(9H)f(9),

which gives (Ind% (4, a), G, Ind @) the structure of a G/H x G-algebra. The evalua-
tion maps f — f(g) then identify the fibres (Ind% (A, @) gz with A and the actions
(Ind )97 : Gy = gHg™" — Aut((Ind% (4, a))ys) with a9 : gHg™' — Aut(A)
given by az hg-1 = Qh- Thus, as a direct corollary of Theorem we get

COROLLARY 6.4. Let H be a closed subgroup of the exact group G and let o :
H — Aut(A) be an action. Then the induced action Ind o : G — Aut(Ind% (A, o))
is amenable if and only if a is amenable. O

Note that for discrete groups G the above result has been shown by
Anantharaman-Delaroche in |6, Théoréme 4.6] without any exactness conditions
on G.

Before we state our next result, we need to recall a theorem of Glimm ([40,
Theorem 1)):

THEOREM 6.5 (Glimm). Suppose that the second countable locally compact
group G acts on the almost Hausdorff second countable locally compact space X .
Then the following are equivalent:

(1) G\X is a Ty space.
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(2) Each orbit G(x) is locally closed, that is G(x) is relatively open in its
closure.
(8) For each x € X the canonical map

G/G, — G(x); ¢Gp — gx

is a homeomorphism.
(4) There exists an increasing system (U,) of open G-invariant subsets of X
indezxed over the ordinal numbers v such that
(a) Uy = & and X = U,, for some ordinal vy;
(b) for every limit ordinal v we have U, =J,_, Uu; and

(c) the orbit space G\(Up4+1 \ U,) is Hausdorff for all v. O

Note that Glimm’s original theorem lists a number of other equivalent state-
ments, but the above are all we need. If G —~ X satisfies the statements of Glimm’s
theorem, we say that X is a regular G-space. Item in Glimm’s theorem implies
that this is compatible with Definition[6.1]if X is Hausdorff and G and X are second
countable.

The theorem applies in particular to actions o : G — Aut(A) of second count-
able groups on separable type I C*-algebras: in this situation the dual space A of
unitary equivalence classes of irreducible #-representations of A is almost Hausdorff
and locally compact with respect to the Jacobson (or Fell) topology as described
in [32, Chapter 3|. If & : G — Aut(A) is an action on a type I C*-algebra, then
there is a corresponding topological action G —~ A given by (9,[7]) = [moay-1]
Moreover, for each [7] € A the action « induces an action a™ of the stabilizer G
on the algebra of compact operators K(H) given by af = Advy, where v, € U(H)
is a choice of unitary which implements the unitary equivalence 7 ~ 7o« (see for
example [31, Remark 2.7.28]).

THEOREM 6.6. Let G be a second countable, exact, locally compact group. Let
(A, G, a) be a G-C*-algebra such that A is type I, and such that the induced action
on A is reqular. Then « is amenable if and only if for all 7] € A the stabilizer Gr
is an amenable group.

PrOOF. We first observe that it follows from part of Glimm’s theorem
(Theorem , that for each [r] € A the orbit G([x]) = {[ro ag] : g € G} is locally
closed in A. This implies that there are G-invariant ideals J < I < A such that
G([r]) = I//TI: just take

J=(\kerp: [p] € G([x])} and I=[) {kera  [o] € G([A]) ~ G([w])}

and use the well-known correspondences between open (respectively closed) subsets
of A with the duals of ideals (respectively quotients) of A as explained in [32]
Chapter 3]. In what follows, we shall write Ag([}) for this subquotient I/.J.

Since by Proposition [3.23| amenability passes to ideals and quotients, it follows
that amenability of a implies amenability of the induced action o™ of G on the
subquotient Ag(x)). Since G([7]) = A/GEE)’ it follows from |33, Theorem] that
(A a7} is isomorphic to the induced system (Indgﬂ (K(Hy),a™),Ind oz’T).
Thus, it follows from Corollary that a“{™]) is amenable if and only if the action
o™ G — Aut(K(H,)) is amenable, which by Observation is equivalent to
amenability of G
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So far we observed that under the assumptions of the theorem amenability of
« implies amenability of G, for all [7] € A. To see the converse, let (U,) be a
system of G-invariant open subsets of A over the ordinal numbers as in part
of Glimm’s theorem (Theorem [6.5). Then for each v there is a unique G-invariant
ideal I,, € A such that U, =~ IAL, Since A = U, = fl,\o for some ordinal number vy,
we also have A = I,,.

We show by transfinite induction that, if all stabilizers GG are amenable, then
the restrictions o : G — Aut(I,) of a to the G-ideals I, are amenable for all v. For
v = 0 we have Uy = & and therefore Iy = {0} and the result is clear. So suppose
now that 0 < v is an ordinal number such that o* : G — Aut(l,) is amenable
for all 4 < v. If v is a limit ordinal, then U, = J,_, U, from which it follows

<
that I, = J,_, I, It follows then from Proposition that o : G — Aut([,) is
amenable.

So assume now that v = p + 1 for some ordinal p. By the conditions in item
of Glimm’s theorem (Theorem the orbit space X, = G\(U, \U,) =
G\(K/TH) is Hausdorff. Therefore the G-C*-algebra A, := I, /I, has the structure
of an X, x G-algebra for the trivial G-space X,, and one checks that the fibre
actions (7)) 1 G — Aut(Ag(x))) at orbits G([7]) € X, coincide with the actions
(Ac () ozG([”])) as studied above. As seen above, these fibre systems are amenable
if and only if the groups G, are amenable. Thus it follows from Corollary [6.3] that
amenability of G for all [7] € A implies amenability of the action on A, = v/ 1.
By assumption, the action on I,, is amenable as well. Hence Proposition now
implies amenability of o : G — Aut([,). This finishes the proof. O

n<v

6.2. Actions on type I C*-algebras with Hausdorff spectrum

If (A,«) is a separable type I G-C*-algebra with Hausdorff spectrum A=X
such that the action of the second countable exact group G is regular in the sense
of the previous section, then it is an easy consequence of Theorem that « is
amenable if and only if the action on Cy(X) is amenable. We will now show with
different methods that this result holds true without any regularity conditions on
the action. Note that if A = X is Hausdorff, then A has a canonical C (X)-algebra
structure via the identification Cj,(X) =~ Z(M(A)) given by the Dauns-Hofmann
theorem (see e.g. [65] Section A.3] for more details).

THEOREM 6.7. Let a: G — Aut(A) be an action of a second countable locally
compact group on a separable type I C*-algebra A such that X = A is Hausdorff.
Then a is amenable if and only if the corresponding action on Cy(X) is amenable.

Recall that a C*-algebra A is called a continuous-trace algebra if it is type 1
with Hausdorff spectrum A and such that for every [r] € A there exists an open
neighbourhood U of [7] in A and a positive element a € A such that pla) is a
projection of rank one for all [p] € U (see e.g. [32, Proposition 4.5.3]). In this
case the ideal Ay < A satisfying Zl\U = U is Morita equivalent to Co(U). We refer
to |32, Chapter 10] or [65, Chapter 5] for detailed treatments of continuous-trace
algebras.

The proof of Theorem [6.7] will use the structure of the equivariant Brauer group
as introduced in [30], and which has been used already in the special case X = {pt}
in Section [5.3] above. For this recall that if X is a paracompact locally compact
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G-space, then the elements of the equivariant Brauer group Brg(X) are the X x G-
equivariant Morita equivalence classes [A, ] of systems (A, G, «) in which A is a
separable continuous-trace C*-algebra with spectrum A~Xanda:G— Aut(A)
is an action which covers the given action of G on X via the identification X =~ A.
It is shown in [30, Theorem 3.6] that Brg (X ) becomes an abelian group if we define
multiplication of two elements [A, «] and [B, 3] by

[4,a] - [B, ] = [A®x B, a®x ],

where A ®x B denotes the Cy(X)-balanced tensor product of A with B. This
can be defined as the quotient (A ® B)/Jx, where Jx denotes the ideal in A ® B
generated by all elements of the form

af ®b—a® fb; ae A, be B, feCyX).

The neutral element is given by the class [Co(X), 7], where 7 : G — Aut(Cp(X))
is the action associated to the given G-action on X. If X = {pt}, this just boils
down to the group of Morita equivalence classes of actions on compact operators
on Hilbert spaces as used in Section above.

LEMMA 6.8. The statement of Theorem holds true if, in addition, A is a
continuous-trace algebra.

ProOF. Theorem implies that if @« : G — Aut(A) is amenable and
B : G — Aut(B) is any action, then the diagonal action a®8 : G — Aut(A®max B)
is amenable. Since amenability always passes to quotients by G-invariant ideals
(Proposition it then follows that amenability of o also passes to diagonal ac-
tions on balanced tensor products AQx B. Thus, if @ : G — Aut(A) is an amenable
action on the continuous-trace algebra A with spectrum X = /Al, and if (B, G, ) is
a representative of the inverse class [A4,a]™! in Brg(X), then the amenable action
(A®x B,G,a ®x ) is equivariantly Morita equivalent to (Co(X),G, 7). Since
amenability is stable under G-equivariant Morita equivalences by Proposition [3.20
it follows that 7: G — Aut(Cp(X)) is amenable.

For the converse, assume that 7 : G — Aut(Cy(X)) is amenable. Then (A4, ) =
(Co(X)®x A, 7 ®x «) is amenable as well. O

The following lemma, which is possibly well known, provides a tool to reduce
the proof of Theorem [6.7] to the case of continuous-trace algebras.

LEMMA 6.9. Let (A, «) be a separable type I G-C*-algebra such that A is Haus-
dorff. Then there exists a non-zero closed G-invariant continuous-trace ideal I of

A.

PrOOF. It follows from [32, Theorem 4.5.5] that there exists a non-zero con-
tinuous-trace closed ideal J of A. Let V =J € A and let U = UgeG g-V. Then

U is a non-empty G-invariant open subset of A. Let I < A denote the G-invariant
ideal such that U = I = A. Then I is Hausdorff. Thus in order to check that I is
a continuous-trace algebra, we only need to check that for each [r] € I there exists
an open neighbourhood W of [r] and a positive element a € I such that p(a) is
a rank one projection for all [p] € W. But this follows easily from the fact that

[t] € g-V = ay(J) for some g € G and that a,(J) < I has continuous trace for all
geG@G. O
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PROOF OF THEOREM It follows from Lemmal[6.9]together with transfinite
induction that there exists an increasing system of G-invariant ideals (I,,),, indexed
by the ordinal numbers, such that A = I,,, for some ordinal pg, I, = UV<H I, for
every limit ordinal u, and for every v the quotient I,,11/I, is a continuous-trace
algebra. Likewise, if U, = I, (Co(U,)), is a system of ideals in Cp(X) with
the same properties. It follows then from a combination of Proposition [3:23] with
Proposition that o : G — Aut(A) is amenable if and only if the actions on
the quotients I,,1/I, are all amenable and, similarly, that the action on Cy(X)
is amenable if and only if the actions on Co(U,+1 N\ U,) = Co(U,+1)/Co(U,) are
all amenable. Since U,41 \ U, = (I, 11 /L,)A, the result now follows from Lemma
6.5] O

Since by [12, Corollary 4.14], an action o : G — Aut(Cy(X)) is amenable if
and only if it is strongly amenable, we get the following corollary:

COROLLARY 6.10. Let (A,«) be a separable type I G-C*-algebra such that A
is Hausdorff, and G is second countable. Suppose also that X = A is Hausdorff.
Then « is amenable if and only if « is strongly amenable. O

REMARK 6.11. Notice that the results of this section have no analogue if one
replaces amenability by the weaker notion of commutant amenability (or weak
containment): it can happen, for instance, that a continuous trace G-C*-algebra
A is commutant amenable but the induced action on C’O(/Al) is not commutant
amenable. This follows from our counterexamples in Section [5.3] where A is the

algebra of compact operators on a Hilbert space, so continuous trace.






CHAPTER 7

Regularity properties

In this chapter, we collect together some miscellaneous results about regularity
properties.

In Section we show that various C*-algebraic regularity properties — for ex-
ample, nuclearity — pass from A to A Xpax G = A Xyeq G if the action is amenable.
The key tools here are standard facts about the interactions between crossed prod-
ucts and tensor products, and Proposition [6.10[ which tells us that the reduced and
maximal crossed products agree for an amenable action.

In Section [7.2] we characterize exactness of a group in terms of amenability
of actions on injective C*-algebras; this generalizes an earlier result of ours [26]
Theorem 8.3] from actions of discrete groups to actions of general locally compact
groups.

Finally, in Section we introduce a property called the continuous G-WEP.
This is an equivariant analogue of the WEP that seems appropriate to locally com-
pact groups. We show that the continuous G-WEP is closely related to amenability
and the weak containment property.

7.1. Properties passing to the crossed product by an amenable action

In this section, we show that amenable actions have good permanence proper-
ties with respect to nuclearity, exactness, the WEP, the LLP, and the LP: roughly,
we show that an amenable G-C*-algebra A has any of these properties if and only
if A X.0q G does.

With the exception of the LP, we state all results only in terms of the reduced
crossed product for brevity, but note that amenability implies A X ax G = A Xpeq G
by Proposition [5.10] Indeed, at least nuclearity, exactness, the WEP, and the LLP
pass from A x.q G to A for arbitrary actions. We are grateful to one of the
referees for pointing out to us an easy argument for this fact, which replaces a
more complicated one we used in an earlier version. We do not know whether the
LP always passes from A X,.q G to AE| but we shall see below that (for separable
systems (4, G, «)) it always passes from the maximal crossed product A Xmax G to
A.

We first start with a lemma. For the statement, let us say that a pair (A, D) of
C*-algebras is nuclear if the canonical map A ®uax D — A® D is an isomorphism.
The proof of the first statement in the lemma was suggested to us by one of the
referees.

IThis is true in many cases: for instance, if G is discrete, then the LP passes from A X,.oq G
to A as it is the image of a conditional expectation.

79
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LEMMA 7.1. Let (A,a) be a G-C*-algebra, and let D be a C*-algebra. If
(A %yeq G, D) is a nuclear pair, then so is (A, D). Conversely, if (A, «) is amenable
and (A, D) is a nuclear pair, then so is (A Xyeqa G, D).

PRrROOF. For every C*-algebra D equipped with the trivial G-action, there is a
canonical sequence of surjective *-homomorphisms

(A Xred G) ®maxD i (A®max D) Xred G —» (A®D) Nred G =~ (A Ared G)®D7

”

where the first map exists by the universal property of “®Quax” applied to the
canonical homomorphisms of A X,eq G and D into M((A Qmax D) Xrea G). The
composition is the canonical quotient map (A X ed G)®max D = (AX1eaG)R®D. Thus
if (A %,eqa G, D) is a nuclear pair, it follows that (A®max D) Xred G = (A® D) X10a G
is injective, which then forces A @uax D — A ® D to be injective as well, that is,
(A, D) is a nuclear pair.

Suppose now that (A, «a) is amenable. There is then a sequence of canonical
x-homomorphisms

—~
—

(A Nred G) ®max D )

lle

(A X max G) ®max D

—~
no
~

e

(A ®max D) Nmax G

3

llees

(A ®max D) Ared G
(A@D) A red G

—~
W~

)

!

—~
ot

)

lle

(A Hred G)@D

that we now explain. The isomorphisms (1) and (3) come from Proposition
and amenability of (A, «), which also implies amenability of (A ®max D, ® id)
(see Theorem [5.16)). The isomorphisms (2) and (5) are the canonical untwisting
isomorphisms (see for example [31] Lemma 2.4.1]). The homomorphism labeled (4)
is induced from the canonical quotient map A ®max D — A® D. Thus if (A, D) is a
nuclear pair, then the composition of all the maps (1)-(5) above is an isomorphism,
which then implies that (A xeq G, D) is a nuclear pair. O

THEOREM 7.2. Let (A, @) be a G-C*-algebra. Consider the statements below.

(1) A is nuclear (respectively has the LLP, has the WEP).
(2) A xiea G is nuclear (respectively has the LLP, has the WEP).

Then = in general, and if (A, «) is amenable then = .

PROOF. A C*-algebra is nuclear if and only if (A, D) is a nuclear pair for any
C*-algebra D. Hence the statement on nuclearity is immediate from Lemma [7.1
The assertions on the LLP and the WEP are also direct consequences of Lemmal[7.1}
by [23} Corollary 13.2.5] the LLP for a C*-algebra A is equivalent to the statement
that B(¢?) forms a nuclear pair with A, and the WEP is equivalent to the statement
that C*(F) forms a nuclear pair with A, where IF denotes a free group on countably
infinitely many generators. O

REMARK 7.3. If G is discrete and (A, «) is a G-C*-algebra, Anantharaman-
Delaroche shows in [6] that A x,.q G is nuclear if and only if A is nuclear and
« is amenable. An analogous result cannot be true for actions of general locally
compact groups, since by a famous result of Connes [28, Corollary 6.9 (c)] we
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know that the reduced group algebra C ;(G) = C %,cq G of any second countable,
connected, locally compact group G is nuclear; however, the trivial action of G on
C is amenable if and only if G is amenable. Note that there are many connected
locally compact groups that are not amenable (e.g. SL(2,R)).

THEOREM 7.4. Let (A, ) be a G-C*-algebra with A separable and G second
countable. Consider the statements

(1) A has the LP.
(2) A Xmax G has the LP.
Then = in general, and if (A, «) is amenable then = [@.

PrOOF. We use a recent characterization of the LP due to Pisier. Pisier shows
in [64] Theorem 0.2] that a separable C*-algebra A has the LP if and only if
for any index set I and any collection of C*-algebras {D; : ¢ € I} the canonical
*-homomorphism
(71) éw({Dz}) Omax A— EDO({DZ Omax A})
is faithful, where ¢*({D;}) denotes the C*-algebra of bounded I-tuples (d;) €
[ L,e; Di equipped with the supremum norm. We now look at the map
(7.2) (*({D;}) Omax (A ¥max G) = £ ({D; Omax (A ¥max G)}).

Let {(B;, 8;) : i € I} be any collection of G-C*-algebras, and let £*°({B;}). denote
the algebra of continuous elements in ¢*°({B;}) with respect to the component-wise
action B4(b;) := (B q(b;)). Let
(7.3) @ :AP({Bi})e Xred G — £ ({B; X1eqa G})
be defined on C.(G,{*({B;}).) by evaluation at each i. Note that ¢ is injective:
this follows as if m; : B; — B(H;) is a faithful representation with induced regular
representation ;¥ \ : B; ¥1caG — B(H;®L*(G)) (see line (L.5)) and if 7 := @, 7
with induced regular representation 7 x A, then

(@(ﬁxx))w=%m

i€l

as maps (*({B;})c Xrea G — B(@,e;(H; ® L*(G))), and the right hand side is
injective.

Using this, if (A, ) is amenable, we now observe that the map in (7.2)) can be
written as the composition of canonical maps
(P ({D;}) @max (A ¥max G) = (P ({D;}) Qmax A) Xmax G

= (t*({Di}) ®max A) Xrea G (since « is amenable)

O 0 ({1D; @max A}), %rea G (induced from (71))
o 0P ({(D; @max A) Xrea G})  (since (7-3) is faithful)
=¢* ({(Dl ®max A) Xmax G}) (since « is amenable)
> 0% ({D; @max (A Xmax G)}).

Thus A Xmax G has the LP if and only if the map (*) is faithful, which holds true
if and only if the map £*({D;}) ®max A = £ ({D; @max A}). is faithful, and hence
if and only if the map in is faithful. By Pisier’s theorem this holds true if and
only if A has the LP. Thus we proved that < if (A4, «) is amenable.
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In generaf] we can factor the map in (7.2)) as

gw({Dl}) ®max (A N max G) = (gm({Dl}) ®max A) Nmax G
(ﬁ) EOO ({(Dz ®max A})c Hmax G)
()ij) eoo ({(Dz ®max A) Nmax G})

>~ foo({Di P max (A N max G)})v

(7.4)

where the map (**) is induced by the canonical G-map
(7.5) (*({Di}) ®max A = £* ({D; ®max A})e,
and the map (***) is induced by the coordinate projections
£ ({(D; Omax A})e Xmax G = (Di Gmax 4) Xmax G-

Using Pisier’s theorem, if A X, G has the LP, then the composition is injective,
whence the map (**) is injective. This implies that the map in line is injective,
which implies that the map in line is also injective, so we are done by Pisier’s
theorem again. (I

PROPOSITION 7.5. Let (A, G, ) be an amenable G-C*-algebra. Then A is exact
if and only if A Xieq G is exact.

PROOF. Assume that A is exact and let J — B — C be a short exact sequence
of C*-algebras equipped with the trivial action. We thus get a commutative dia-
gram

0 (A® J) Xmax G (A® B) Xmax G (A®C) Xmax G 0
0 (A@J) NerG (A@B) ><1erG (A@C) Nrch 0
0 (AXea G)®J (A Xrea G)® B (A Xea G)®C 0

for which the upper vertical arrows are isomorphisms by Theorem [5.16 and Propo-
sition [5.10} and the lower vertical arrows are the canonical untwisting isomorphisms
(see |31, Lemma 2.4.1]). Hence the bottom line is exact if and only if the top line
is. The former holds for any short exact sequence if and only if A x,.q G is exact,
and the latter holds for any short exact sequence if and only if A is exact (as X paxG
preserves short exact sequences — see for example [31], Proposition 2.4.8]). O

REMARK 7.6. It has been shown by Ng in |59 Corollary 4.6] that exactness
of A x,eq G implies exactness of A for every G-C*-algebra (A4, «) without any
amenability conditions. Note that exactness of A .« G always implies exactness
of A X,eq G (and hence exactness of A), since exactness is inherited by quotients
(see |23], Corollary 9.4.3]).

2We thank one of the referees for suggesting a simpler argument in this case.
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7.2. Characterizing exactness via actions on G-injective algebras

In this section we use amenable actions on G-injective C*-algebras to charac-
terize exactness, generalizing our earlier result |26, Theorem 8.3] for discrete groups
to the locally compact case. Recall that a G-C*-algebra A is G-injective if for any
commutative diagram

T N
AN
AN
\

B——=A

where the solid horizontal arrow is an equivariant ccp map and the vertical arrow
is a (x-homomorphic) G-embedding, the diagonal arrow can be filled in by an
equivariant ccp map. Using for example |25, Corollary 2.4], one can see that G-
injectivity of A is equivalent to the following formally weaker property: for every
G-embedding ¢ : A — B of A into a G-C*-algebra B there exists a ccp G-map
¢ : B — A such that ¢ o ¢ = id4. The class of G-injective C*-algebras was
introduced (in a more general setting) and extensively studied by Hamana [42//43].

The property of being a G-injective C*-algebra is a very strong one, but exam-
ples exist for any G: for example, C,;(G) is always G-injective by [25, Proposition
2.2] (this is also implicit in [43]). The following result is thus a generalization of
the theorem of Brodzki, Cave, and Li [22] and Ozawa and Suzuki |61, Proposi-
tion 2.5] that exactness of G is equivalent to amenability of its canonical action on
Cub(G) (which is used in our proof). It also generalizes a result of Kalantar and
Kennedy [48, Theorem 1.1] characterizing exactness of a discrete group in terms of
amenability of the action of a group on its Furstenberg boundary.

THEOREM 7.7. Let G be a locally compact group. Then the following are equiv-
alent:

(1) G is exact;
(2) every G-injective G-C* algebra (A, a) is strongly amenable;
(3) there exists a non-zero strongly amenable G-injective G-C*-algebra (A, a).

ProoF. For = (2), recall that [61, Proposition 2.5] gives that G is exact
if and only if the translation action of G on Cy(G) is strongly amenable. Let
(A, @) be G-injective. Then |26, Lemma 4.3] implies that A is unital. Consider
the diagonal action of G on Cus(G) ® A and define ¢ : A — Cuy(G) ® A by
t(a) = 1®a. By G-injectivity of A, there exists a ucp G-map ¢ : Cyp(G) @ A — A
such that p o i(a) = a for all a € A. The restriction of ¢ to Cyup(G) = Cup(G) ®
14 € Cup(G) ® A then gives a ucp G-map @ : C;,(G) — A. Since A lies in the
multiplicative domain of ¢, it follows that ® takes its values in Z(A). Thus, if (6;)
is a net of compactly supported positive type functions as in Definition which
establishes strong amenability of the translation action on Cy;(G), then the net
(® o 6;) establishes strong amenability of (A, «), which implies (2).

= follows as G-injective C*-algebras exist for any G (for example,
Cuw(G)). For = let (A,a) be a G-injective, strongly amenable G-C*-
algebra. Since A is unital, it follows that « restricts to a strongly amenable action
of G on the (unital) centre Z(A). The existence of a strongly amenable action on a
unital commutative G-C*-algebra implies that G is exact by [7, Theorem 7.2]. O
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REMARK 7.8. In the spirit of the above result, let us point out that Ozawa
and Suzuki show in [61, Corollary 3.6] that a locally compact group admits an
amenable action on a unital C*-algebra if and only if it is exact (the authors
previously established this for discrete groups |26l Corollary 6.2]).

7.3. The continuous G-WEP

In this section we introduce a property called the continuous G-WEP for locally
compact groups, and relate it to amenability and weak containment.

DEFINITION 7.9. A G-C*-algebra (A, «) has the continuous G-WEP if for every
G-embedding ¢ : A — B there exists a G-equivariant ccp map ¢ : B — A” such
that Yop =iy, whereiy : A > A” C (A XmaxG)** denotes the canonical inclusion.

Recall from |25, Definition 3.9] that a G-C*-algebra A has the G-equivariant
weak expectation property (G-WEP) if for every G-embedding ¢ : A — B there
exists a G-equivariant ccp map ¢ : B — A** such that oy = 1, where ¢ : A — A**
denotes the canonical inclusion. The continuous G-WEP is introduced here as it
seems more appropriate to non-discrete groups. In fact, however, since our first
draft of this paper Bearden and Crann [13| Proposition 4.5] showed that there is
no difference between the G-WEP and continuous G-WEP, so either could be used
in any of the statements we give here.

PROPOSITION 7.10. Let (A, a) be a G-C*-algebra and consider the statements:

(1) (A, ) has the continuous G-WEP;
(2) (A, «) is amenable.

Then = if G is exact and = if A has the WEP. In particular, if G
is exact and A has the WEP, then both statements are equivalent.

ProoF. It follows from an easy adaptation of |26, Lemma 7.9] that if (A, «)
has the continuous G-WEP, then for each unital G-C*-algebra C there exists a ucp
G-map ¢ : C — Z(A”). This applies in particular to C' = Cy(G) with translation
action. If G is exact, then the action on Cy,(G) is amenable by [61, Proposition
2.5], and this implies amenability of (A, a).

Suppose conversely that A has the WEP and « is amenable. The WEP implies
that for any embedding ¢ : A — B and any faithful representation 7 : A — B(H)
there exists a ccp map ¢ : B — w(A)” such that 1 o ¢ is the canonical inclusion
A — w(A)”. In particular, for each G-embedding ¢ : A — B there exists a ccp
map ¢ : B — A” such that oy =1i4. Our goal is to replace ¢ by a G-equivariant
ccp map with the same property.

Recall from Definition [3.15]that for a G-von Neumann algebra M < B(H) with
action o : G — Aut(M), we define a Hilbert M-module L2 (G, M) to be the weak
closure of C.(G, M) inside B(H, L*(G, H)), where we view ¢ € C.(G, M) as acting
via

Houvr g ve INGH) givenby (6v)(g) = E(g)v.
For each b € B, define my € L*(G, A) by

my: G — AL, g = ag((By-1(b))),

which we consider as an adjointable operator on L% (G, A%) as in the discussion
below Definition Let (&)ier be anet in C.(G, Z(A%).) < L2 (G, A”) with the
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properties from item of Proposition For each 4, define a map

One then checks that the net (7;) consists of ccp maps. After passing to a subnet
we may assume that (7;) has a pointwise ultraweak limit (see |23 Theorem 1.3.7]),
which is also a ccp map T : B — A”. We claim that this limit has the right
properties.

First, let us check that if a is an element of A, then T'(p(a)) = a. Indeed, in
this case m, is just the operator of left-multiplication by a, and so we have

Ti(a) = & |atar = L £:(g)*akilg) dy.

for all i. As &; takes values in Z (A7), this just equals {(§; |&;)a» a, however, which
converges ultraweakly to a as ¢ tends to infinity.
It remains to check that T is equivariant. Let b€ B and h € G. Then

Ti(Bn(b)) = &ilmg, m)&ipar = L &i(9)*ay (V(Bg-1n(D)))&i(9) dg.

Replacing g by hg, this becomes
| &tharat, (05, 0 ha) dg

= o (| s @ el 08, D) O ) 0) o)
= o (& My (N 1) ar).
To prove equivariance, it thus suffices to show that
&l (N1 €0)) . — (& lmu€iyar
= L& = &My &) ay + Elmu (N1 & — &)Dar

tends ultraweakly to zero. Indeed, in the identity

(7.6)

Nih& = GINDE — &oay
= a1 (&il&pan) + il &par — &l N1 &ipan — Aj-1&il & an,
the right hand side tends ultraweakly to zero. The expression in line ([7.6]) therefore
tends ultraweakly to zero by using the Cauchy-Schwartz inequality for the semi-
inner products (- | )y := @({- | -)ar) for all states ¢ € S(A)¢, i.e., for all normal
states on A by Proposition O

We now turn to the relationship of the (continuous) G-WEP to weak contain-
ment type properties. Recalling that A xi,; G = A %p.q G when G is exact by
[25| Proposition 4.2], the property “A xmax G = A Xinj G” should be viewed as a
generalization of the weak containment property to actions of potentially non-exact
groups.

In |25, Proposition 3.12] we showed that the G-WEP implies that A X.x G =
A xin; G. The following is a slight strengthening of this result:

PROPOSITION 7.11. Let (A, @) be a G-C*-algebra. Then the following are equiv-
alent:

(1) A has the continuous G-WEP;



86 7. REGULARITY PROPERTIES

(2) For every nondegenerate covariant representation (m,u): (A,G) — B(H)
and every G-embedding 1: A — B into another G-C*-algebra B, there is
a ccp G-map ¢: B — 7(A)" with por=T.
In particular, if A has the continuous G-WEP, then every covariant representation
is G-injective and A Xmax G = A Xip; G.

PrOOF. Fix a nondegenerate covariant representation (m,u): (A,G) — B(H)
and a G-embedding ¢: A < B. Assuming that A has the continuous G-WEP, there
is a ccp G-map : B — A? with ¢ o1 = is: A — A”. On the other hand, by
Proposition [2.3| there is a normal G-equivariant homomorphism 7 : A% — 7(A)”
B(H) with 7" 0is = m. It follows that ¢ := 7”0 is a ccp G-map with ot = 7, as
desired. Conversely, if every covariant representation satisfies this property, then so
does the universal representation of A X, G and this gives the continuous G-WEP
for A.

The fact that if A has the continuous G-WEP, then every covariant represen-
tation is injective is now true by definition (see Definition , and A Xpax G =
A xip; G follows from Proposition O

If the C*-algebra being acted on is commutative, we can do better and get
a complete characterization of the weak containment type property “A Xp.x G =
AxinjG”. Note that when G is exact, the following result reduces to Theorem
it should therefore be viewed as a generalization of that theorem that is applicable
outside the realm of exact groups.

THEOREM 7.12. Let A = Cy(X) be a commutative G-C*-algebra. Then A has
the continuous G-WEP if and only if A Xpmax G = A Xy G.

PRroOOF. If A has the continuous G-WEP, then Proposition implies that
A Xmax G = A Xip; G. For the converse, let (7, u) be a Haagerup standard form
representation of (A2, G,a”) on a Hilbert space H as in Theorem Since A
is commutative, so is A”. In particular A” is injective, whence |25 Proposition
2.2] implies that B := Cy,(G, A7) is a commutative G-injective G-C*-algebra with
respect to the action induced by the left translation G-action on G and the trivial G-
action on A”,. Consider the canonical G-embedding ¢: A < B that sends a € A to
the function ¢(a)(g) := ia(ag-1(a)), where iy : A — A7, is the canonical embedding.
Since (7w 0i4,u) is a nondegenerate covariant representation of (4, G, «) and since
A Xmax G = A xip; G, it follows from Corollary that (moia,u) is G-injective.
Hence there exists a ccp G-map ¢: B — B(H) with o ot = wois. Since B is
commutative, it follows that

o(B) = m(ia(A)) = m(Aq) = m(A7) = Ag,
where the second equality follows as 7(A”) is a masa in B(H) by the properties of
the Haagerup standard form. We may therefore view ¢ as a ccp G-map B — A”
splitting the inclusion A < B in the sense that @ ot = i4. Since B is G-injective,
this implies that A has the continuous G-WEP. (|



CHAPTER 8

Some new developments and questions

In what follows we report on some results related to this work and discuss some
open questions.

8.1. A summary of new developments

We start with results related to this work. Between our first posting of a draft of
this paper on the arXiv and the current version, Bearden and Crann [12/{13], McKee
and Pourshashami [56], and Ozawa and Suzuki [61] have produced beautiful results
which both complement and generalize some of ours. These authors also answered
some questions that we explicitly raised in earlier versions of this paper. To clarify
the state of the art and how these different results are related to each other, and
also to record when others answered questions we raised in earlier versions of this
paper, we discuss some of this work.

1. The relationship between amenability (Definition and von Neumann
amenability (Deﬁnition was first addressed by Anantharaman-Delaroche (using
different language). Indeed in [6, Théoréme 3.3], Anantharaman-Delaroche shows
that these notions are equivalent for actions of discrete groups. In the current
paper, we formulated these notions for locally compact groups, and proved they are
equivalent whenever the acting group is exact (see Proposition . In an earlier
version, we asked whether they are equivalent in general. This was rapidly solved
affirmatively by Bearden and Crann in |12, Theorem 4.2]. This result of Bearden
and Crann was influential on subsequent versions of this paper, as it allowed us
to generalize several of our theorems: for example, we originally established the
equivalence of amenability of an action « : G — Aut(Cp(X)) and measurewise
amenability of the underlying action G —~ X in Theorem [3.27|under the assumption
that G is exact, and |12, Theorem 3.6] allowed us to establish it in general.

2. In an earlier version of this paper, we claimed a proof that amenability
and the (QAP) are equivalent for discrete groups. Our proof unfortunately had a
mistake, but the equivalence was subsequently shown to hold in general by Ozawa
and Suzuki |61, Theorem 3.2]. In this theorem they also show that amenability
for an action o : G — Aut(A) is equivalent to the existence of a G-conditional
expectation

P: L*(G, A**) — A**
although, as noted before, A** fails to be a G-von Neumann algebra in general.
This can be viewed as a direct extension of the original definition by Anantharaman-

Delaroche for discrete G. Ozawa and Suzuki show in |61, Theorem 2.13] that an
action has the (QAP) if and only if it has the approximation property (AP) of Exel

87
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and Ng 38|, and therefore the (AP) and amenability are equivalent in general (see
Chapter [4] for more details).

3. In |6, Théoréme 4.9] Anantharaman-Delaroche shows that if G is discrete,
then amenability of a : G — Aut(Cy(X)) is equivalent to strong amenability. In an
earlier version of this paper, motivated by our results on measurewise amenability
in Theorem [3:27] we asked whether this extends to locally compact groups: more
precisely, we asked the equivalent question of whether amenability of a : G —
Aut(Cy(X)) and topological amenability of G —~ X are the same. This was solved
by Bearden and Crann in |12 Corollary 4.14].

4. In this paper, we show in Proposition [5.19] that amenability behaves well
under restrictions to exact subgroups. This was established without the exactness
assumption by Ozawa and Suzuki in [61, Corollary 3.4].

5. In an earlier version of this paper, we asked whether a locally compact group
is exact if and only if it admits an amenable action on a unital C*-algebra. This
was answered in the affirmative by Ozawa and Suzuki in |61, Corollary 3.6].

6. In an earlier version of this paper we asked whether the G-WEP of 25|
Definition 3.9] and the continuous G-WEP of Definition above are the same.
This was solved affirmatively by Bearden and Crann in |13, Proposition 4.5], as
part of a general study of the equivariant weak expectation property and related
issues.

7. In Question below we ask for which class C of locally compact groups
does the following hold: “For any G-C*-algebra (A,a), if A xyeq G is nuclear,
then « is amenable.” In a previous version of this paper we suggested that the
class C might contain all groups with property (W) as studied by Anantharaman-
Delaroche in 7} Section 4]. In |29, Theorem 3.5], Crann shows that property (W)
is equivalent to inner amenability. Very recently, McKee and Pourshahami proved
(see [56l Corollary 6.6]) that all inner amenable groups (and hence all groups with
property (W)) are indeed contained in C.

As a result of this progress, we are now in the very satisfactory situation of
knowing that many versions of amenability are equivalent in complete generality:
these include von Neumann amenability, amenability, the (wQAP), the (AP), and
the (QAP). On the other hand, it is now clear that other versions of amenabil-
ity are different: work of Suzuki [69] (see also the discussion in [26] Section 3])
shows that strong amenability is strictly stronger than amenability; and commu-
tant amenability is strictly weaker than amenability thanks to the results of Section

To conclude the discussion on recent developments, we would like to draw the
reader’s attention to another aspect of the recent work of Ozawa and Suzuki in
[61], and in particular to Section 6 of that paper. Ozawa and Suzuki give several
exciting constructions of amenable actions of locally compact groups on purely
infinite simple C*-algebras. In particular, they show (among other interesting
examples), that every amenable action of a second countable group G on a separable
C*-algebra A is K K%-equivalent to an outer amenable action of G' on a separable
simple purely infinite C*-algebra B so that the K K%-equivalence can be realized
by a G-equivariant inclusion A € B (see [61, Theorem 6.1]).
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8.2. Some questions

We now turn to questions.

Let us first discuss the connection between amenability and weak containment.
In Section we showed that there are non-amenable actions on the compact
operators whose maximal and reduced crossed products are the same, i.e. that
have the weak containment property. However, the following basic question remains
open.

QUESTION 8.1. Is there a non-amenable action on a unital C*-algebra with the
weak containment property?

We also observed that the method used in Section for producing non-
amenable examples with weak containment is unlikely to work for discrete groups.
The following question is thus very natural and interesting.

QUESTION 8.2. Is there a non-amenable action of a discrete group with the
weak containment property?

Due to the close relationship between the weak containment property and com-
mutant amenability, the following questions are closely related.

QUESTION 8.3. Is there a non-amenable, commutant amenable action on a
unital C*-algebra?

QUESTION 8.4. Is there a non-amenable, commutant amenable action of a
discrete group?

Note that Questions 8.1 and B:2] are equivalent to Questions [8.3] and [8:4] respec-
tively for actions of ezact groups, as Theorem [5.10] shows the weak containment
property and commutant amenability are equivalent for actions of exact groups.
However, for non-exact groups, this is not at all clear: note for example that Ques-
tions 8.3 and have a negative answer for actions on commutative G-C*-algebras
by Theorem [5.15} however, Questions [B.1] and [8:2] seem particularly interesting for
commutative G-C*-algebras.

The above comments also make the following question quite natural.

QUESTION 8.5. Are weak containment and commutant amenability equivalent
for all actions of locally compact groups?

A problem with commutant amenability is that it seems difficult to check:
using Proposition [5.13] it suffices to check commutant amenability for the universal
representation, but this is generally difficult due to the huge size of this object. As
in many interesting (and possibly all) cases, commutant amenability is equivalent
to the weak containment property, it would be very satisfying to have an answer to
the following question.

QUESTION 8.6. Is there an ‘intrinsic’ characterization of commutant amenabil-
ity for a G-C*-algebra A, i.e. can one find an approximation property of the pair
(A, G) that is equivalent to commutant amenability?

Continuing a discussion of the difference between amenability and commutant
amenability, we know from Theorem (and Proposition [5.10) that if (A4, «) is
amenable and A is nuclear, then A x,eq G is nuclear. The following is thus natural.
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QUESTION 8.7. Suppose that (4, «) is a G-C*-algebra with A nuclear. Does
commutant amenability of (A, &) imply nuclearity of A xy0q G?

In |26, Theorem 6.1, part (i)], the authors show that if A is nuclear and com-
mutant amenable, and if G is discrete, then the canonical inclusion A X..q G —
(A®A°P) X,6q G is a nuclear map. This is evidence for a positive answer to Question
[87 at least in the discrete case.

Continuing this circle of ideas, Anantharaman-Delaroche showed in [6)
Théoréme 4.5] that if the reduced crossed product A x,,q4 G by an action of a
discrete group G is nuclear then the action of G on A must be amenable. A similar
result cannot hold for all locally compact groups since one can find counterexamples
even for A = C by taking G to be any non-amenable group with nuclear reduced
C*-algebra, such as G = SL(2,R).

QUESTION 8.8. For what class C of locally compact groups G does the following
hold? “For any G-C*-algebra (A, «), if Ax;0qG is nuclear, then (4, «) is amenable.”

As mentioned above, McKee and Pourshashami |56, Corollary 6.6] showed that
C contains all inner amenable groups (equivalently, all groups with property (W)),
generalizing Anantharaman-Delaroche’s result for discrete groups. However, the
exact extent of the class C remains open. Recall from Remark [7.6]that nuclearity of
A Xyeq G always implies nuclearity of A. Hence one may as well restrict to nuclear
A in Question [8.§

As a last question, unrelated to the discussion above, let us recall that Bearden
and Crann |12, Corollary 4.14] showed that an action on a commutative G-C*-
algebra is amenable if and only if it is strongly amenable. On the other hand, in
Corollary we showed that an action of a second countable group on a sepa-
rable type I C*-algebra with Hausdorff spectrum is amenable if and only if it is
strongly amenable. It is natural to ask whether the Hausdorffness and separability
assumptions can be dropped.

QUESTION 8.9. Let (A, G, a) be a type I, amenable G-C*-algebra. Is (4, G, a)
also strongly amenable?

Note that if one replaces “type I” with “nuclear”, then the answer is “no” as
shown by Suzuki in [69] (see also the discussion in [26| Section 3]).
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