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The Problem

Theorem (Gratzer-Schmidt)

Every algebraic (so every finite) lattice is isomorphic to Con (A)
for some (unary) algebra A.
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The Problem

Theorem (Gratzer-Schmidt)

Every algebraic (so every finite) lattice is isomorphic to Con (A)
for some (unary) algebra A.

Problem
Is every finite L isomorphic to Con (A) for some finite A?

Since Con (A) = Con (A, Pol;(A)), we assume all algebras
are unary.
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Properties

Possible representation properties for a finite lattice L.:

(P1) L is isomorphic to the congruence lattice of some finite
algebra (A, F).
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Properties

Possible representation properties for a finite lattice L.:
(P1) L is isomorphic to the congruence lattice of some finite
algebra (A, F).
(P2) L is isomorphic to the congruence lattice of some finite

algebra (A, F) where the all nonconstant operations are
permutations.

(P3) L is isomorphic to the congruence lattice of some finite
algebra (A, F) where the nonconstant operations generate
a transitive permuatation group.

(P4) L is isomorphic to an interval in the lattice of subgroups of a
finite group.

(P3) = (P2) = (P1)
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Properties

Possible representation properties for a finite lattice L.:
(P1) L is isomorphic to the congruence lattice of some finite
algebra (A, F).
(P2) L is isomorphic to the congruence lattice of some finite

algebra (A, F) where the all nonconstant operations are
permutations.

(P3) L is isomorphic to the congruence lattice of some finite
algebra (A, F) where the nonconstant operations generate
a transitive permuatation group.

(P4) L is isomorphic to an interval in the lattice of subgroups of a
finite group.

(P4) & (P3) = (P2) = (P1)
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(P3) < (P4)
Let H be a subgroup of G. Let

A={aH:aec G} (leftcosets)
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(P3) & (P4)
Let H be a subgroup of G. Let
A={aH:aec G} (leftcosets)
Make an algebra A by adding operations
g:aH — gaH (left multiplication)

Then Con A = [H, G}, the interval in the subgroup lattice.
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Palfy-Pudlak

Theorem (1980)
(P1) holds for all lattices iff (P4) holds for all lattice.
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Palfy-Pudlak

Theorem (1980)
(P1) holds for all lattices iff (P4) holds for all lattice.

The size of a representation L = Con (A) is |A|. For H < G the
size in (P4) is [G : H], the number of left H-cosets of G.

Example. The minimum size for Lg is 6:
Bs \01 2345

L @ f(x)221554
° g(x)
h(x)

344011
453453

Palfy and Aschbacher have found groups H < G representing

this lattice. But Palfy’s example has G = A4y and |H| = 55, so

the size is 9! = 362880.
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Moral

Moral: Finding a representation with groups, (P4), may be much
harder (and much bigger) than finding a (P1) representation.
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New representable lattices from old

@ all distributive lattices

@ lattice duals (Hans Kurzweil, 1985, and R. Netter, 1986)
@ interval sublattices

@ direct products (Jifi Tuma, 1986)

@ ordinal sums (Ralph McKenzie, 1984; John Snow, 2000)
@ parallel sums (John Snow, 2000)

@ sublattices of representable lattices obtained as a union of a
filter and an ideal (John Snow, 2000)

@ overalgebras (DeMeo, 2013)
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Palfy-Pudladk Conditions

(A) Lis simple.
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Palfy-Pudladk Conditions

(A) Lis simple.

(B) Foreach x # 0in L, there are elements y and z such that
xVy=xVvVz=1andyAnz=0.

(C) |L| # 2 and each element of L that is not an atom or 0
contains at least four atoms.

@ If L satisfies (A) and (B) then L satisfies (P1) = (P2).
@ If L satisfies (A), (B) and (C) then L satisfies (P1) = (P3).
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McKenzie’s variants

(B") If p : L — Lis any meet-preserving map such that ¢(x) > x
for x # 1, then ¢(x) = 1 for all x.
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McKenzie’s variants
(B") If p : L — Lis any meet-preserving map such that ¢(x) > x
for x # 1, then ¢(x) = 1 for all x.

(B”) The coatoms of L meet to 0.

(B) = (B") = (B).

@ If L satisfies (A) and (B') (or (B")) then a minimal
representation of L witnesses that L satisfies (P2). So,

@ I/f (A) and (B') hold and L = (A, F) is minimal, then F
consists of permutations and constants.
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Representations by instransitive groups

Suppose A = (A, G)isa G-setand let A; = (A;, G), i < k, be the
minimal subalgebras of A; i.e. each set A; is an orbit, or
one-generated subuniverse, of A.

Define congruences on A by the partitions

T = |Ao|A1|---|Ak_1| (the blocks are the orbits)
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Representations by instransitive groups

Suppose A = (A, G)isa G-setand let A; = (A;, G), i < k, be the
minimal subalgebras of A; i.e. each set A; is an orbit, or
one-generated subuniverse, of A.

Define congruences on A by the partitions

T = |Ao|A1|---|Ak_1| (the blocks are the orbits)
i = |Aj| (at most one nontrivial block)
vi = |AIlA— A (exactly two blocks unless A; = A)

We call 7 the intransitivity congruence;

Let® € Con (A), where A = (A, G) and G is a group. Then
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7 = |Ao|A1|---|Ak_1| (the blocks are the orbits)
@ G acts transitively if and only if 7 = 14.
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@ If kK > 1 and [0a, 7] is directly indecomposable then every
coatom of Con (A) lies above 7.

Q If k =2and |A;| =1 then 7 is a coatom and everything is
comparable with it.

Q If 7is a coatom and [0a, 7] is directly indecomposable then
everything is comparable with it.
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Examples: L4

Example
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permutational.
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Examples: L4

-
Example
@ L, satisfies (A) and (B”) so a minimal representation is
permutational.

@ L., = Con (A, G) is not possible if G acts intransitively, so

e if Con (A, F) is a minimal representation, then F generates
a transitive group.

@ Is Ly, representable? (Yes: as [H, As] with [As : H] = 90)
@ Is this a minimum representation? (Don’t know)

v
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Examples: L5, (the dual of L4)

William DeMeo, Ralph Freese, Pet e Representing Finite Lattices Aug 14-18, 2017 13/34



Examples: L5, (the dual of L4)

William DeMeo, Ralph Freese, Peter Jipsen Representing Finite Lattices Aug 14-18, 2017 13/34



Examples: L5, (the dual of L4)

@ Lis = Con ({0,1,2,3}, G), G the group generated by the
double transposition 0 <> 1, 2 +» 3.
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Examples: L5, (the dual of L4)

@ Lis = Con ({0,1,2,3}, G), G the group generated by the
double transposition 0 <> 1, 2 < 3.

@ Ly, = LY, which again proves Ly, is representable.
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Examples: L.

@ L, satisfies (B”) but not (A) so minimal representations
need not be permutational.
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Examples: L.

o L, satisfies (B”) but not (A) so minimal representations
need not be permutational. In fact

e L, = ({0,1,2,3},f,9), where
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Examples: L.

@ L, satisfies (B”) but not (A) so minimal representations
need not be permutational.

@ But L, does have an intransitive representation on 6:

B, [012345
f(x)120453
g(x)[021354
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Examples: Lig, a harder example:
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Examples: Lig, a harder example:

Let A = (A, G) be a finite algebra, where G is an intransitive
group of permutations on A. Suppose the intransitivity
congruence T is a coatom. Then there do not exist congruences

Oa < ¥ <0 inCon (A) withd A 7 = Oa.
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Proof

Lemma

Let A = (A, G) be a finite algebra, where G is an intransitive
group of permutations on A. Suppose the intransitivity
congruence T is a coatom. Then there do not exist congruences
O0a < <0 inCon (A) with A 7 = Oa.

| A

Proof.

Since 7 is a coatom, there are exactly two orbits; call them B
and C. Since 0 A7 =04, if (x,y) € 0then x =y oroneisin B
and the otheris in C. So ¢ defines a bipartite graph between B
and C. Since G acts transitively on both B and C, this graph
corresponds to a bijection between B and C. The same applies
to . But equivalence relations corresponding to such graphs

cannot be comparable. O

v
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Small Lattices

Theorem

All lattices with at most 7 elements can be represented, with the
one possible exception of Lig:
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Small Lattices

Theorem

All lattices with at most 7 elements can be represented, with the
one possible exception of Lig:

If Lio = (A, F), then F generates a transitive group on A.

L., satisfies (A) and (B”). By part (5) of the intransitivity
theorem, it cannot be represented with an intransitive group. [
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Finding Reps: Methods and Algorithms

@ Closure Method

@ Overalgebras

@ Ideal-Filter

@ Duality

@ Group Methods (GAP)
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Closure Method to find a Representation of L

(1) Search through Eq(Xx), kK = 2,3, ... finding sublattices
isomorphic to L.

(2) For each sublattice L = L’ < Eq(Xx) found, find the unary
polymorphs of the members of L’; that is, calculate the set
F of all unary operations on X, which respect all 6 € L.

(8) For F found in the previous step, test if Con (( Xk, F)) = L'.
If so then A = (X, F) is a minimal representation.
Otherwise continue the search.
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Remarks

(a) Find a small presentation of L:
The procedure can be sped up by first finding a
presentation of L with the minimal number of generators.
Besides speeding up the search in Eq(k), it is enough in
calculating the unary polymorphs to respect the generators.
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Remarks

(b) Subdirect Decompositions:
Subdirect decompositions can be used to speed up finding
unary polymorphs. For example, if 6y, 1 € L' < Eq(Xx) with
0o N 61 = 0, then X, is naturally embedded into
Xk /0o x Xk/01. Since the operations in a direct product are
component-wise, this cuts the search space of possible
unary polymorphs from k* down to r”s, where r and s are
the number of blocks in 6y and 6.
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Remarks

(c) Uniform Equivalence Relations:
If it can be shown that the algebra of a minimal
representation of L has a transitive permutation group for its
nonconstatant unary polynomials, then we can restrict our
search in Eq(k) to uniform equivalence relations. Moreover
the search for unary polymorphs can be restricted to
permutations.
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Remarks

(d) Small generating set for the operations:
Of course if F” C F is a set of generators for the moniod F,
we can take A = (Xx, F').
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Nondist., linearly indec., small lattices

B1 0123
)|1032
1010

B2 012
x)012

310123456
)01 21210
Ls g(x)0343430
h(x)|6525256
k(x)0120022

Method: overalgebras
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B, 0123
f(x)[1032
g(x)0022

B 01 2345678 9 1011
12 34507891011 6
g(x)61110987054 3 2 1
h(x)0 0 0 6000060 0 O

Bs (012345
f(x)221554
g(x)[344011
h(x)|453453

L,

P e g
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B7p12345
)[100433
455122
x)|334334

ng12345
)|1204583
g 354021

X)

Bg\o 1 23456 7 8 9101112131415
)JO 0 00002 1 21345345
g(x))0 0 00006 7 6 7101112101112
h(x)131415198151413151 9 8 8 1 9
I\/Iethod overalgebras

f(x)

William DeMeo, Ralph Freese, Peter Jipsen Representing Finite Lattices Aug 14-18, 2017 26/34



No finite algebra known with this
as its congruence lattice.

L @ A finite algebra with 108 elements known.

B1,/012345678
f(x)[003336660

g(x)008881110
h(x)055400544
k(x)422344233
I(x)/557776665
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Bi3/0 12345678 9101112131415161718
fx)Jo 121 210012210012120
L g(x))0 1 2002203404465266 2
13 hx))01 2345601245601 2346
k(x){7 8 9 31011123 3 3 3 3 3 111111111111
I(x)[1314151617 5 181316171716135 5 5 5 5 5

Method: overalgebras

Upper interval in Sub(As),
algebra of size 90

Bis/0123
f(x)1032

Upper interval in Sub(C,.Ag)

L1 algebra of size 180

PPN
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B17\O1234 567 8 91011
f(x)[10325476 9 81110
9(x)47568119100 3 1 2
h(x)[00005555 10101010
Method: filter-ideal in Sub(A4)

L7

Dual of 19, no explicit
small representation known

Lis

Bi9[01234567
f(x)01104554
g(x)02310231
h(x)|76673223

Method: filter-ideal in SmallGroup(216,153) in GAP

2y L
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L22

Los

Los

William DeMeo, Ralph Freese, Peter Jipsen

> e

By 012345678

f(x)[334882234
g(x)006110056
h(x)|455788744

Dual of 23, no explicit small
representation known

B,3012345

f(x)[010144
9(x)[113345
h(x)323255
k(x)415345
B, 0123
f(x)[1122
g(x)2332

Representing Finite Lattices
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Bx(01234

f(x)[00222
Los g(X)01011

h(x)[11444

k(x)23233
B 012345
(

f(x)[103202

L26 g(X)445513

<3} h(x)00001 1
k(x)

353533
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By [01234
f(x)[10322
g(x)24243

By 01234
f(x)[03434
(x)22143

B3 01234
f(x)01100
gx)11222
h(x)

Lo

L
32244

Bs»[01234
f(x)01133
g(x)12244
h(x)

O IR O R

33434
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8 9101112131415
131514125 7 6 4
15121413 3 0 2 1
6 7452301
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