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Every minimal algebra is one of these five types.
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Every cover in Con A has one of these five types associated with
it.

The type set of A is the set of types that occur.
The type set of A is determined by the join irreducible
congruences, β (over their unique lower cover β∗).
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Theorem
There is a linear time algorithm to compute CgA(a, b).

Let A = 〈Z3, ∗〉k .

k 1 2 3 4 5
|A| 3 9 27 81 243

#Cg(a, b) 2 13 68 337 1652
| J Con A| 2 9 31 97 291
|Con A| 3 34 4869 ? ?

With k = 4, the closure gave 165000 elements after closing only 23
elements.
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The graph G(A) of A

Vertices: 2-element subsets of A.

Edges: {a, b} → {c, d}, means f ({a, b}) = {c, d}, for some
f ∈ Pol1(A).

Ga,b is the restriction of G to

{{c, d} : Cg(c, d) = Cg(a, b)}

σ(a, b) is the equivalence relation generated by

{{c, d} : {a, b} → {c, d} but {c, d} 6→ {a, b}}

Definition
{a, b} is a subtrace if σ(a, b) < Cg(a, b).
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Finding a subtrace

If β is a join irreducible let Gβ = Gx ,y , where Cg (x , y) = β.

Lemma
If {a, b} is a subtrace then {a, b} is a minimal element of Ga,b.

If β is a join irreducible congruence on A then
{a, b} is a β–subtrace if and only if it is a minimal element of Gβ .
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Finding a subtrace

Sa,b := {(f (a), f (b)) : f ∈ Pol1 A} = SgA2({(a, b)} ∪∆2)

To find a subtrace of β � 0, β = Cg (a, b)

1 Maintain a lookup table to record visited nodes.
2 Mark {a, b} visited and start to generate the universe of Sa,b.
3 If (c, d) is generated, then

If c = d , go on and generate the next element.
If {c, d} has already been visited, add (c, d) to Sa,b if it is not
already there, and generate the next element.
If {c, d} has not been visited, abandon our partially calculated Sa,b
and start at step 2 with (c, d) in place of (a, b).

In the end we get a pair {c, d} such that all of Sc,d is generated. {c, d}
is a subtrace. We record if (d , c) ∈ Sc,d . If it is, the type cannot be 4 or
5 and if it is not, the type cannot be 2 or 3.
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Finding the type

Assume {a, b} is a subtrace of β � 0. Let

Ta,b = {(h(a, a), h(a, b), h(b, a), h(b, b)) : h ∈ Pol2 A}
= SgA4({(a, a, b, b), (a, b, a, b)} ∪∆4)

We may think of the elements of Ta,b as 2× 2 tables, like

a b
a x y
b u v

a b
a a b
b b b

a b
a a a
b a b

are called a join and a meet.
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Finding the type

While generating the universe of Ta,b,

If a join or meet is found, record this. If {a, b} has an involution,
stop: the type is 3.
If both a join and a meet are found, stop: the type is 4.

In the other cases we must generate all of Ta,b.
If a join or a meet was found, the type is 5.
If a one-snag was found, the type is 2.
Otherwise the type is 1.
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Question

How big can Ta,b = SgA4({(a, a, b, b), (a, b, a, b)} ∪∆4) be?

for β � 0
and the type of β not 3 or 4.
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Type 5

Lemma
If β � 0 is of type 4 or 5, the transitve closure of Sa,b defines a
compatible order, ≤, on A.

If a ≺ b, then {a, b} is a trace.
If {a, b} is a trace then a < b or b < a.
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Type 5

Goal: Use the program to try to make examples with |Ta,b| = c|A|4.

Need |Sa,b| near |A|2.
First try:
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This has |Sa,b| = |A|2/4, but |Ta,b| ≤ c|A|2.
Second try: the order is a chain and every ordered pair is in Sa,b.

|Sa,b| =
(|A|

2

)
.

But the 4-tuples in Ta,b have at most 3 distinct elements.
In fact |Ta,b| = |A|3/3 + |A|2/2 + |A|/6.
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First try:
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This has |Sa,b| = |A|2/4,

but |Ta,b| ≤ c|A|2.
Second try: the order is a chain and every ordered pair is in Sa,b.

|Sa,b| =
(|A|

2

)
.

But the 4-tuples in Ta,b have at most 3 distinct elements.
In fact |Ta,b| = |A|3/3 + |A|2/2 + |A|/6.
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Type 5
A little theory

Suppose (x , y , u, v) ∈ Ta,b. Then there is an h ∈ Pol2(A) such that

h a b
a x y
b u v

and so (x , y), (x , u), (y , v), (u, v) and (x , v) are all in Sa,b and thus
traces unless they are in ∆2.
Also

x ≤ y ≤ v and x ≤ u ≤ v

since this holds for the generators.
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Type 5
More tries

Third try: A tripartite order.

Fourth try: The chain example but with a richer set of polynonials.
When Ta,b got big, the type changed from 5 to 4.
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Type 5
A theorem

Theorem

Suppose
β � 0

the type of β is 4 or 5
{a, b} is a trace for β.
Ta,b contains a meet.

Then the type of β is 5 if and only if

(x , y , u, v) and (x ′, y , u, v ′) ∈ Ta,b imply x = x ′.

Moreover, if
the type of β is 5 and
(x , y , u, v) ∈ Ta,b,

then x is a maximal element of {z : z ≤ y , z ≤ u}.
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Type 5
A nicer theorem

Hobby-McKenzie: there is an admissible order also contained in β,
here denoted v, extending ≤.

Defined by x v y if x β y and, for all f ∈ Pol1(A) mapping x/β
onto a β–trace, f (x) ≤ f (y).

Theorem
Suppose β � 0, the type of β is 4 or 5, {a, b} is a trace for β and Ta,b
contains a meet. Then the type of β is 5 if and only if (x , y , u, v) ∈ Ta,b
implies x is the greatest lower bound of y and u in the v order.

Ralph Freese (University of Hawaii) Computing the TCT type set of an algebra July 2005 17 / 21
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Type 5
An example
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Type 5
A nicer theorem

Corollary
Suppose

β � 0 and
the type of β is 5 and
{a, b} is a trace for β.

Let n = |A|.

Then

|Ta,b| ≤ n3/3 + n2/2 + n/6

Moreover, for each n ≥ 2 there is a simple algebra of type 5 with n
elements which achieves this bound.
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Type 5
A corollary

Corollary
Suppose that β � 0 and that {a, b} is a (0, β)–subtrace. Assume Ta,b
has a meet and that (b, a) /∈ Sa,b (so there is no involution and the type
of β is either 4 or 5). If Ta,b contains

a b
a u v
b v w

with u 6= v, then the type of β is 4.
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Type 2

Suppose β � 0 and has type 2. Then

[β, β] = 0.
If A has a compatible Abelian group operation then

x − y − u + v = 0 when (x , y , u, v) ∈ Ta,b, since this holds for the
generators.

This holds if [β, β]` = 0.

Theorem
If A is a finite algebra, β � 0 in Con A and [β, β] = 0, then [β, β]` = 0.
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Conclusion

Theorem
Suppose β � 0 and the type of β is not 3 or 4. Suppose {a, b} is a
subtrace for β. Then

|Ta,b(A)| ≤ |A|3

Corollary
The time to compute the type of a congruence β � 0 in an algebra A is
bounded by a constant times the cube of the input size (the size of the
operation tables) of A.
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