Solving the Dirichlet Problem via Brownian Motion

by Tatiana Krot

1 Introduction

Consider the Dirichlet problem of the following form: Let D be a bounded,
connected open set in R? and D its boundary. Given any continuous func-
tion f defined on the boundary 0D, one needs to find a function v which
is continuous on D = D U dD, equal to f on D, and harmonic in D. The
problem may be interpreted as that of finding the steady-state temperature
distribution v in the heat-conducting region D, given the temperature func-
tion on the boundary 0D. Provided that the boundary 0D is sufficiently
“nice”, the problem can be solved in a variety of ways. One of the most in-
triguing methods (if not the shortest) is via Brownian motion. This method
perhaps comes the closest to modeling the physics of heat diffusion. Here
we give an outline of this approach which will be greatly amplified in the
sections to follow. For simplicity, we temporarily restrict ourselves to the
simplest nontrivial case where the dimension d = 2.

Before introducing the notion of a standard Brownian motion process, let
us review the mean-value property and harmonicity. Recall that a function
u : R? — C (or identifying R? with C, we may write u : C — C) has the
mean-value property if its average on any circle equals its value at the center
of the circle. In other words, for any (z1,z2) € R? and r > 0, we have

1 27

— u(xq +rcosb,xy +rsinf) df = u(z),
2m Jo

or in terms of complex notation where x = x1 + izy € C,
2 )
u(z 4 re?) df = u(x). (1)

27 Jo

More generally, u has the mean-value property on an open subset D of
R? if (1) holds for all z and r > 0, assuming that the closed disk of radius r
about z is contained in D. Recall that u = u(x1, x2) is harmonic if Au = 0,
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where Au 1= Uy, 4, + Ugyn,- A fact which is crucial to the method is that a
continuous function on an open subset O of R? (or R?) is harmonic if and
only if it has the mean-value property on O. A statement and proof of this
fact is given in Section 2.

We now give a rough description of a standard Brownian motion process
in dimension 2. Consider a collection random variables {B; : Q — R? | ¢ > 0}
defined on some probability space (€2, F, P,), where F is a sigma algebra of
subsets of Q and P, is a probability measure, depending on x € R2?. For
w € €, one may think of B;(w) as the position of a pollen grain w at time t.
The probability measure P, satisfies the properties

(i) Pe[Bo=12] .= P, [{w € Q| By(w) =x}] =1, and

(ii) For all real s,t with 0 < s < ¢, the increment B; — B, has
probability density m exp (_2‘(‘3—E)> dy1dys.

(iii) For all real t,...,t; with 0 <¢; < --- <, we have that

B, —x, By, — By,,..., B, — By, _, are independent.

The construction of P, is nontrivial, and for this we refer the reader to [KS88|,
[La66], and [Va80]. Moreover, it has long been known that with probability 1
(i.e., almost surely, henceforth abbreviated a.s.) relative to P,, the paths t —
Bi(w) are nondifferentiable everywhere. However, (a.s.) the paths are Holder
continuous with exponent o € (0,3); i.e., |B(w) — By(w)| < Co(w) [t — s|*
for all s, > 0 and some constant C,(w); see [KS88]. For z € D, let the
random variable 7p : 2 — [0, 00) be defined by

Tp(w) :=1inf {t > 0: By(w) ¢ D}.

Note that B;,(.)(w) is the point on 0D at which the path B;(w) leaves D
for the first time. Thus 7p(w) is the “exit time” of a pollen grain w. We
abbreviate the 0D-valued random variable w — B, (.)(w) by B;,; i.e.,

TD)
(Brp) (w) := Brpw) (w).
Our primary goal is to establish

Theorem 1 For a bounded, open set D with “nice” boundary 0D, and given
continuous function f on D, the solution of the Dirichlet problem

D.E. Au=0 onD )
B.C. uw=f ondD.
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18 given by

u () = B[f(B.y)] = / F(Br ) (@)) Py (),

namely the expectation of the random variable w — f(B;,w)(w)). In other
words u (x) is the expected value, with respect to Py, of the value of the
boundary function f at the point where the pollen grain w (starting at x) first
leaves D.

cone condition

wz) = f F(B @) dBw) =

ja‘(y)y

711)
- m(au) aU(f fBr (@) diy(w ))d

m—l??gap u@) . 1)

Proof (outline). First we sketch the proof (due to Kakutani, see [Ka44])
of harmonicity of u. Given x € D, let U be a small open disk centered at
x, with U C D. Let 7y(w) := inf {t > 0: By(w) ¢ U} be the first time ¢ at
which By (w) reaches boundary of U, denoted by dU, starting from z. Then
Tu(w) < Tp(w) (a.s.), by the continuity (a.s.) of t — By(w). By the isotropic
nature (or directional independence) of Brownian motion, it follows that B,
(where B, (w) := Br(w)(w)) will be uniformly distributed over oU, in the
sense that for any subarc A of the boundary circle U,

P, (w cQ: BTU(w) (w) S A) =



where m denotes the standard Lebesgue measure on the circle OU. Intu-
itively, a Brownian particle has no memory of its past. Hence, the condi-
tional expectation with respect to P, of f(B;,), given that B;, =y € 0U,
should be the same as the expectation E, [f(B;, )|, namely u(y). In terms
of conditional expectations,

Eo[f(B:p) (Bry =y € 0U)| = Ey[f(Br,)] = u(y).

This notion of “beginning afresh” after hitting the boundary QU is a special
case of the SMP “Strong Markov Property” which we shall establish for
Brownian motion. The proof of the SMP is surprisingly long for something
which is intuitively clear. Accepting the SMP for Brownian motion, and the
uniform distribution (with respect to P,) over QU of the hitting point B
we have

TU

&

w[f(BTD)]
1

- /a B{F(By)| (Bry =y € 0U)] dy
1 1

= s L BB dy = s |t

i.e., u(x) is equal to the average of u over the circle OU with center at z. Then
u satisfies the mean-value property for all sufficiently small circles centered
at points x € D, and u is harmonic in D by Theorem 2.

In the case where D is convex, the argument that u(z) approaches the
boundary value f(xy) as x — xy € D from within D, runs roughly as fol-
lows. Essentially, one must show that given any € > 0, a pollen grain starting
at x € D first exits D within € of xy, with a probability that approaches 1
as ¥ — xo. Let L be a support line for D at zy. The component, say BL, of
B, (starting at z) in the direction normal to L is a 1-dimensional R-valued
Brownian motion starting at 0. It can be proven that no matter how small
positive § is chosen, the probability that Bl is positive at some time t € (0, )
is 1. As a consequence, the probability that Bf(w) fails to exceed the dis-
tance d(x, L) for some t € (0,6) approaches 0 as x — zy. In other words, the
probability that B;(w) crossed L for some t € (0, ) approaches 1 as z — .
Since D is convex, Bi(w) must leave D no later than it crosses L. Thus, no
matter how small 6 > 0 is chosen, the probability that B;(w) has left D for
some t € (0,6) approaches 1 as x — . Moreover, the probability that, for
t € (0,6), By(w) is within € of its starting point approaches 1 as 6 — 0%,

u(z) =
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Thus, by choosing 6 small enough, we can also assure (with a probability that
approaches 1) that when B;(w) (starting at x) leaves D, it does so within
distance € of zy as * — x(. Thus, initially choosing 6 small enough, we can
assure (with a probability that approaches 1) that f(7p(z)) will be arbitrar-
ily close to f(xg) as © — x¢ using the continuity of f. In Section 7, we relax
the convexity assumption to the exterior wedge (or cone) condition, namely
that, at each point of 0D, there is a supporting wedge (instead of line) with
positive angle. Also, we will replace the above sketch by a careful proof in
this more general case. m

2 The mean-value property and harmonic func-
tions

Let D be an an open subset set of R2. We say that a continuous function
¢ : D — R has the mean-value property if for all » with
B(x;r):={yeR*: |y —x||<r} CD,

we have

2T
% /0 ¢z +1cosl,xe + rsinb) rdd = ¢p(xq1, z2) = d(x). (3)

Theorem 2 If ¢ : D — R is continuous and has the mean-value property,
then ¢ 1s C'*° and harmonic.

Proof. For each € > 0, let
D.:={xeD||x—z||>¢c forallze R*\ D}.

Let ¢, : R — [0,00) be the C* “bump” function defined by

b, (r) = { exp (wis) Irf<e

0 Ir| > €.
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Let x = (x1,23) € D.. Using polar coordinates (r, ) about x with r < ¢, we
have

1 27
— / O(x1 +1rcosl,xe +rsinb) rdd = ¢(x1, 1) = H(x),
™ Jo

by the mean-value property (3). The function z — o_(||x — z||*)¢(z) is
defined for z € B(x;¢), and it extends continuously to all of R? by taking it
to be zero outside of B(x;e). We then have

[ vllix = 2l)ota) dadz

oo 2
= / / V. (r?)p(z1 + 7 cos O, x4 + 7 sin 0) rdfdr
o Jo

= /Oo U (r*)r (/% ¢(z1 + 1 cosl,xe + rsinb) d@) dr
0 0
= / Y (r*)r - 2np(x) dr = 27?(;5(){)/ Y (r®)r dr.
0 0
Thus,
— ! — 2 dzid h e — 2 h 2 dr.
it [ plx=2lP)ota) iz, where e =2r [ (%) ar

Since 1_(||x — z||*)$(z) is a C* function of x and all of its partial derivatives
are integrable with respect to z, all of the partial derivatives of ¢(x) with
respect to z; or zy can be computed by differentiation under integral (see
[Wi89, p.352]):

-, (X / WL(lx = 2%)2 (21 — ) B(a) d=rdz,
et = [ (0= 2 (o1 = 20+ 0L~ 2]7)2) d02) dadia
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To show that ¢ is harmonic on D,, we again compute using polar coordinates
(r,0) about x € D, and the mean value property:

e (B + Oru) = 1 / (910 = 2IP) e = 2 + 6 — o)) 9(a) dsdz
= / / V! (rH)r? + L T2))¢1‘1+T‘COS¢9 xo + rsinf) rdf dr

= / (W2 (r*)r? + l(r gbxl—i—rcos@ x9 + rsinb) df dr
0

0
0

= 4- 27?(;5(){)/ 1L (YL(r*)r?) dr = Ang(x) lim (YL(r*)r?)| =0.
0

r0—>oo 0
Since any x € D is in D, for some € > 0, ¢ is harmonic on D. =

The n-dimensional analog of Theorem 2 and its proof are strictly analo-
gous, with integrations over circles with respect to 6 being replaced by inte-
grations over unit spheres S™! and factors of 27 are replaced by the (n — 1)-
measure of S"~!, namely 2 F(n /2) Observe also the continuity assumption on
¢ can be relaxed to the assumption that ¢ is measurable and integrable on
compact subsets (i.e., ¢ is locally integrable).

3 Brownian motion and the simple Markov
property

Let d be a positive integer. To define Brownian motion on R? in a form which
is suitable for our purposes, we introduce the following notation:

1.) ©Q denotes the set of all continuous functions w : [0, 00) — R

2.) For each t € [0,00), the function B; :  — R? is defined by
Bi(w) = w(t).

3.) F is the o-algebra of subsets (2 generated by sets of the form B; '(A)
where A € B(R?) := the g-algebra of generated by the open (or closed)
subsets of R? and ¢ ranges over [0, c0).

4.) For each z € RY, P, is the unique probability measure on (2, F) such



that

(i) P.(Bp=x) =1,
(ii) For all real s,t with 0 < s < t, the increment B; — B,

e« . 2
has probability density p?(t — s;0,y)dy = W exp (— 2‘(@3)> dy, and
(iii) For all real ¢y, ...t with 0 <t¢; < --- < t,, we have that

By, —x, B, — By, ..., B, — By, _, are independent.

Here y = (y1,...,v4) € R? and dy is short for dy; - - - dy,.

Remark 3 The construction of P, is nontrivial, and for this we refer the
reader to [KS88], [La66], [PS78], and [Va80)].

Definition 4 In the above notation, we say that the 4-tuple

(Qa F, {Pm}xeRd ) {Bt}te[o,oo))

1 a d-dimensional standard Brownian motion process.

Remark 5 One may still refer to w € Q as a Brownian particle, but with
the above definition, w is actually the whole path of the particle and w(t)
is the particle’s position at time t. Since By(w) is simply w(t), we could
logically abbreviate (2, F,{Ps},cpa+{Bt}icjoo)) WY (@ F {Pe}t,cpa). The
item in (Q,F,{Pr},cpa+{Bi}icjp00) which really identifies the process as
“Brownian” is the family of measures { P}, pa-

Intuitively, p?(t; y, 2)dz is the probability that a particle starting at y € R?
at time 0 and “moving randomly” will be in an infinitesimal volume dz about
z at time t. The key properties (established in Appendix 8.1) that we need
are

/ p(t;y,2)dz = 1 and / (s, z,y)p(t,y, 2)dy = p* (s +t,2,2). (4)
R R4

The latter is known as the Chapman-Kolmogorov equation. Intuitively, it
says that the probability density that a particle moves from x to z in time
s+t is the integral with respect to all intermediate positions y of the density
that it moves from z to y in time ¢ multiplied by the density that it moves
from y to z in time s. Conditions (i), (74) and (i77) in 4.) are equivalent to
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the assertion that for each finite sequence 0 < t; < ty < --- < t,,, the joint
density of By,, By,, ..., By, on (Rd)n is given by

Pty @, 21)p?(ts — try w1, @) - PNty — tne1; Tn1, @) dy - - - d. ()

Since d will usually be fixed, we will drop it until further notice, and it will
often be convenient to use the notation

pe(y, 2) == p(t;y, 2).

For a d-dimensional Brownian motion (2, F,{Fu},cga s {Bt}icpo0))s Lot
F: be the sigma field generated by Up<s<; { Bs}, and let F,, be F, the sigma
field generated by Up<s<oo {Bs}-

Definition 6 (time shift operator) Fort € [0,00), the time shift opera-
tor 0; : Q — Q is defined by

0 (w)(s) =w(t +s) for s €[0,00).

Note that the path 6,(w) begins at the point w(t) and does not involve wly).
Thus, fort > 0, 6, is not 1-1, but it is onto. Writing w(s) as Bs(w), note
that By o 0; = By, s : 2 — RY, since

(Bs 0 0;) (w) = Bu(0i(w)) = 0:1(w)(5) = w(t + ) = Byps(w)- (6)

Thus, via right composition, 8, maps the collection of random variables { Bs}
into itself. For s > 0, we have that 0, : (2, Fris) — (2, Fs) is measurable.
Indeed, elements of F, are generated by sets of the form B (A) forr < s
where A € B(R?), and

0, 1(B,1(A)) = (B, 06;) ' (A) = B, (A) € Frus.

T

Since s can be chosen arbitrarily large, 0; : (2, Foo) — (2, Foo) is measurable.

The Markov Property below intuitively states that after time ¢, the ex-
pected behavior of a Brownian particle w, beginning at x at time 0, is the
same as if it began at By(w). In other words, other than its current posi-
tion By(w), its past, previous to time ¢, has no effect on its future. Proofs
of Markov Property here and the Strong Markov Property in Section 5 are
outlined in Chapter 1 of [CZ95], but our other references were essential in
verifying many of the details.



Theorem 7 (Markov Property for Brownian motion) Let

(Q’ F, {Pﬂ?}wERd ) {Bt}te[(),oo))

be a d-dimensional standard Brownian motion process, let A € F;, and let
g: Q2 — R be an F-measurable function which is positive or bounded. Then,
for any x € RY,

[ stonar) - | / ') dPp, () AP, (). (7)

In other words, if E.( = fQ (w) denotes the expectation of a
random variable X, then E (lAg(Qt)) = E (14Eg,(g9)), where Ep,(g)(w) :=

Ep,w)(9(w)).
Remark 8 In the case g = 1¢ for C' € F, this becomes
/ 1o (@) dPy(w) = / / Lo() AP,y () dPo(w), or
A AJa
/A Lyt oy (@) dPy(w) = / Ppyy (C) dP, (), or
PAN6©) = [ Pa(©)dPw)
A
Lemma 9 For A € F;, and C € F, we have
P.(406,(©0) = [ Paw(C)dP.w). ®)
A
Proof. We first prove this for A € F; of the form
A:{Btl GAl,...,Btk EAk}, Ogtl < .- <tk St,

where A; € B(R?) (i=1,...,k), and g = 1¢ for C € F, of the form

C:{le 601,...,Bsm60m}, 0<s1 <+ < S,
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where C; € B(R?) (j=1,...,m). Since 0 < t; <+ <tp <t+s5 < <
t + Sm, we have (according to (5))

P, (ANn6,1(C))
- Bt1 EAl,.. Btk eAk,BH_Sl 601,.. Bt+5m GC )

= / / / / Py (T, Y1) Pty—t, (Y1, 92) - - “Dty—ty 1(yk 1, YUk)
Al Ak Cl

“Dets1—t, Yk, U1) Ditsp— (t+sl)(ul,uQ) Dt s —(t+5m_1) (Um—1, Um)
duydusg - - - duy,dydys - -

= / / / / P (T, Y1)Pty—t, (Y1, 92) - *Pti—ty— 1(yk 1y Yk)Pts,— tk(yk7u1)
Ay A JC 'm

Dsg—sy (U1, U2) Do —sy (Um—1, U ) dugdug -+ - - dupydyrdys - - - dyg,.

Note that since 0 < t; < --- <t} < t, using (5) again,
[ 9B ap.w)
/ / / w) Pe, (2,91) Pro—ts (Y1, ¥2) ** Pro—ts (Yr—1, Ui ) P—ty, (Y, )
Rd J A, A

dyidys - - - dyrdu
Thus,

| Prio(C)ap.w)
= / / / OV (2, 91) Pro—t (Y1, Y2) - Pra—try (Y1, Yr ) Pe—t,, (Yi> 1)
Rd J A, Ay

dyidys - - - dyrdu

(/ ce / Psy (u7 U1)P32—51 (uh UQ) e 'pSm—smA(um—la um) duydus - - - dum)
Cl

Dea (T, Y1) Pta—ts (Y1, Y2) + -~ Peo—tye oy (U1, Y ) Pe—ty, (Ur, w) dyprdys - - - dypdu

= / / / / / p31 u, uy psz 51(u17u2) *Psrm—S$m— 1(um laum)
Rd J Ay A JC1

Dy (SU, n )ptzftl <y17 y2) “Pti—tr 1 (yk*h yk)pt—tk (yk7 )
duidus - - - du,,dy dys - - - dyrdu
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= / e / / e / / Ps, (U, ul)psz—sl (u17 u2) e psm—smfl(um—la um)
Ay A JC 'm J R4

Pty (907 yl)ptg—t1 (yb 92) C Pt—tia (yk—b yk)pt—tk—l (yk, U)
duduidus - - - duy,dydys - - - dy

= // / / P (T, Y1) Pto—ts (Y1, Y2) -+ Pea—tiy (Yr—1, Yi)
Ap A JC1 'm

(/ Ds1 (’LL, Ul)pt—tk,l (yk7 U) d’LL) DPso—s1 (u17 UQ) * Dsyn—sm—1 (um—b um)
R4
duidus - - - du,,dy,dys - -

= / / / / Pt1 z, pt2—t1(y17y2) * Pty —ty— 1(?Jk IJyk)pt+51 tk(yk7u1)
Ay A, Jou
Dsg—sy (U1, U2) *** Pspi—sin 1 (Um—1, U,) durdug - - - dupmdyrdys - - - dyy,

where we have used the Chapman-Kolmogorov equation (4). This is exactly
the same as P, (A neg, 1(C’)) computed above, namely

A N 0
/ / / / Pt1 z, ptz t1(y1;y2) Dty —t,— 1(yk layk)pt—l—sl tk(yk,ul)
A Ay 01
Deg—sr (U1, U2) * ** Dop—sm_r (Um—1, Up) durdug - - - A dyidys - - - dy.
Let C be the collection of A € F; of the form
A={B, € A1,...,B;, € A}, 0<t; <--- <ty <t,

and let D be the collection of A € F; such that (8) holds for a given C' € F
of the form C ={By, € C1,...,Bs,, € Cp,}, 0 <81 <+ < 8pp; 1€,

P (ANG7(C) = [ Pr(C)dP) ©

Note that C is closed under finite intersection and we have shown that D
contains C. Theorem 33 in Appendix 8.2 implies that D = F;, provided

(i) QeD
(i) A BeDand ACB= B\AcD
(ZZZ) AnED, n:1,2,3 andA1§A2§A3§---:>AOO lZU,ZOZIAHGD.
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Note that (i) holds, since 2 € C. Just take the k = 1 and A; = R%, and then
1= A € C, for which (9) holds. For (i), since A C B,

P, (B\A)n6;'(C)) = P, (BN6;(C)) — P, (An6;(C))
_ / Pryi) (C) dPy(w) — / Pryuy (C) dPy(w) = /B P C) AR (o).

For (ZZZ), since Al - A2 - A3 -

P, (A n6;1(C)) = lim P, (4,N6;"(0))

n—oo

= lim PBt(w)<C) dPx(w) = / PBt(w)<C) de(w).

n—oo
An o]

Thus, D = F;.
Now, let C be the collection of C' € F, of the form

C:{le GOI,--->Bsm€Cm}7 0<s1 <+ < S,

and let D be the collection of all C' € F, such that (8) holds for any fixed
A € F;. Again, the verification of (i), (i¢) and (iii) is easy, and D = F.
Thus (8) holds for all A € F; and C € F. m

Proof. (of Theorem 7) If g : @ — R is of the form 1¢ for C' € F. Then,
by Lemma 9,

/A 9(0(w)) dPy(w) = / 1o(6,w)) dPy(w) = Po (AN 6;1(C))

= [ Paw(C)aPi) = [ [ 16() dPa() P,
_ / / 'Y dPp, (') dPs(w).

By linearity (7) holds for simple F,-measurable functions. Since any posi-
tive F -measurable function is the pointwise limit of an increasing sequence
of simple functions, (7) holds by the Monotone Convergence Theorem. For
bounded (and hence integrable on a probability space) Fo.-measurable func-
tions, we write ¢ = g, — g_ for bounded positive functions g, := max(g,0)
and g = max(—g,0), and apply linearity to get (7). m
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4 Stopping times

Definition 10 (stopping time ) Let {F;:t > 0} be an increasing family
of o-fields on a probability space (2, F, P). A non-negative random variable
7 on Q) (which may assume the value +00) is called a stopping time of {F;}
provided that for every a > 0,

{r <a} € F. (10)
Here and elsewhere we use the abbreviation {T < a} for {w € Q: 7 (w) < a}.
Equivalently, we have

Proposition 11 A non-negative random variable T on ) is a stopping time
if and only if for each a > 0,

{r <a} € For =Nzt (11)

Proof. If {r < a} € F,, then

t_

{TSa}:ﬂn>1{T§a—|—Ta} c Fforallt >a>0.
Thus, {7 < a} € M=o Fr = Fur. Conversely, if {T < a} € F,y, then
1
{r <a} =Ups1 {7‘ <a-— E} € Un>1}“<a_%)+ C F,.

|

Note that if t5 > 0 is a fixed time and 74, : Q@ — [0, 00) is the constant
function given by 74, (w) = to, then

Q ift0<CL

6 iftg>a €70

{wEQ:TtO(w)<a}:{w€Q:t0<a}:{

and so Ty, is an example of a stopping time.

Definition 12 Let 7 be a stopping time of an increasing family {F;} of o-
fields. We define

Fr={AeFo|An{r <a} € F, foralla >0} and
Frp ={AceFo | An{r <a} € F, foralla>0}.

14



Remark 13 We show that the notation is consistent with the special case
where T is a constant function, say T(w) = ty > 0; i.e., we have F, = Fy,
and Fr+ = Fiy+. To show that F, = Fy,,

F. = {AeFo | An{ty <a} € F, foralla >0}
{Ae Fu | A€ F, forto < a} =NustgFa = Fiy-

Moreover,

Frr = {AeFo | An{to <a} € F, for all a > 0}
= {AeF | A€ F, fortg<a}l =NgstgFa = Figr-

Proposition 14 We have that F, and F,, are o-fields.

Proof. We prove this only for F,,, since the proof for F, is analogous.
Note that clearly ¢ € F,, and 2 € F,, since QN{r <a} = {r <a} €
Fa. Moreover, since F, and F,, are o-fields, F,, is closed under countable
unions. It remains to show that F.. is closed under complementation; i.e.,
Ae F.p = A°e F,,. Certainly, A € F,, = A° € F. Thus, it remains to
prove that A°N {7 < a} € F,. Note that,

AeF o= An{r<aleFo= (An{r <a}) € F,

since F, is a o-field. From the elementary fact AN B = BN (AN B)® with
B ={r < a}, we get

AeF o= AN{r<al={r<a}ln(An{r <a}) € F,
since we showed that (AN {7 < a})" € F,, and {7 < a} € F, by the defini-
tion of stopping time. m
Definition 15 If 7 : Q — [0,00] is a stopping time, then the time shift
operator for T is 0, : Q\ {1 = 00} — Q is defined by

0, (w)(t) = w(r(w) + ).
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As before Definition 6, we henceforth take F; := o({B; : s <t}). Note
that F, is strictly contained in F,,. Indeed, for an open ball U in R¢

{weQ|inf{s >t|Bs(w) e U} =t} € Fri \ Fuy

since inf{s > t | Bs(w) € U} = t if there is a sequence {sx} with s | ¢
and B, (w) € U. Thus, this event is determined by knowing By(w) for s
sufficiently close to but bigger than ¢, whereas inf{s >t | Bs(w) € U} =t
cannot be determined by By (w) for ¢’ < ¢, unless By(w) € U, but By(w) ¢ U

is a possibility.

Definition 16 (exit time) For a Brownian motion (Q,F,{P:},cga,{Bt}ic(0,00))

and U an open or closed subset of RY, the exit time from U is the function
T : 2 — [0, 00| defined by

Ty (w) :=inf {t € (0,00) : B; (w) € U},

where inf ¢ := oo. Note that Ty is really independent of {Py},cga, but of
course its expectation, relative to P,, varies with x.

Proposition 17 For any open or closed U C RY, we have that Ty is a
stopping time.

Proof. First suppose that U is closed. We show
{ro <t} = U {B1 (U9},

which exhibits {7y < t} as countable union of members of F; and hence a
member of F; itself. Note that

reQn(0,t)

we{rp<tlrenplw) <t
& inf{s € (0,00) : Bs (w) € U} <t
< By (w) € U° for some s < t. (12)

Since s — B; (w) is right continuous, B; (w) = lim,|; B, (w), and so since U*®
is open, B, (w) € U* for sufficiently small rational r € (s,t). Thus,

w e {ry <t} & B, (w) € U° for some rational r < t
& B, (w) € U° for some r € QNI0,t)

& we Ure@ﬂ(o,t){ LeUtswe Ure(@ﬂ o {B1 (U9}

16



We only used the right continuity of B;(w) for this.
Suppose now that U is open. Let {U,}2, be a sequence of open sets
with U,, C Up,41 and U2, U,, = U. Then for each ¢ > 0,

{rv >t} = {weQ|Vse (0,t], Bs(w) e U}
= ﬂ:;l{wGQ]VSE[%H,tl,Bs(w)EU}.

_t
k+17

s +— B,(w) is compact, it must be in U, (and hence U,,) for some n, we have

Now, since the image of the compact set [ t] under the continuous map

t
{WEQ|VS€ [k—H,t], B8<CU)EU}

oo t —_
= Unzl {w e | Vs € |:]{I——|—17t:| , BS(W) S Un}

Thus,

{ru >t} = DZ;U:O:I {weQWse [%H’t]’ Bs(w)em}
- NaU {”EQ'V‘SGQ” {%Ht] B.(w) Jn},

where the last equality uses the (left and right) continuity of s — Bs(w).
Since each of sets {w €Q|VseQn [k%rl,t} , Bs(w) € ﬁn} is in F;. Thus,
{rv >t} € F and

{TUSt}:{TU>t}C€ft.

This implies {Ty < t} € F, since
{TU < t} = U];“;O {TU < k‘t/(k‘ + 1)} C Uzozofkt/(k+1) C F;.

Proposition 18 For an open or closed subset U C R? with Lebesgue measure
m (U), we have
Py(ty > t) < (2rt)" P m(U).

In particular, if m(U) < oo, then limy_.o P.(Ty > t) = 0, from which it
follows that P,(ty = 00) =0.

17



Proof. If 7y (w) > t, then B;(w) € U, and so {Ty >t} C {B;, € U}. Hence

Py(ry>1) < Py(BeU)= / pi(,y) dy = (2mt) """ / e llrull/2t gy
U U

< (2mt)i / Ldy = (27)" 2 m(U).

5 The Strong Markov Property for Brownian
motion

If we replace t in Theorem 7 (Markov property for Brownian motion) by a
stopping time 7, we obtain a stronger result, namely

Theorem 19 (Strong Markov Property) Let (Q, 7, {F;},cpa s {Bi}ticp,o0)
be a Brownian motion. For a stopping time T,

AeF o ={AcF |Vt >0, An{r <t} e K},

and g an F-measurable function which is positive or bounded, we have (for
any r € RY)

/AQ(GT( // W)APs, ) (w)(W) dPy(w). (13)

Proof. For the stopping time 7, and integer n > 1, we define

k2 i (k—1)2 <7< k27
Tn = oo if T = .

Note that 7, | 7 as n — oo. Since 7 is a stopping time and A € F,

AN{(k—1)27" <7 <k27"} € Fpan.

18



Thus,

9(W)dPp, () (W) dPp(w)

v / §()dPs, () dPy(w)

—
S—~—

N(Upe  {(k—1)2 " <r<k2-n}

[e.o]

W)dPp_ @) (W) dPy(w)

k= 1/Aﬂ{(k 1)2-n<r<k2- n}/ 9()
| )

8

dP, " dP,(w
h= 1/Am {(k—1)2-n<r<k2-n} By () (W) APr(w)

9(Ora—n(w)) dPy(w)

k=1 J An{(k—1)2-n<r<k2—n}

[e.o]

k=1 /Aﬂ{(kl)2—"<r<k2—”}
907 () (W)) APy (w)

MMgMM

9(0r,(w) (W) AP (w)

Il
—

An(u {(k—1)2-n<r<k2—m})

= /A 9(0r,(w)(W)) AP (w).

We wish to take a limit as n — oo, to get

Awﬂ // W)APy, (@) dP(w).  (14)

For this it suffices to show that either side of the equation (valid by the simple
Markov Property)

/A (0 (w / / W')dPp,() (W) dP,(w).

is a continuous function of ¢. This is not easy to prove and may not even be
true. However, we can prove the continuity in ¢ for g of the form

9w) = fi(By (W) -+ fr(By,(w)) (15)

where 0 < t; < --- < t, and fi,..., f, are continuous, bounded functions on
R?. Then

/wt /ﬁ&ﬁt o fo(Be, (0:(w))) dPy ()
/ﬁmﬂ o LB (@) dPo(w).
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Since Brownian paths B;(w) are continuous functions of ¢, and the f; are
assumed continuous, the integrand fi (B, (w)) - - - fr(Byst, (w)) is continuous
in t. As the f; are bounded and P, is a finite measure, applying the Lebesgue
Dominated Convergence Theorem, we have

lim / 1B (@) -+ o(Brye, () dPy(w)
A

t—to

_ / lim (fi(Byre, (@) - £+ (Bere, () dPalw)

= [ BlBi@) - £iByra (@) dPa (o).

Then we will have (13) for such g. We now apply the Dynkin System Theorem
to show that having (13) for such g implies that (13) holds for all positive or
bounded F,.-measurable functions g.

For a product of nonempty open intervals J = (a1, b1) X - - - X (ag, bg) C R?
(the collection of which we denote by J), the characteristic function 1; is
the limit of an increasing sequence of continuous, nonnegative functions. Ex-
plicitly, let a < b € RU{—00,400}. For a positive integer n, let h,(-;a,b) :
R — [0, 00) be the continuous function defined by

o [0 zd(ab)
h”(x’a’b)_{l z € (a+t o bty

and interpolating linearly to define h,(-;a,b) on (a,a+ 1’3_—”“) and (b— 1’3_—”“, b).
Then
JU() = hp(-5a1,b1) X oo X hy(-5aq,00) T 1y

Let Ji,...,J, € J and let H, : 2 — R be defined by
Hy(w) = JP(By () - -+ J'(By, (w))-
Since J7, ..., J are continuous, the result (14), for g of the form (15), yields
[ o@D dPe) = [ [ )P, o) P,

Since H, 1 (15, 0 By,) X -+ X (1. 0 By,.), by the Lebesgue Dominated Con-
vergence Theorem, we may take the limit of both sides under the integral(s)
to get that (14) holds for g = (15, 0 By,) X -+ X (1, 0 By,.). Observe that

((1J1 o Btl) X X (1Jr o Bt'r)) (w) - lAJ(tl ,,,,, tr)(w>’

20



where
AJ(tl,. .. ,tT) = {w . Btl(W) € Jl,. . .,BtT<W) € JT} .

Let C be the collection of C € F, of the form A;(ty,...,t.), and let D be
the collection of D € F, such that

/AlD(et //1D )dPp,(w) (W) dPy(w). (16)

Note that C is closed under finite intersection and generates F,, and we have
shown that D contains C. Theorem 33 implies that D = F,, provided

(i) QeD
(ZZ) Dl,DQEDandD1CD2:>D2\D1€D
(ZZ’L) AnED, n:1,2,3 andAlgAggAgg"'iAoo CZUZO:IAHGD.

Note that (i) holds, since Q € C. Just take the r = 1 and J; = R?. Alterna-
tively, for D = Q, both sides of (16) reduce to P,(A); recall that w — w o 0,
is onto. For (i), since D1 C Do,

/ Lo s (0u(w)) dPo(w) = / 15y (6,(w)) Py (w) — / 1, (0(w)) dPy(w)

- / / 1p,(w')dPg,) / / 1p, (W)dPp,w) (W) dP:(w)
= //1[)2\1:)1 ")dPp, (') dP;(w)

For (iii), since D1 C Dy C D3 C --- | we have 1p, T 1p, and applying the
Lebesgue Dominated Convergence Theorem, we get (16) for D = D,,. Thus,
D = Fu. Having (13) for g = 1p for all D € F, by linearity (13) holds for
simple F,-measurable functions. Since any positive F,,-measurable function
is the pointwise limit of an increasing sequence of simple functions, (13) holds
by the Monotone Convergence Theorem. For bounded (and hence integrable
on a probability space) F..-measurable functions, we write g = g, — g_ for
bounded positive functions g, := max(g,0) and g_ = max(—g,0), and apply
linearity to get (7). m

Corollary 20 The Markov Property (Theorem 7) holds for A € Fiy, not
only A € F;.
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Proof. We apply Theorem 19 to the in the case 7 is constant with value ¢;
i.e., 7 =t. In this case,

Fro ={A€eF,|Vs>0, AN{7r < s} € F,}
= {AeFo|Vs>0, An{t < s} € Fs}
{Ae Fo |Ac Fsfort < s} =F.

|
We will eventually use the following result to establish the correct bound-
ary behavior for the proposed Brownian solution of the Dirichlet problem.

Corollary 21 (Blumenthal’s zero-one law ) If A € Fo, = Ni~oFy, then
P.(A) =0 or P,(A) = 1.

Proof. We apply

[ a0 are) = [ [ g@)ipa o))

with 7=0, A € Foy and g = 14. Then

P(4) - / 14 dP,(w / / 14(&)dPpy) () AP, ()

= [ Py dP) = PAAP
Thus, P,(A)=0or P,(A)=1. =

6 Proof of the mean-value property of the
Brownian solution

Let D be a connected, open, bounded subset of RY. We seek a solution of
the Dirichlet problem
Au =0, u= f ondD

where 0D is sufficiently nice (e.g., dD is smooth or D is convex). Let

p : 2 — [0,00] be the exit time from D. Since D is bounded, the mea-
sure of D is finite, in which case by Proposition 18, P,(7p = c0) = 0. In this
section, our goal is to show that the proposed solution

u(z) = E; (f(Brp)) = /Qf(BTD(UJ) (w)) dPy(w) for z € D,



has the mean-value property, namely

Theorem 22 For a ballU = U(z,r) := {y € R*| ||y — x| < r} centered at
x € D with radius v and with U C D, we have

1

U = 5T fow

u(y) dopy-
where OU = {y € R?| ||y —z| =r} is the boundary of U, dopy is the

(d — 1)-dimensional “volume element” of OU, and |0U| := [, 1dopy =

27rd/2 rd-1
I'(d/ 2)

is the (d — 1)-dimensional measure of OU.

Proof. We apply Theorem 19 with A = Q, 7 = 7y (not 7p) and g : 2 —
[0, 00] given by g = f o B,,, or more precisely,

9(W) = f((Brp) (W) := f(Brpw)(w)))-

In this case,

/AQ(QT(UJ) / / dPB )(w) (w') de(CU)
becomes

/Q F(Brp() (0ry () (W) / / f(Brpw)(@))dPs, ) (W) dPr(w)

(17)
Note that on {7p > s € [0,00)}, we have (by definition of 7p) 7p = s+7poby,
since

7p (0s5(w)) = Tp(ws+.) = Tp(w) — 5. (18)
Similarly, on {Tp > 7¢/}, we have
Tp=Tu+Tpob,,.
Note that
B, (0ry (W) = Brp,, @)y (W) = I)BTD(GTU W) (w(Tr(w) +-))

= w(ru (W) + 70, (W) = Bryw)trn0,,w) (@)
= Brpw(w) = (Brp) (w)-
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Hence, (17) becomes

we) = [ FBopo@)dPu) = [ [ FBryn@)dPa, ) dP(0)
= [ By ) P,

Let Y : Q — 90U be given by Y (w) := By, (w)(w). Let P,oY ! be the measure
on AU defined by (P, oY1) (C) = P,(Y~(C)), where C is a Borel subset
of OU. Let O.(d) := the group of orthogonal transformations of R? about
x € RY Because of the directional independence of Brownian motion, we
expect intuitively that the probability measure P, o Y1 on QU is invariant
under the action of Q(d) on OU, and hence is the standard normalized
measure on the sphere. In other words, it is expected that for R € O,(d),
we have

(Po Y ) (R(C)) = (Pro Y ™) (O): ke, Po(Y(R(C))) = Po(Y(O))
N N (19)
We show this as follows. For R € O,(d), define R : Q@ — Q by R(w) := Row.
It follows from the continuity of R and R~! that

AeFe RYA) = {wemﬁ(w):}zoweA}eﬁ

For A € F, we have N
P,(A) = P,(R™'(A))

(ie., P, is invariant under R). Indeed, for the generating subsets of the
form {w € Q| By, (w) € Ay,..., By, (w) € A,} where A; € B(R?), this follows
ultimately from properties (), (i¢) and (4i7) of Definition 4, or more directly
from the rotational invariance of the joint density (5). In the case

A=Y R(C)) = {w e Q| Byy(w) € R(O)},

we have
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Then (19) follows from R (Y "L(R(C))) = Y ~}(C), which we now show:

H(YTHR(C)))
- {weQ|R(w)eY 1(R(C))}:{weQ\Y(fi(w))GR(C)}
= {weQ|Y(Row) e R(O)} ={w e Q| (Row)(ru(Row)) € R(C)}
= {weQ|wly(Ro ))EC}—{wEQ\w(TU(w))EC}
= {weQ|B,ww) eC}=Y"10).

Any rotationally invariant probability measure on QU must be the standard
measure o normalized so that OU has unit measure. Thus,

u(e) = / U(Bry () APy(w) = / u(Y () dPy(w)
N T
= [ uwapoy W= [ wwdot) = 5 [ ww) dos

as required. m

7 Boundary behavior of the Brownian solu-
tion

Here we verify that for bounded open domains D satisfying the exterior cone
condition, the boundary condition for the Dirichlet problem is satisfied by
the hypothetical Brownian solution.

Definition 23 Let D C R? be an open set and let y € 0D, then vy is called a
regular boundary point of D if P,(tp = 0) = 1; i.e., a Brownian particle
is almost sure to leave D before any positive time relative to P,. The set of
reqular boundary points of D is denoted by (0D),.

Remark 24 Since {Tp = 0} is in Foi, by Corollary 21 (Blumenthal’s zero-
one law ) we have Py(tp = 0) =1 or 0. Hence, if P,(tp = 0) > 0, then
P,(tp = 0) =1, and the condition P,(Tp = 0) = 1 in Definition 23 can be
replaced by P, (TD =0) > 0.
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Definition 25 Let D C R be an open set. Then D satisfies a cone
condition at y € 0D if there is an open circular cone V with vertex at y
such that V-0 U(y,r) C D¢ for some ball U(y, a) of some radius a > 0 about
y. In particular, if D is convex, then each y € 0D is reqular, since D¢ is
contained in a half-space of a hyperplane through y.

Proposition 26 If D satisfies a cone condition aty € 0D, theny € (0D), .
Proof. Note that

P,(tp < t)>P,(Bir€ D) >P,(B,eVNU(y,r))
m (V. NoU(y,r))
m (U (y,r))

By(Be € Uly,r)) = C(V)By(B, € U(y, 7)),

where C(V) is the solid angle of the cone. For sy = 27%2/T'(d/2) = (d — 1)-
measure of the unit sphere in dimension d, we have

' 1 p d—1
P,(B = —— £ d
y( t c U(yu T)) /0 (27Tt)d/2 exp ( 2t> Sdp 1%

_

(withu = p/v/i) = /0 EA S (_%uz) s ()" Vidu

(2nt)%/

Sd % 1 _
= W/o exp (—§u2) utdu — 1 ast— 0F.

Thus,
S(p = 0) = P(PE, {rp < 1/u}) = lim Py(rp < 1/n)
Then by Remark 24, P,(7p =0) =1 and y € (0D),.

Definition 27 A real-valued function h : X — R on a metric space X is
upper semicontinuous aty € X if lim,_., h(z) < h(y).

Proposition 28 If h, : X — R is upper semicontinuous at y € X for
n=1,23,..., h1 > hy > -+, and h,(x) — h(z) € R for each z, then h(x)
18 upper semicontinuous at y.
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Proof. Since h,(y) | h(y), for any € > 0, there is an integer N = N(g), such
that for n > N, we have

hy(y) + 3¢ < h(y) +e.

Moreover, since hy is upper semicontinuous at y, there is 6 > 0 such that
hn(z) < hn(y) + e for dy(z,y) < 6. As hy(x) | h(z), for all n > N, we
have

ho(2) < hn(y) + 3¢ < h(y) + ¢ for dy(z,y) < 6.

Hence, for arbitrary ¢ > 0,

h(z) = lim h,(z) < h(y) +e for dy(x,y) < 6.

n—0o0

Thus, lim,_,, h(z) < h(y) + ¢ for arbitrary € > 0, and so lim,_,, h(x) < h(y).
]

Lemma 29 For an open set D C R% and fized t > 0, the function h : R¢ —
R, given by h(x) = P,(Tp < t), is upper semicontinuous on R%.

Proof. We will show that h is the limit of a decreasing sequence of con-
tinuous (and hence upper semicontinuous) functions. While 2 may not be
continuous, by Proposition 28, h is upper semicontinuous. Recall from (18)
that if s < 7p(w), we have Tp(w) = s+ Tp(0s(w)); i.e., on {s <7p}, we
have 7p = s + 7p o 05. Note that

t <7plw) < w((0,t)) C D,
and so

t—s < 7pls(w)) & bs(w)(u) e Dfor0<u<t—s
& ws+u)CDfor0<u<t—s<ew((st) CD.

For 0 < s < s’ < t, we have
t—s<1p(ls(w)) e w((s,t) CD=w((s,t) CDet—s <1p(lyg(w)).

Thus,
{t—s<71pobs} C{t—s <Tpoby},
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so that {t — s < 7p o0} decreases as s | 0, and
{t <71p} =Nocsct {t =5 <Tpolbs} =M {t - % <Tpo Qt/n}-
Hence

t
h(gj) = Pz(t < TD) = lim Pm(t —— <Tpo Ht/n)v
n

n—oo

and so h is the limit of a decreasing sequence of functions h,, given by

hn(z) = P, <t—% < TDOQt/n) =P, (0;/}1 (t—% < 7'D>) )

If we can show that the h,, are continuous, then h(x) is upper semicontinuous
on R? by Proposition 28. The next result establishes the desired continuity
of h,. m

Proposition 30 For any fired t > 0 and any C' € F, the function x +—
P.(6; (C)) is continuous on R,

Proof. Let g : RY — R be given by g(y) = P,(C) < 1. We will show below
that g is F-measurable. Then by Theorem 7 with A = ), we have

P, (674(C)) = / Pryiy (C) dPo(w) = / 9(By(w)) AP, (w)

= /Rd pe(z,y)g(y)dy = /Rd meXp <—2it ly — xllz) 9(y)dy,

which is a continuous (indeed, C*°) function of z. Thus, it remains to show
that g is F.-measurable. Let C be the collection of C' € F,, of the form

C:{BtleCl,...,BtkECk}, O§t1<t2<“'<tk,
where C; € B(RY), i =1,...,k, we have

P(C) :{ Joo Jo, 2o (s Y1)t (Y1, Y2) - Doty (Y1, Y)Y - dyy, 8 >0
v Joy S P (W y2) - Doty (Yr15 Yk )Y - - - dyi t1 =0,

which is a continuous (and hence measurable) function of y. Let D be the
collection of D € F,, for which y — P,(D) is F-measurable. Note that
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C is closed under finite intersection and we have shown that D contains C.
Theorem 33 implies that D = F, provided

(i) QeD
(ZZ) DI,DQEDaDdD1CD2$D2\D1€D
(iii) Dy€D, n=1,23... and D, C Dy C D3 C -+ = Dy = [, D, € D.

Note that (i) holds, since the constant function y — P,(Q) = 1 is F-
measurable. For (ii), since Dy C Dy, we have y — P, (Dy \ D1) = P, (Ds) —
P, (D) is Fe-measurable. For (ii7), since Dy € Dy C D3 C --- | we have
that y — P,(U,~; Dn) = lim, .o Py(D,) is the limit of F,-measurable
functions and hence is F,-measurable. Thus, D = F,,. =

Theorem 31 Let D be a connected, open, bounded subset of R?, and let
f:0D — R be a continuous function. Let

ue) = B (F(Bop) = [ F(Brpio @) dP. () fora € D.

Ify € (0D),, then
lim _u(z) = f(y). (20)

T—Y, z€D

Proof. Since y € (0D),., we have P,(7p =0) =1, and so

u(y) = Ey (f(Brp)) = Ey (f(Bo)) = Ey (f(y)) = f(y)-

To verify lim, , 5 u(z)=u(y), it suffices to show that

lim _[E, (f(Br,)) = f(y)| = 0.

z—y, €D

Since y is fixed f(y) is a constant, and so E,.(f(y)) = f(y). Hence,

E, (f(BTD)) - f(y) =Lk, (f(BTD> - f(y)) :

Moreover,
|Ee (f(Brp) = f)l < Eo (£ (Brp) = f(W)])-
Thus, it suffices to show that

lim _E, ([f(Br,) — f(y)]) = 0.

z—y, €D
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Given g1 > 0, by the continuity of f, we can find 6 > 0 such that for all
xedDNU(y,d), |f(x) — fly)] <ey. Let M = max,eop {|f(x)|}. Note that
Tp(Ww) < Tu,s (W) & Bry(w) € Uy, 0) = |f(Br,(w)) — f(y)| < e1. Hence,
Ey (|f(Brp) = fW) < Pu(Tp <Tus)er + Pe(Tp 2 Tu(y,5))2M
< a1+ Pu(Tuwes < 7p)2M
It remains to show that PI(TU(M) < 7p) can be made small by choosing

6 small and = sufficiently close to y. Suppose that § < %[z —y|| so that
x € U(y,6/2). Then U(z,6/2) C U(y, ), and so

TU(2,6/2) < TU(y,8), @-8. Py
Thus, if 6 < 5 |z — y|, then
Py (Tuwes) < 7mp) < Po(Tus/2) < Tp).
For any ¢ € (0,00) and w € Q, we have 7p(w) <t or 7p(w) > t. Hence,
TU@s/2) (W) < Tp(W) = Tu(es/2)(w) <tor Tp(w) >t, and so

Po(Tu@s2) < 7o) < Po(Tu(asja) < t) + Pe(Tp > t).

Let s4_1 = 27%?/T'(d/2) = (d — 1)-dimensional measure of the unit sphere
in R?. Making the change of variable u = p/+/t, we have

o 1
Py(r0(e StZPBeUx,ézc:/ _
(Tus/2) ) > P,(B, € U(z,6/2)°) 1 B

- / :O (2mlt)d/‘2 exp (e_u_;> o (l“@ " Vi
2Vt

s * -
= @T;ld/?/g exp (—2u®) u'du — 0 as t — 0" (6 fixed).
2Vt

2
L _
e syp?tdp

Thus, if 6 < 3 ||z — y||, given any €, > 0, for ¢ > 0 sufficiently small we have
Po(Tu(es/2) < ™p) < Po(Tuesyz) <t) 4+ Po(tp >1t) <2+ Py(tp > t).

In summary, given £; > 0, by the continuity of f, and choosing ¢ > 0 such
that for all z € 9DNU(y,9), |f(z) — f(y)| < 1, choosing x € U(y,6/2), and
choosing t > 0 sufficiently small, we have

E,(|f(B-p,) = f(y)]) < Pu(tp < Tuwes))er + Po(Tues) < Tp)2M
< g+ (82 + Pm(TD > t))QM.

30



It remains to show that for any ¢ > 0, lim,,, P.,(tp > t) = 0. Since
P,(7p > t) is upper semicontinuous in z by Lemma 29, we have

limpz(TD>t)SPy(TD>t):1—Py(7'DSt)gl—Py(TD:O):O,

T—Y

since P,(tp = 0) by the assumption y € (0D),. Thus, given 3 > 0, we
could choose z sufficiently close to y so that P,(7p > t) < e3, and (with the
choices already made)

Ex (If(Brp) = F(W)]) < &1+ (e2 +€3)2M,

for z sufficiently close to y. With hindsight, for any ¢ > 0, we could choose
e1=¢/2 and (€2 +¢€3)2M =¢/2 (e.g., €2 = €3 = g5;) to get

B (If(Brp) = Fy)]) <&,

for x sufficiently close to y, and hence as required

lim _E, (f(B;,)) =u(y) = f(y).

r—y, €D

8 Appendix

8.1 The Chapman-Kolmogorov equation
Recall that for y, z € R% and ¢ > 0,

1 2=yl
p(t;y, z) = p*(t;y, 2) := ———5 exp (—M) .

(2mt)¥? 2t

We use the abbreviation dz = dzdzy - - - dzg for the volume element of R?.
Intuitively, p(t;y, 2)dz is the probability that a particle starting at y € R? at
time 0 and “moving randomly” will be in an infinitesimal volume dz about
z at time t. The key properties that we need are

/dp(t;y,z)dz: 1 and / p(s,x,y)p(t,y,z) dy=p(s+t,zz2).
R

Rd
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The latter is known as the Chapman-Kolmogorov equation. Intuitively, it
says that the probability density that a particle moves from x to z in time
s+t is the integral with respect to all intermediate positions y of the density
that it moves from x to y in time in time ¢ multiplied by the density that it
moves from y to z in time s.

We first verify that [p.p(t;y,2)dz = 1. For fixed y € R?, under the
change of variables w =z — y

1 2 =yl
t; dz = L
/de(ay,z) z (27rt)d/2/u@dexp< 5f z
1 Wl 1 Wt e
= (27rt)d/2 /Rd exp ( T dw = (27rt)d/2 /]Rd exp 57 dw
_ ﬁ 1 / WY ) = (L / Yy ¢
- -4 /_27Tt Rexp 2 w; | = ,_27Tt ReXp ot S

With z = s/,

1 / ( 32> p 1 / _;xzd
——— [ exp|—= | dr =—= [ e 2" dx
2rt)'? Jr Pl V2m Jr

2
Thus, it suffices to show that ( fR e~ 2% dx) = 2m. For this, note that

2
(/ e 2" dm) = /eim2 dx/65y2 dy:/eiy2 (/ e 3% dx) dy
R R R R R
1 2 2 2 & 1,2
= e 2 rdy = e 2" rdr
/ (=4%) ddy / / " rdrdf
R2 o Jo

= —27r/ i (e_%’ﬂ) dr = =27 lim (e_%'rz — 60> = 2.
o dr r—00

Now we check the Chapman-Kolmogorov equation

p(s+t7x,z)=/dp(s,x,y)p(t,y,Z) dy.
R

While this is accomplished via Fourier transforms with relative ease (see
[BCY6], Chapter 7) , for those unfamiliar with Fourier transforms, it can be
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done directly as follows.

(2ms)** (2mt)™? / p(s,z,9)p(t,y,2) dy
|y — 2|

Hx—yH)eXp(_ Qt
(gl ol+ Hy—zu))

2s

exp

exp

1
exp (= (g5 (bl + Iyl = 209) +

feeo (e m) = (e

L2
exp (o llell? = 5 1
1 1
1
: —1(= -2

Lo 1
exp (=g el = 5 120 ) -

2

s
(-
-
S

§+

2

g7 (17 11 =20-2) ) ) o

1 1
2>+—x'y+—y-z>) dy
s t

)

8

L[S+t 2 tx + sz
- 1 2 d
Lo (=4 (50) (Wl 4255 ) )
L2 = = [J2]?
= exp|—=— Iz —=|2]" | -
P 7o 9
/ o L[5+t +tm+sz 2 tr + sz 2 p
. X J—— J—
R P72\ Ty YT s+t y
- 1 9 1 9 1 [Sstt tr + sz 2
- exp< 55 ol = g et 3 () |55
s+t tr + sz

Lo (=257 o+

st s+t
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txtsz
s+t 7

/ex _1 (st +m+822
Rd Pl 7z st y s+t
/2
t t
= [ (<5 () hait) = (or22)
R st s+t

/dp(s,x,y)p(t,y,Z) dy
R

d/2
= (2ms)" Y (2mt) " (27r i ) :

s+t

1 | 9 1 (stt 2
em(zﬂw g el +3 ()
3 1 1 s+t
B d/2 2 241
= @2r(s+1) exp <—% lz]I” = = ll=] +§( p >

(z —2)*

2(s+1t)

For w =1y +

Thus,

tr + sz
s+t

tr + sz
s+t

)

= (2n(s+1) exp <— ) =p(s+t,xzz2),

where we have used the result

1 9 1 9 1 [STtt
SHLEH 57 141l +2( o )
_ 1 || | _ (ll]* £ + 2t (x - 2) + || || %)
2 t t(s+t)

) |22 22 + 2ts (z - 2) + || 2|2 s)
s+t

tr + sz 2
s+t

st

(757
- (=
: <s+t><"f“f+2x-z+¢>>
))Hn+( ()2) e - 22)
(LH I+ 7 ll=® —%):_%'
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8.2 Dynkin systems
Much of this treatment of Dynkin systems was inspired by [Ash72].

Definition 32 (Dynkin system) A collection of subsets D of a set Q) is a
Dynkin system if

(i) QeD
(it) A, BeDand ACB=B\AeD
(’LZ’L) AnED, n:1,2,3 cmdAlQAQQASQ---:>U2°:1A”€D.

Note that the intersection of any collection of Dynkin systems of a set € is
a Dynkin system.

Theorem 33 (Dynkin System Theorem) LetC be a collection of subsets
of Q0 which is closed under pairwise intersection (i.e., closed under finite
intersection). If D is a Dynkin system which contains C, then D contains
the sigma field o(C) generated by by C.

Proof. Let D¢ be the smallest Dynkin system which contains C (i.e., the
intersection of all Dynkin systems containing C. We will show that Dy =
o(C). Then D O D¢ = o(C). We have that De C o(C), since o(C) is a Dynkin
system containing C. It suffices to show that o(C) C D¢. Let

B:={Ae€D:: ANB €D for all B €C}.

By definition, B C D¢. We show that Dz C B and hence D¢ = B, by showing
that C C B and that B is a Dynkin system. Note that C C B since C C D¢
and C is closed under intersection. Moreover, we verify that B is a Dynkin
system by giving the proof of each of the required properties (i), (i) and
(#ii), as follows:

. QeB:

() \ QeDeand QN B=BeDe forall BeC C Dy

( Al,AQGBaHdAQQAliAl\AQEBI

Ay, Ay € Band Ay C A,
#Al\AgGDc,AlﬂBepc,AgﬂBGDC

(i7) and A,NBC A NBforal BeC(C

:>A1\A26Dc,and (Al\Ag)ﬂB:(AlﬂB)\(AgﬂB)GDC

for all B €C
:AI\AQGB

\
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A,eB,n=123...and Ay CA CA3;C--- =, A, €B:

A,eB, n=1,23... and A; C A CA3C--.

= A,€De, n=1,2,3... and Ay C Ay C A3C -+, UzozlAneDC,

(Z’LZ) AnﬁBED(j, n:1,2,3 aHdAlﬂBgAgﬁBgAgﬂBg
for all BeC

= U, An € Do and (U2, A) N B = U, (4.1 B) € I

| = U A, eB.

Thus, De = B; i.e.,

{AEDC:AOBGDCforallBGC}:B:Dc,

or
AeDe<= ANB e De for all B € C. (21)
Let
D/C 2:{A€DciAﬂD€Dc forallDEDc}.

We show that Do = B=C C D,. If A€ C and D € D¢, we need to show

that AND € D¢, but D € Do = AN D € D¢ by (21). Now we check that
D, is a Dynkin system:

: QeD;:
() { QeDeand QN D =D e D forall D € D
(Al,AQED’CandA2§A1:>A1\A2€D’C:
Al,A2€D/C andAggAl
:>A1\A2€Dc,andAlﬂDépc,AgﬂDEDC
(i7) and Ao N D C Ay ND for all D € D¢
:>A1\A2€Dc,and (AI\AQ)QD:(AlmD)\(Ang)EDC
for all D € D¢
:Al\AQED&
AHGD/C,n:LQ,?)...andA1gAggAgg---juzozlAnEDé:
AREDIC,TL:172,3...andAlgAggAgg"'
= A, €De, n=1,2,3... and Ay CA C A3 C -+, | J2, A, € D,
(ZZ’L) Aanepc,TL:L ,3 aﬂdAlﬁDgAgﬁDgAgﬁDg
for all D € D¢
U™, Ay € Do and (U2, AN D = U=, (A, N D) € De
[ = Unzi An € D¢

~\/~

Since D;, is a Dynkin system and we have shown that C C Dj, we have
De C D; C De and so De = D;,. Since

DC:D,C:{AGDCZAﬂDGDchI‘aHDGDc},
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we have that D¢ is closed under intersection. Then D is a field. It follows
from property (i7i) of a Dynkin system that D¢ is closed under countable
unions since a countable union

oo

B,

n=1

can be expressed as a union of an increasing sequence of partial unions,

namely
U s=UL 4 =UL (UL B

Thus, D¢ = 0(C). =
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