Hw 2, Math 305, Spring 2018

Last name, first name, ID number : Score:

1. Let X and Y be two random variables and p(X,Y) be the dimensionless correlation coefficient between X and
Y. Show that —1 < p(X,Y) < 1.
Solution: Let’s define ux = E(X), uy = E(Y), 0% = Var(X), 0% = Var(Y), U = ==£X ~ N(0,1), V =
Y;;LY ~ N(0,1) and W = (U — ];JE(((‘J/‘Q/)) V)2 Since W is a positive random Varlable, 1ts expected value is
positive. Calculating, we find E(W) = E(U?) — > 0 so E(U>)E(V?) > E(UV)? . Notice that Var(U) =
E(U?) — E(U)? = E(U?) = 1. Similarly (VQ) = 1 Thus 1 > E(UV)? so —1 < E(UV) < 1. Moreover
E(UV) = Cov(U,V) = ;-L-Cov(X,Y) = p(X,Y). Therefore =1 < p(X,Y) < 1.

2. Let X and Y be two random variables.

(a) Show that E(XY)? < E(X?)E(Y?).

Solution: Set U = (X — ((XY))Y)2 Since X is a positive random variable, its expected value is positive.
Calculating, we find E(U) = E(X?) — ((YQ)) > 0. Therefore E(XY)? < E(X?)E(Y?).

(b) Show that cov(X,Y)? < Var(X)Var(Y).

Solution: Let’s define ux = E(X), uy = E(Y),U=X—ux,V =Y —puy and W = (U_]::E(([\J/‘;)) V)2. Since W

is a positive random variable, its expected value is positive. Calculating, we find E(W) = E(U?)— E((VQ)) >0
so E(UH)E(V?) > E(UV)? . Notice that Var(X)Var(Y) = E(U?)E(V?) and cov(X,Y)? = E(UV)%
Therefore cov(X,Y)? < Var(X)Var(Y).

3. One deterministic model of population growth with limitedresources is the logistic model: if x; is the population
at year t € N, rq is the population per capita growth rate when resouces are unlimited and k is the carrying
capacity, that-is-to-say the largest population size that the environment can maintain, yjen the model is

Tpp1 = :L't(l +7o(1 — %))

Suppose we want to change it to a stochastic model for Xy, the random variable giving the population at time t¢.

e How might we introduce random yearly variation in the per capita growth rate? Does it represent environ-
mental or demographic stochasticity?
Solution: We can replace rog by Ry ~ (ro, 02) where we should decide/make an assumption about what the

variance o is. It represents demographic stochasticity.

e Suppose droughts every 5 years (on average) reduce capacity in half. How would we introduce this into the
model? Does it represent environmental or demographic stochasticity?
Solution: We can replace k by a discrete random variable K whose p.f. is

P(K=k)=0.8, P(K =Ek/2)=0.2.
It represents environmental stochasticity.

4. Find the solution of the difference equation ;12 — 3upy1 + 2u, = 0 subject to boundary conditions vy = 0 and
us = 62.
Solution: let’s look for a solution in the form u, = A™. Plugging in the equation, we get

A2 _gAntl L9 —
that is
AT(A? =3\ +2) = 0.

We have either A = 0 which does not satisfy the boundary conditions, or A2 — 3\ + 2 = 0 which leads to A = 1
or A = 2. The general solution of the difference equation is u, = a + b2". We want ug =a+b=0s0a = —b
and u, = b(2" — 1). Also, we want uz = b(21 — 1) = 62 so b = 2. Therefore, the solution is u, = —2 + 2"+,



5. Suppose a random walk is defined by
X=X, 1+Z,,n=1, 2, 3,...

where the random variables Z,, are independent and identically distributed with P(Z, =1) =p, P(Z, =0) = r,
P(Z, =-1)=gqand p+r+p=1. Assume the values of the random variables X,, are 0, 1,..., N. Let u, the
probability of reaching N before 0 when Xg = n.

(a) Set up a difference equation for u, with the appropriate boundary conditions at 0 and N.
Solution: Define the event A,,, R, L and S by

A,, = reaching N before 0 when Xy = n,
R = move right on 1st move,
L = move left on 1st move,

S = stay put on 1lst move.
Thus we have

u, = P(Ay)
— P(4,[R)P(R) + P(A,|L)P(L) + P(4,]S)P(S)

= Up4+1P + Up—1q + UpT-

Hence
(1 - r)un = Un+1P + Up—19
that is
Un = Un41D + Un—1q

where p’ = £ and ¢’ = L. Note that p’' + ¢’ = 1.

-
(b) Show that the expressions for the probabilities are the same as those for the simple random walk described
in section 7.3.
Solution: The difference equation for u, is the same as the recurrence equation (7.8) p 320 in the textbook,
with the same boundary conditions ug = 0 and uy = 1. Therefore, the solution is the same: if p # ¢ (that
is p’ # ¢') then
w o= L@/ 1= (p/a)"
-/ 1= /N
6. Find the general solution of the differential equation 3/ (t) = 2y(t) + e*.

Solution: Using the method of the integrating factor, we find y(t) = % J e 2tettdt = 62’5(62j + C) = €2ﬁ + Ce*.
Sample exam 2 Wilson

7. Assume N(t) is a population at time ¢. Assume there are no births and
P(1 death in (t,t+ h)|N(t) = n) = ndh + o(h)
P(more than 1 death in (t,¢ + h)|N(t) = n) = o(h)

(a) Determine P(0 death in (¢,t+ h)|N(t) = n).
Solution: P(0 death in (¢, + h)|N(t) = n)



(b) Find the Kolmogorov differential equation for p,(t) = P(N(t) = n).
Solution: Note that p,(t) = P(N(t) = n) for n € {ng,nop — 1,...,0}. We have

pn(t + h) = ppp1(t) ((n+ 1)8h + o(h)) + pn(t) (1 — ndh + o(h)) + o(h)
hence

pu(t+h) — pu(t)
h

= Ppy1(t)(n +1)8 — p,(t)nd + O(hh)‘

hence
Ph(t) = (n+1)8pny1(t) — ndpn(t).

(c) Without proof, what should the p.d.f. of the interevent time be, when assuming that N(0) = ng?
Solution: It should be the p.d.f. of an exponential distribution with rate constantly decreasing as the
population decreases, that is X1 ~ ngde 0%, Xy ~ (ng — 1)(56*("0*1)‘”, ect...



