5. Congruence Relations

“You’re young, Myrtle Mae. You’ve got a lot to learn, and I hope you never
learn it.”
- Vita in “Harvey”

You are doubtless familiar with the connection between homomorphisms and
normal subgroups of groups. In this chapter we will establish the corresponding ideas
for lattices (and other general algebras). Borrowing notation from group theory, if X
is a set and 6 an equivalence relation on X, for x € X let 0 denote the equivalence
class {y € X : 0 y}, and let

X/0 ={x0:2¢€ X}

Thus the elements of X /6 are the equivalence classes of 6.
Recall that if £ and I are lattices and h : £ — K is a homomorphism, then the
kernel of h is the induced equivalence relation,

ker h = {(z,y) € L? : h(x) = h(y)}.

We can define lattice operations naturally on the equivalence classes of ker h, viz.,
if 6 = ker h, then

x0 vV yd = (xVy)d

(8) x0 N yd = (x Ay)b.

The homomorphism property shows that these operations are well defined, for if
(x,y) € ker h and (r, s) € ker h, then h(xVr) = h(z)Vh(r) = h(y)Vh(s) = h(yV s),
whence (z V r,y V' s) € kerh. Moreover, L/ker h with these operations forms an
algebra L£/ker h isomorphic to the image h(L), which is a sublattice of . Thus
L/ ker h is also a lattice.

Theorem 5.1. FIRST ISOMORPHISM THEOREM. Let £ and IC be lattices, and let
h: L — K be a lattice homomorphism. Then L/ker h with the operations defined by
(8) is a lattice L/ ker h, which is isomorphic to the image h(L) of L in K.

Let us define a congruence relation on a lattice £ to be an equivalence relation 6
such that # = ker h for some homomorphism h.! We have seen that, in addition to

IThis is not the standard definition, but we are about to show it is equivalent to it.
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being equivalence relations, congruence relations must preserve the operations of L:
if # is a congruence relation, then

(1) zOyandrdsimplieszVrlyVs,

and analogously for meets. Note that (f) is equivalent for an equivalence relation 6
to the apparently weaker, and easier to check, condition

(" x 0y impliesxzVz0yV z.

For (1) implies (') because every equivalence relation is reflexive, while if § has
the property (') and the hypotheses of (1) hold, then applying () twice yields
zVrlyvroiyVs.

We want to show that, conversely, any equivalence relation satisfying (1') and the
corresponding implication for meets is a congruence relation.

Theorem 5.2. Let L be a lattice, and let 0 be an equivalence relation on L satisfying

x 0y impliesxVz0yV z,

1)

x 60y impliesx ANz0yAz.

Define join and meet on L]0 by the formulas (§). Then L/0 = (L/0, A, V) is a lattice,
and the map h: L — L]0 defined by h(x) = x6 is a surjective homomorphism with
ker h = 40.

Proof. The conditions (f) ensure that the join and meet operations are well defined
on L/6. By definition, we have

h(zVy)=(xVy)d=z0Vyd=h(x)Vh(y)

and similarly for meets, so h is a homomorphism. The range of h is clearly L/6.

It remains to show that £/ satisfies the equations defining lattices. This follows
from the general principle that homomorphisms preserve the satisfaction of equa-
tions, i.e., if h: £L — K is a surjective homomorphism and an equation p = ¢ holds
in £, then it holds in K. (See Exercise 4.) For example, to check commutativity of
meets, let a,b € K. Then there exist z,y € L such that h(z) = a and h(y) = b.
Hence

aNb=h(z) A h(y)

h(z Ay)
h(y A x) = h(y) A h(xz) =bA a.

Similar arguments allow us to verify the commutativity of joins, the idempotence
and associativity of both operations, and the absorption laws. Thus a homomorphic
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image of a lattice is a lattice.? As h : £ — £/0 is a surjective homomorphism, we
conclude that £/ is a lattice, which completes the proof. O

Thus congruence relations are precisely equivalence relations that satisfy ().
But the conditions of () and the axioms for an equivalence relation are all finitary
closure rules on L?. Hence, by Theorem 3.1, the set of congruence relations on a
lattice £ forms an algebraic lattice Con £. The closure operator on L? that gives
the congruence generated by a set of pairs is denoted by “con” or sometimes “Cg.”
So, with the former notation, for a set () of ordered pairs, con () is the congruence
relation generated by @Q); for a single pair, Q@ = {(a,b)}, we write just con(a,b).

Moreover, the equivalence relation join (the transitive closure of the union) of a set
of congruence relations again satisfies (). For if 0; (i € I) are congruence relations
and x60;, 110,72 ... 0; y, then xV 20; r1 V20,72V z...0; yV z and likewise
for meets. Thus the transitive closure of | J,.; 0; is a congruence relation, and so it
is the join \/,; 6; in Con L. Since the meet is also the same (set intersection) in
both lattices, Con L is a complete sublattice of Eq L.

Theorem 5.3. Con L is an algebraic lattice. A congruence relation 6 is compact
in Con L if and only if it is finitely generated, i.e., there exist finitely many pairs
(a1,b1),..., (ag,bi) of elements of L such that 6 =\/| ., con(a;,b;).

Note that the universal relation and the equality relation on L? are both con-
gruence relations; they are the greatest and least elements of Con L, respectively.
Also, since z 0 y if and only if x Ay 6 x V y, a congruence relation is determined by
the ordered pairs (a,b) with a < b which it contains.

A subset S C Lis convexif t <y < z and z, z € S implies y € S. The reader
should verify that if 8 is a congruence relation on a lattice L, then every congruence
class is a conver sublattice of L. This observation helps immensely in computing
lattice congruences.

A congruence relation 6 is principal if § = con(a,b) for some pair a, b € L. The
principal congruence relations are join dense in Con L: for any congruence relation
0, we have

0= \/{con(a, b) : a6 b}.
It follows from the general theory of algebraic closure operators that principal
congruence relations are compact, but this can be shown directly as follows: if
con(a,b) < \/,c;0;, then there exist elements ci, ..., ¢y, and indices i, ..., i, such
that

a@io C1 Hil CQ...@imb,

whence (a,b) € 0;, V...V 0;, and thus con(a,b) < V<<, 0i;-
One of the most basic facts about congruences says that congruences of L/6
correspond to congruences on £ containing 6.

2The corresponding statement is true for any equationally defined class of algebras, including
modular, Arguesian and distributive lattices.
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Theorem 5.4. SECOND ISOMORPHISM THEOREM. If § € Con L, then Con (L/6)
is isomorphic to the filter 160 in Con L, i.e., Con (L/0) = {p € Con L : ¢ > 6}.

Proof. A congruence relation on £/6 is an equivalence relation R on the #-classes
of L such that
0 Ryf implies z6 V 20 Ryl V 20

and analogously for meets. Given R € Con L/6, define the corresponding relation
pon L by xzpy iff z60 R yf. Clearly p € Eq L and 6 < p. Moreover, if x py and
z € L, then

(xVz)0 =20V 20 Ryd vV z0 = (yV 2)0,

whence = V z p y V z, and similarly for meets. Hence p € Con L, and we have
established an order preserving map f: Con L/0 —16.

Conversely, let o €16 in Con L, and define a relation S on L/ by z6 S y0 iff
xoy. Since 0 < ¢ the relation S is well defined. If x68 S yf and z € L, then zoy
implies x V zoy V z, whence

20V 20 = (xV2)0S (yVz)0 =yoV 20,

and likewise for meets. Thus S is a congruence relation on £/0. This gives us an
order preserving map g :16¢ — Con L/6.
The definitions make f and g inverse maps, so they are in fact isomorphisms. [J

It is interesting to interpret Theorem 5.4 in terms of homomorphisms. Essentially
it corresponds to the fact that if h : L — K and f : L - M are homomorphisms
with h surjective, then there is a homomorphism g : K — M with f = gh if and
only if kerh < ker f. This version of the Second Isomorphism Theorem will be
used repeatedly in Chapters 6 and 7.

A lattice L is called simple if Con L is a two element chain, i.e., |[L| > 1 and
L has no congruences except equality and the universal relation. For example,
the two-dimensional modular lattice M,, is simple whenever n > 3. A lattice is
subdirectly irreducible if it has a unique minimum nonzero congruence relation, i.e.,
if 0 is completely meet irreducible in Con L. So every simple lattice is subdirectly
irreducible, and N5 is an example of a subdirectly irreducible lattice that is not
simple .

The following are immediate consequences of the Second Isomorphism Theorem.

Corollary. L£/0 is simple if and only if 1> 60 in Con L.

Corollary. L/ is subdirectly irreducible if and only if 0 is completely meet irre-
ducible in Con L.

Now we turn our attention to a decomposition of lattices which goes back to
R. Remak in 1930 (for groups) [10]. In what follows, it is important to remember
that the zero element of a congruence lattice is the equality relation.
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Theorem 5.5. If 0= A,.;0; in Con L, then L is isomorphic to a sublattice of the
direct product [],.; £L/0;, and each of the natural homomorphisms m; : L — L/0; is
surjective.

Conversely, if L is isomorphic to a sublattice of a direct product [],.; K; and each
of the projection homomorphisms m; : L — K; is surjective, then K; = L/ ker 7; and
Nicrkerm; =0 in Con L.

Proof. For any collection 6; (i € I) in Con L, there is a natural homomorphism
m: L — [[L£/0; with (7(z)); = x6;. Since two elements of a direct product are
equal if and only if they agree in every component, kerm = A 6;. So if A6; = 0,
then 7 is an embedding.

Conversely, if 7 : L — [[K; is an embedding, then ker7m = 0, while as above
ker m = A ker m;. Clearly, if m;(L) = K; then K; =2 L/ker ;. O

A representation of £ satisfying either of the equivalent conditions of Theorem 5.5
is called a subdirect decomposition, and the corresponding external construction is
called a subdirect product. For example, Figure 5.1 shows how a six element lattice
L can be written as a subdirect product of two copies of N5.

1 (1,1)
x <$7Z> <Z,l‘>
Y (y,2) (z,9)
0 (0,0)
Ns
FIGURE 5.1

Next we should show that subdirectly irreducible lattices are indeed those that
have no proper subdirect decomposition.

Theorem 5.6. The following are equivalent for a lattice L.

(1) L is subdirectly irreducible, i.e., 0 is completely meet irreducible in Con L.

(2) There is a unique minimal nonzero congruence p on L with the property that
0 > p for every nonzero 6 € Con L.

(3) If L isisomorphic to a sublattice of [[K;, then some projection homomor-
phism m; is one-to-one.

(4) There exists a pair of elements a < b in L such that a 6 b for every nonzero
congruence 6.
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The congruence p of condition (2) is called the monolith of the subdirectly irre-
ducible lattice £, and the pair (a,b) of condition (4), which need not be unique, is
called a critical pair.

Proof. The equivalence of (1), (2) and (3) is a simple combination of Theorems 3.8
and 5.5. We get (2) implies (4) by taking a = z Ay and b = = V y for any pair
of distinct elements with x p1y. On the other hand, if (4) holds we obtain (2) with
w=con(a,b). O

Now we see the beauty of Birkhoff’s Theorem 3.9, that every element in an
algebraic lattice is a meet of completely meet irreducible elements. By applying this
to the zero element of Con L, we obtain the following fundamental result.

Theorem 5.7. Fvery lattice is a subdirect product of subdirectly irreducible lattices.

It should be clear that, with the appropriate modifications, Theorems 5.5 to 5.7
yield subdirect decompositions of groups, rings, semilattices, etc. into subdirectly
irreducible algebras of the same type. Keith Kearnes [8] has shown that there are
interesting varieties of algebras whose congruence lattices are strongly atomic. By
Theorem 3.10, these algebras have irredundant subdirect decompositions.

Subdirectly irreducible lattices play a particularly important role in the study of
varieties; see Chapter 7.

So far we have just done universal algebra with lattices: with the appropriate
modifications, we can characterize congruence relations and show that Con A is
an algebraic lattice for any algebra A. (See Exercises 10 and 11.) However, the
next property is special to lattices and related structures. It was first discovered by
N. Funayama and T. Nakayama [5] in the early 1940’s.

Theorem 5.8. If L is a lattice, then Con L is a distributive algebraic lattice.

Proof. In any lattice L, let
m@,y,2) = (@A) V (@A 2)V (YA 2).

Then it is easy to see that m(z,y,2) is a majority polynomial, in that if any two
variables are equal then m(x,y, z) takes on that value:

m(x,z,z) =x
m(z,y,x) =

m(x,z,z) = z.

Now let a, 8,7 € Con L. Clearly (¢ AB)V (A7) < aA(BVy). To show the
reverse inclusion, let (z,2) € a A (8V 7). Then z a z and there exist yi,. .., yx such
that

=y By Yy By = 2.
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Let t; = m(x,y;, z) for 0 <1i < k. Then

and for all 7,
= m($7yi7z) @ m(x7yi7$) =7,

t;
so t; at;11 by Exercise 4(b). If i is even, then
ti = m(x,yi, 2) Bm(T, Yit1,2) = tip1
whence t; o A B t;41. Similarly, if ¢ is odd then ¢; o Ay t; 1. Thus
r=toaNBtiaANylsaNB.. .ty =2

and we have shown that a A (BV ) < (e A B) V (e A ). As inclusion holds both
ways, we have equality. Therefore Con L is distributive. [

In the 1940’s, R.P. Dilworth proved that every finite distributive lattice is iso-
morphic to the congruence lattice of a lattice. (This result appeared as a (starred)
exercise in the 1948 edition of Birkhoff’s Lattice Theory book.) For a long time
thereafter, it was conjectured that every distributive algebraic lattice was the con-
gruence lattice of a lattice, and evidence in favor of the conjecture was amassed. A
distributive algebraic lattice D is isomorphic to the congruence lattice of a lattice if

(i) D= O(P) for some ordered set P (R. P. Dilworth, see [6]), or
(ii) the compact elements are a sublattice of D (E. T. Schmidt [12]), or
(iii) D has at most N; compact elements (A. Huhn [7]).

In Chapter 10 we will prove (i), which includes the fact that every finite distributive
lattice is isomorphic to the congruence lattice of a (finite) lattice.

But in 2005, Fred Wehrung constructed distributive algebraic lattices that are
not isomorphic to congruence lattices of lattices [15]. Wehrung’s original counterex-
amples have N, 1 or more compact elements, but Pavel Ruzicka refined Wehrung’s
arguments to produce a counterexample with Ry compact elements [11].

This completely settles the problem for lattices, but it remains an open question
whether every distributive algebraic lattice is isomorphic to the congruence lattice of
an algebra with finitely many operations. Surveys on this problem, but pre-dating
Wehrung’s results, can be found in M. Tischendorf [13] and M. Plos¢ica, J. Ttuma
and F. Wehrung [9], [15].

We need to understand the congruence operator con @), where @) is a set of pairs,
a little better. A weaving polynomial on a lattice £ is a member of the set W of
unary functions defined recursively by

(1) w(x)=zeW,
(2) if w(z) € Wand a € L, then u(z) = w(z) Aa and v(z) = w(x) Va are in W,
(3) only these functions are in W.
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Thus every weaving polynomial looks something like
w(x) = (... (((xAs1)Vsa)Asz)...) Vs

where s; € L for 1 < ¢ < k. The following characterization is a modified version of
one found in Dilworth [2].

Theorem 5.9. Suppose a; < b; fori € I. Then (x,y) € \/,c; con(a;, b;) if and only
if there exist finitely many r; € L, w; € W, and i; € I such that

rNy=rg2ry =2 2rg =Ny

with wj(b;;) = r; and wj(a;;) =41 for 0 < j < k.
Proof. Let R be the set of all pairs (x,y) satisfying the condition of the theorem. It
is clear that

(1) (as,b;) € R for all 4,

(2) R <V, con(as,b;).
Hence, if we can show that R is a congruence relation, it will follow that R =
Viercon(a;, b;).

Note that (z,y) € R if and only if (zx Ay,zVy) € R. It also helps to observe that
ifr Ryand z <u <wv <y, then u Rv. To see this, replace the weaving polynomials
w(t) witnessing x Ry by new polynomials w’(t) = (w(t) V u) A v.

First we must show R € Eq L. Reflexivity and symmetry are obvious, so let
xz Ry R z with

TNVNY=r92r = Zrg=xANy

using polynomials w; € W, and
YyvVz=s0282"28Sm=YyYNz

via polynomials v; € W, as in the statement of the theorem. Replacing w;(t) by

wi(t) = w;(t) VyV 2z, we obtain

xVyVz=rogVyVz>rVyvVz>--->(xAy)VyVz=yVz.
Likewise, replacing w;(t) by w} (t) = w;(t) Ay A z, we have
yNz=(xVYANYANz>2riAyAz>--2ry AyAz=xAyAz.

Combining the two new sequences with the original one for y R z, we get a sequence
from zVyVzdowntox AyAz Hence x AyAz RxVyV 2z By the observations
above, Az RxV z and z R z, so R is transitive.

Now we must check (f). Let # Ry as before, and let z € L. Replacing w;(t) by
uj(t) = w;(t) V 2z, we obtain a sequence from x Vy Vv z down to (x Ay) V z. Thus
(xAy)VzRazVyVz and since (xAy)Vz< (zVz)A(yVz) <zVyVz, this
implies x V 2z R y V 2. The argument for meets is done similarly, and we conclude
that R is a congruence relation, as desired. [

The condition of Theorem 5.9 is a bit unwieldy, but not as bad to use as you
might think. Let us look at some consequences of the theorem.
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Corollary. If 0; € Con L fori € I, then (x,y) € \/,c; 0; if and only if there exist
finitely many r; € L and i; € I such that

TVYy=rg>ri =21y =T ANy
and rj 0;; rjy1 for 0 < j <k.

At this point we need some basic facts about distributive algebraic lattices (like
Con £). Recall that an element p of a complete lattice is completely join irreducible
if p =\ Q implies p = ¢ for some ¢ € Q. An element p is completely join prime if
p <V @ implies p < ¢ for some ¢q € Q. Clearly every completely join prime element
is completely join irreducible, but in general completely join irreducible elements
need not be join prime.

Now every algebraic lattice has lots of completely meet irreducible elements (by
Theorem 3.9), but they may have no completely join irreducible elements. This hap-
pens, for example, in the lattice consisting of the empty set and all cofinite subsets of
an infinite set (which is distributive and algebraic). However, such completely join
irreducible elements as there are in a distributive algebraic lattice are completely
join prime!

Theorem 5.10. The following are equivalent for an element p in an algebraic dis-
tributive lattice.

(1) p is completely join prime.

(2) p is completely join irreducible.

(3) p is compact and (finitely) join irreducible.

Proof. Clearly (1) implies (2), and since every element in an algebraic lattice is a
join of compact elements, (2) implies (3).

Let p be compact and finitely join irreducible, and assume p < \/ Q. As p is
compact, p < \/ F for some finite subset F' C ). By distributivity, this implies
p=pA(\VF)= \/qup/\q. Since p is join irreducible, p = pAq < ¢ for some ¢q € F.
Thus p is completely join prime. (Cf. Exercise 3.1) O

We will return to the theory of distributive lattices in Chapter 8, but let us now
apply what we know to Con L. As an immediate consequence of the Corollary to
Theorem 5.9 we have the following.

Theorem 5.11. If a < b, then con(a,b) is completely join prime in Con L.

The converse is false, as there are infinite simple lattices with no covering relations
(E. T. Schmidt). However, for finite lattices, or more generally principally chain
finite lattices, the converse does hold. A lattice is principally chain finite if every
principal ideal | ¢ satisfies the ACC and DCC. This is a fairly natural finiteness
condition that includes many interesting infinite lattices, and many results for finite
lattices can be extended to principally chain finite lattices with a minimum of effort.
Recall that if x is a join irreducible element in such a lattice, then x, denotes the
unique element such that z > z,.
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Theorem 5.12. Let L be a principally chain finite lattice. Then every congruence
relation on L is the join of completely join irreducible congruences. Moreover, ev-
ery completely join irreducible congruence is of the form con(z,x,) for some join
wrreducible element x of L.

Proof. Every congruence relation is a join of compact congruences, and every com-
pact congruence is a join of finitely many congruences con(a, b) with a > b. In a prin-
cipally chain finite lattice, every chain in a/b is finite by Exercise 1.5, so there exists a
covering chain a = rg = 11 = -+ = 1, = b. Clearly con(a,b) = ;4 con(r;,7j41),
and these latter are completely join prime by Theorem 5.11. Thus every congruence
relation on £ is the join of completely join irreducible congruences con(r,s) with
> Ss.

Now let a > b be any covering pair in £. By the DCC for | a, there is an element
x that is minimal with respect to the properties < a and z £ b. Since any element
strictly below x is below b, the element x is join irreducible and x, = x A b. It is
also true that a = x V b, since b < x Vb < a, and it follows easily from these two
facts that con(a,b) = con(z,z,). O

There is much more to be said about congruence lattices of finite lattices, or
more generally, principally chain finite lattices. We will return to these matters in
Chapter 10. See also the references there.

We have ignored congruence lattices of semilattices, interesting on their own and
applicable in universal algebra. Unlike congruence lattices of lattices, which are dis-
tributive, congruence lattices of semilattices satisfy no lattice identities. For the ba-
sic results, see Freese and Nation [4], Fajtlowicz and Schmidt [3], and Adaricheva [1].

EXERCISES FOR CHAPTER 5

1. Find Con L for the lattices (a) M,, where n > 3, (b) N5, (c) the lattice £ of
Figure 5.1, and the lattices in Figure 5.2.

(d) (e) (f)

FIGURE 5.2
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2. An element p of a lattice L is join prime if for any finite subset F of L, p < \/ F
implies p < f for some f € F. Let P(£) denote the set of join prime elements of L,
and define

x Ay iff leNP(L) =lynP(L).

Prove that A is a congruence relation on L.
3. Let X be any set. Define a binary relation on 3(X) by A ~ B iff the symmetric
difference (A— B)U(B—A) is finite. Prove that ~ is a congruence relation on B(X).
4. Lattice terms are defined in the proof of Theorem 6.1.

(a) Show that if p(x1,...,z,) is a lattice term and h : £ — K is a homomor-
phism, then h(p(ai,...,a,)) = p(h(ai),...,h(a,)) for all a;,...,a, € L.

(b) Show that if p(zq,...,x,) is a lattice term and § € Con L and a; 6 b; for
1 <i<mn, then p(ay,...,a,) 0 p(by,...,by,).

(c) Let p(z1,...,z,) and q(x1,...,x,) be lattice terms, and let h : £ — K be a
surjective homomorphism. Prove that if p(aq,...,a,) = q(a1,...,a,) for all
a,...,an € L,then p(ey,...,cp) =q(c1,...,cn) holdsforall¢q,... ¢, € K.

5. Show that each element of a finite distributive lattice has a unique irredundant
decomposition. What does this say about subdirect decompositions of finite lattices?
6. Let § € Con L.

(a) Show that x > y implies 26 > y6 or 20 = y6.
(b) Prove that if £ is a finite semimodular lattice, then so is £/6.
(c) Prove that a subdirect product of semimodular lattices is semimodular.

7. Let £ be a finitely generated lattice, and let # be a congruence on L such that
L/0 is finite. Prove that 6 is compact.

8. Prove that Con £; x L3 = Con £; x Con L,. (Note that this is not true
for groups; see Exercise 9.)

9. Find the congruence lattice of the abelian group Z, x Z,, where p is prime.
Find all finite abelian groups whose congruence lattice is distributive. (Recall that
the congruence lattice of an abelian group is isomorphic to its subgroup lattice.)

For Exercises 10 and 11 we refer to §3 (Universal Algebra) of Appendix 1.

10. Let A = (A; F,C) be an algebra.

(a) Prove that if h : A — B is a homomorphism and 6 = ker h, then for each
fer,

(¥) x;0y; for 1 <i<n implies f(x1,...,2,)0 f(y1,---,Yn)-
(b) Prove that (¥) is equivalent to the apparently weaker condition that for all
f € F and every i,
($) x; 0y implies f(z1,..., T 2n) 0 f(T1,.. . Y, .. Tp).

(¢) Show that if § € Eq A satisfies (¥), then the natural map h: A — A/f is a
homomorphism with 6 = ker h.
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Thus congruence relations, defined as homomorphism kernels, are precisely equiva-
lence relations satisfying (¥).
11. Accordingly, let Con A = {6 € Eq A : 0 satisfies (¥)}.

(a) Prove that Con A is a complete sublattice of Eq A. (In particular, you
must show that \/ and A are the same in both lattices.)
(b) Show that Con A is an algebraic lattice.

12. Let A = B x C be a direct product of two algebras. Let m; and 7 denote the
kernels of the projections onto B and C. Prove that:

(i) A/m =B and A/m =C.
(ii) In Con A, my Amy =0 and m Vmy =m omg =mg oy = 1.

Conversely, let A be an algebra with congruences @1 and ¢ satisfying the analogues
of the properties in (ii). Prove that A= A/p; x A/ps.
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