Math 242 Final

Name:

Please circle your section:

Recitation 1 Thurs 12-12:50
Recitation 2 Thurs 1:30-2:20
Recitation 3 Tues 9-9:50
Recitation 4 Tues 12-12:50
Recitation 5 Wed 9:30-10:20
Recitation 6 Wed 12:30-1:20
Recitation 7  Fri 10:30-11:20
Recitation 8 Fri 12:30-1:20

Recitation 9  Fri 9:30-10:20

TA - Dan Flores

TA - Dan Flores

TA - Vince Chung
TA - Vince Chung
TA - Lance Ferrer
TA - Lance Ferrer
TA - Ikenna Nometa
TA - Ikenna Nometa

TA - Dan Flores

Question | Points | Score

1 12
2 10
3 12
4 10
5 13
6 12
7 15
8 15
9 13
10 6
11 17
12 10
13 5

Total: 150

¢ You may not use notes or calculators on the test.

¢ Please ask if anything seems confusing or ambiguous.

e You must show all your work and make clear what your final solution is
(e.g. by drawing a box around it).

e The last two pages are a formula sheet. You are welcome to remove this

from the exam.

e Good luck!




1. Find the derivative of each of the following functions.

(a) (5 points) f(z) = 2sin~!(z?)

, , : A
j éﬁﬁ) = X \} \"'(K"\z

(b) (7 points) g(z) = 9z-+In{z)

%'(,q _ i(-&-\u\bl). w2 - (\ + -\;;3
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2. (10 points) Evaluate the following integral: / zsec’ ¢ dx

N = X A .CQLRK A x

]

A s AN V™ = —‘_AV\K
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3. Evaluate the following integrals.

n/6
(a) (7 points) f cos® (3x) sin®(3z) dz
0

T/
O cny CRE ygc ’1
SO (') — &‘ c.;sz(%r) S'ML('b)() CoJ(?x)d.(
M-: QSM 3>< o
= 20083 Ax '
CD?%X = ) "JM'zg)( ©
\ 4
- _ 2 = .l_ Mz"._l,/\ A
\- 1 =2, g\()
\
W) = o R —l
= = 2 s S

u( o) = \ \" \
(% %)

1}

(b) (5 points) /exe:_ S dx - y d\:\
v
- 3
w=e = mlu| 4c¢
au - €7 Ax
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4. (10 points) Evaluate the following integral. (Hint: Use trigonometric substitution.)

/(!9——%’;;%—)5’—2 pattena Q'XL Vet Sm
X=2s5m® \ “( \ oo A6
T A 3
Ay = 2 s e 1F s &

34 %y,
(q,{} = <q—46h}671 = —l— g\mz& a6

T
7t
= (Aesse)
\
g T = tamb +C
= (swsa) 4
: X
= 13¢5 @ _ L . o
T Na-<&
_epe %
8'\'\'9’ kv‘(j‘ _g
3
Vg
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5. Determine whether the following improper integrals converge or diverge, and evaluate those
that converge.

(a) (5 points) /3 dx Wet Aebimed <t \.

\ W= x-1 w(z) =
l—M:‘l ( 4,(..| A = Ay w(€) = -1
2 =iy
= ™M K2 = \fw ( 2"1 du
‘\\:"> \* J"‘: - W: A ¥ |* e
z - —— —
= lin 4MV7' h:_ = lim lé“/f - a4\ l:-\.) = 4\z
’tal‘* ‘ ) ks

(b) (5 points) /:c‘/a% Cow\oﬂv\‘am -—\'t—ﬂ—-

A
2
\/x—; X

Anih r--—'d* ol\\ma,e; (P-.‘u\.c.y,_\ P""k.}

S\o J\ 0\:\14 P
(4 \/)(—\ ‘3

7

2
(c) (3 points) What does your answer to (b) tell you about the series Z

n=3 "
Yq C“’;j P"r) M(‘ |\W0\A'\'Cr

Swee :etf) r_/_)?__\_
VYW X
o ? = P Ivj
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6. Evaluate the following limits. If a limit does not exist write DOES NOT EXIST.

n

(a) (4 points) lim (-1)"—=  Dye TRy acish.

odd Yows —>

VTV -\-C\fw-l — ¥ \
n 1 k
(b) (4 points) nll)ngo Z (5)
k=1 .
os \¢ Low-etNe
\
- T (Y 9
& =
) 4w A"
= —— \ - ratie
V- =
L
= z
. . 2\" 2 .
(c) (4 points) nll)]%o (1+7—1) - _€ Conmmcmn Y .
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7. For each of the following series decide if it converges or diverges and explain why.

o0 = \
(a) (5 points) 2:1 n3L+1 Cow\?a re  witw ? TA_{
n= -\
W LAV
2
W2+ ne W
. o ( FeAS P':L} “Han
Swee 2w Cometraes P - ’
A=y
ol "N
Z b CMMVDLS‘.
h.".'-'
e "\'L '
(b) (5 points) ; — 2‘\—\-\. e .
Anv il I L 9. 2 —s0o <
- —_— = >
A Gl Rl 2" N
[enes o
(c) (5 points) f:(—l)"M AW
? n=3 n
mn)
T Setcreatn oy (w Voeare \nn)
Nt & cr<al v
() wle A @O
. ‘\'\("\> ‘\' \ .'\-—- =0
D) l\“’_‘;* - \,\‘:\:oo b

UL Sewas  (onvtEesS
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8. Consider the differential equation 3’ = y — e~%, with slope field pictured below.
APV

oL L LS L

- o AP, , - X

1 i
— > > o P

(a) (4 points) Sketch (on the slope field) the solutions satisfying y(0) = 0 and y(0) = 1.
(b) (7 points) Find the general solution of the differential equation.

= — - - x ~2x
P = { € ‘\a’ -0 j = - £
Ih)r—eaﬂ";kj—%‘w ’ <~/ - 2%
(9 = -¢
(Perrdx
TC) 7 e i S & ax
-\ ax € j i}
e
— v -X
_k e ‘3 b —-?- + C
o .
_ 4 ( 5 e 1"C>

(c) (4 points) Find the particular solution satisfying y(0) = 0.
\

-—

0= “le) = C-\ +
J
"’-:7C=7"‘/?.

< -X _ L
c € "LiQ = z

a
\
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9. Consider the differential equation: ¥’ = y(1 — y).

(a) (4 points) Which of the following plots represents the direction field of this differential
equation? Circle your answer.

VP
VPR

- - >
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— e e = e =
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— e e o —— —— — — — — —
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— vy e -
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-
NN N NS e e =

NN T e e et e e e
L i e Thae e dhdiandin
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NN T N e e e e e v
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[N

P B el B A g g

. o o s e A O A A D D Dl "

- — —— — — - —— e — —— — —

(b) (2 points) If y is the solution satisfying y(0) = 2, what is xlln;o y?
(Hint: You can read this directly off the slope field.)

(¢) (7 points) Solve the differential equation.

‘-3% = 3 (1-9)

\

4 (-9)

L

. = Ali-g)r®3
s = Ao ren = B7)
3 ot \ A\ ¥ Beo = #=\
- . _———__—-_____________.-———-——_'_"
' 4 NI (\ﬁ'“’ it ¢ So\w)
\ \— 9 \ = €
=> e S Ael s Ae .
-9
‘a - A.g‘( - A«Cj
Q»«Ae‘()a - Ae y
e
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! 4dx
0 1+ .T2 '
(a) (2 points) The graph the function y = 4/(1 + z?) between z = 0 and = = 1 is shown
below. On the graph draw, and shade in, the trapezoids whose area is computed by the
Trapezoidal Rule with n = 2.

10. In this problem, you will use numerical integration to estimate = =

A

VAY/
A

v

1
(b) (4 points) Use the Trapezoidal Rule with n = 2 to estimate the integral / % .
0
Your answer should be a fraction (or decimal number).

-4 L
e, BT, WT2 | AxT TR ? 3
)(t (e /R \
A4 le 7A
a = 'ﬁ_a_ 4 l""/q - ?
' \F Y WA -
’ 2 l
'Tl @L—kﬁs ‘ o
—
i 2



-1)*z - 2)"

11. Consider the power series: Z o
n-

(a) (13 points) Find its mterval of convergence. (Hint: Check the endpoints.)

Goct Feot

R

W = My e (x-2Yy! \ _x- ! | -2\
a RS I e
|| ﬁ/l w2 2 2

\)-(-:E-\< =) ls(—z.\<7. t=> -2 < X-2 < 2
2
—r, 0< X < 4
L2
o ) CD”) . .
agw\e;.x-o. Z \f\z -\.Z;,V\ d\NJ»VJcJ

C?-‘&C\;\JJ v~ \) .
Erndpd  x=4 _Zé-l) _CH_& z("ﬂ“ -l‘;\—‘ cloesni cav\ve».j,g

w-2"

avers\hily (see <bosc) , Yook Concwrs a»d+-au,u3

P ST T )
Toc ~ Co\q’l

(b) (2 points) What is its radius of convergence?

(c) (2 points) For which values of z does the series converge absolutely?

(o)
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12. Consider the function f(zx) = x cos(3z).
(a) (5 points) Write down the Taylor series for f(x) based at @ = 0. (Hint: Manipulate a
‘famous Maclaurin series’ — do not calculate derivatives.)

= (2x)
Xcof 3x) = X -z(—t) )

ol “ %2-4 xz"\ X

= (D) RN
2 T

%) 2w
. Seny X
9\:, CZV\‘B‘

(b) (5 points) Use your result in (a) to find f(¥(0) (the fifth derivative of f).
- T -
T coedcont ar —we X Xerwm S
(s Y a . e W=
£ )60) _ -4 (pW N e Z’)
e - a—
5! ql
«“D -
= 47D = 58l = 4es
13. (5 points) The degree 3 Taylor polynomial centered at a = 0 for the function sin(z/2) is
3
i I

sin(z/2) =~ 5~ 53 (1)

Estimate the error in this approximation when {z| < 0.1.

40 | =l\b-§w "/Ll ¢ e

W Mo_\o N1~ d H:\(o.

£er) = Sma( ¥YA)

,'.C'(,() = ?.ON(’%—)

Se &

$70s) = 4 6 (%) o ¢ bl e
Fr(x) = -8 Cos (*A) \\24 oL i =

Z le-(o0.1)

féﬂ(x) s b-am(¥A) Page 14 s



Formula sheet

o Derivatives of inverse trigonometric functions.

_d_. sin_l(x) = —1— ‘iCOS—l(x) = _;
dz 1-g? dz V1 - z?
d -1 1 d -1 1
—tan” ()= ——= —cot™ (x) = —
dr (@) 1+ z2 dz 0 (2) 1+ z2
4 sec™}(z) = 1 4 csc™}(z) = 1
dz vz -1 dx :1:\/1:§ -1
¢ Trigonometric identities.
sin®z + cos’z =1 sin(z + y) = sinxcosy + coszsiny
1+ tan’z =sec’z cos(z + y) = coszcosy —sinTsiny
tan z + tan
1+ cot?x = csc?z tan(z + y) = Y

1-tanztany

1
sinfz = 5(1 — cos(2z))
1
cos’z = 5(1 + cos(2z))
1
sinzrcosz = 3 sin(2x)

N 1 1
sinzsiny = - cos(z — y) — 2 cos(z + y)

2
1
CoSTCOSY = %cos(:z: —-y)+ 3 cos(z + y)
. 1. 1.
sinzcosy = 3 sin(z — y) + Esm(:c +y)

¢ Integrals of trigonometric functions.
/tan:c dz =In|secz|+C
/cotx dx = In|sinz| + C
/seca: dr =In|secz + tanz|+ C

/csca: dz = —In|cscx +cotz| + C
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e Trapezoidal Rule and Simpson’s Rule.

Az
T=—2—-(y0+2y1+2y2+...+2yn-1+yn)
Az
S = 5 yo+4y1 +2y2 +4dys+ ... + 2yn—2 + 4yn—1 + ¥Yn

e Error estimates for Trapezoidal Rule and Simpson’s Rule.

M —-a)?
12n2 ] ’

M(b-a)®
180n4

|Er| <

|Es| <

o Famous Maclaurin series.

v
]
I
(e
ER

3
1l
o

—1)":1,‘2""'1
A (2n+1)!

(—1)":82"
(2n)!

In(l1+z)= i ﬂ

n

sinz =

nMS

n

CosT =

iMs

n=1

oc
_ (_1)n$2n+l
tan"lz = —_—
nz_: 2n+1

o Error estimate for approximations by Taylor polynomials.

IRu(z)| € =5

where |f(**+1)(t)| < M for all t between a and z.
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*

where | f(z)| < M for all z in [a, b}

, where |f%)(z)| < M for all z in [a,}]

(R = o)
(R = o0)
(R = o0)
(R=1)
(R=1)



