Math 242 Final Spring 20l6
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Total: 100

e You may not use notes or calculators on the test.
e Please ask if anything seems confusing or ambiguous.

o You must show all your work and make clear what your final solution is (e.g. by drawing a
box around it).

e The last two pages are a formula sheet. You are welcome to remove this from the exam.

e Cood luck!



1. For each of the following definite and indefinite integrals, evaluate it or show that it diverges.
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2. For each of the following series decide if it converges or diverges and explam why.
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3. For each of the following series, determine its sum.
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4. Find the derivative of each of the following functions.

() (6 points) f(z) = 2In(z) pro s vl .

L0z 22 dax + 2% %

(b) (6 points) g(z) = (sin~1(5z))°
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5, Consider the following differential equation

1
y’—ay——-z, z > 0.

(a) (8 points) Find the general solution to this equation.
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(c) (3 points) Which of the following plots represents the slope field of this differential equa-
tion? That is, of the equation

=z, 2>0.
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2
6. In this problem, you will use numerical integration to estimate In(2) = / d_:f'
1 2

(a) (4 points) Graph the function y = 1/ between = = 1 and z = 2. Draw on your graph the
trapezoids used to apply the Trapezoidal Rule with n = 2. (So, your graph should have 2
trapezoids.)

_\
AX= v - 2 T 2

(b) (4 points) Use the Trapezoidal Rule with n = 2 to estimate In 2.
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(¢) (2 points) Does the Trapezoidal Rule overestimate or underestimate In 27
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/_, 7. Consider the power series Z e
n=1

(a) (7 points) Find its interval of convergence.
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(b) (2 points) For what z does the series converge absolutely?

-3 < K<3
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8. (5 points) Evaluate the following limit.

SA 1= lim(1 4+ )%
dnl, = Lumn ﬂn(wt)
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9. (5 points) Consider the order 2 Taylor polynomial for In(1 + z) centered at g = 0

2
ln(1+a:)wa:—%.

Use the Taylor remainder estimation theorem
|z| < 0.1.
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s = Siﬂ(m ) C‘OS(I)
10. (6 points) What is the Taylor polynomial of order 3 for the function [ (2)
centered at a = 07
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Formula sheet

e Derivatives of inverse trigonometric functions.

d R, 1 d -1 o _________1__—
== & =7

d . _ CIPE M
& e T -l T T

d o, ) . 1 i -1 — e ——
o ¢ (z) = VR 7 es¢ (z) Z|vz — 1

¢ Trigonometric identities.

sin?z +cos’zr=1
14 tan?z =sec’z
1+ cot’z =csc’z

1
sin?¢ = -2—(1 — cos(2z))

Ty

cos? & = =(1 + cos(2z))

= o

sinzcosz = 3 sin(2z)
1 1
sinzsiny = -2~cos(:c —y) - Ecos(a: + )
. 1 1
COSTCOS Y = acos(:c —y)+ 5cos(a:+y)

1 1 .
singcosy = isin(a:-* y) + §Sln($ +y)

e Integrals of trigonometric functions.
ftanm de =In|secz| + C
fcota: dz =1In|sinz| +C
/secx de =In|secz + tanz| +C

/cscx de = —In|cscz +cotz| +C
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e Trapezoidal Rule and Simpson’s Rule.

Az
TZT yo+2y1+2y9+---+2yn—1+y")

S:Aa:

3 (yo +4y; +2y2 +dys+ ...+ 22t 4yn— + yn)

e Error estimates for Trapezoidal Rule and Simpson’s Rule.
—al®
|Er| < M where | f”(z)| < M for all z in [a, 8]

12n2 '’

8
|Es| < ﬂl(.gon—f*‘i’ where |f#(z)] < M for all z in [a, b]

e Famous Maclaurin series.

=3, L (R=w)

0 ( l)nxz"n+1 B
sinz = Z Gnt 1) (R = o0)
cosz = szoﬂ_—é):—;— (R = )

1n(1+x)=zt”%}$—n (R=1)

n»*l
1)"’:1’:2n+1

(=1)"z
tan™ x—-z P (R=1)

e Error estimate for approximations by Taylor polynomials.
M|z — o|*t?

| Rn(z)| < ECET

where | f*+1(t)| < M for all ¢ between a and 2.
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