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explicitly indicate scalar multiplication with an as- matrix. If there is, display the graphs for the incidence

terisk.) matrices in Exercise 3 and compare them with those that

¥ 4. For the software you are using, determine whether there you drew by hand. Explain why the computer-generated
is a command that will display a graph for an incidence graphs need not be identical to those you drew by hand.

DEFINITION 1.6

m Matrix Multiplication

In this section we introduce the operation of matrix multiplication. Unlike ma-
trix addition, matrix multiplication has some properties that distinguish it from
multiplication of real numbers.

The dot product, or inner product, of the n-vectors in R"

a) b1

ay by
a= and b= .

a, b,

is defined as

a-b=ab;+abhy+---+ayb, :Za,-b,-.*

i=l

The dot product is an important operation that will be used here and in later
sections.

The dot product of
1 2
- 3
u= 3 and v= _
4 1
is
u-v= ()2 +(=2)3) + 3)(-2) + @) = 6. -
X 4
Leta=|2|andb=|1|.Ifa-b= —4, find x.
3 2
Solution
We have
a-b=4x +2+6: —4
4x + 8 =—4
X =-3. n

*The dot product of vectors in C" is defined in Appendix B.2.
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FIGURE 1.4

ppose that an instructor uses four grades

: exams, and a fi .
determine a student’s course average: quizzes, tWO hourlt)izVel - Smdenr:,avl eXan,
These are weighted as 10%, 30%, 30%, and 30%, respic il'se ivesizel S SCorg,
are 78, 84, 62, and 85, respectively, we can compute the cou 8¢ by letting

(Computing a Course Average) Su to

0.10 ;i

0.30 _

- nd g=
w=l030| *° 62
0.30 85

and computing
w-g = (0.10)(78) + (0.30)(84) + (0.30)(62) + (0.30)(85) = 77.1.
Thus the student’s course average is 77.1. ]

B Matrix Multiplication

If A = [a;; ] is an m x p matrix and B = [0 ]is a p x n matrix, then the prody
of A and B, denoted AB, is the m x n matrix C = [Cij ] defined by

¢ij = aibyj + anbaj + -+ + aipbp;

=Y aghy (I<ism1<j=<n).
k=1

Equation (1) says that the i, jth element in the product matrix is the dot prog-
uct of the transpose of the ith row, row;(A)—that is, (row; (A))T—and the jth
column, col;(B), of B; this is shown in Figure 1.4.

ajy; ap e 4y col; (B)
Ay Gy -+ Oy by by --- blj <o by,
by by - blj e by,
row; (A) [an ap - q oo : :
bpl by - bpj ce bl"'_
Ay Ay " Ap
Cit Cip - Oy
021 C22 e C2n
Cij
Cm1 Cp A+ Con

P
(row; (A" col; (B) =" ayby” =
k=1

i

Observe that the product of A and B is defined only when the number of rows
of B is exactly the same as the number of columns of A, as indicated in Figure 1.5:

Let

I 2 - -2 5

A= I
= |5 [ 4 and B = 4 -3
2 1
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A B = AB

mXp pXn mXn

the same

size of AB

Then

_ | MWD+ Q@)+ (=DR) (1)(5)+(2)(—3)+(—1)(1)]
TLOED+F M@+ B O+ M)+ ED)

=[5 %) .

Let

Compute the (3, 2) entry of AB.

Solution
If AB = C, then the (3, 2) entry of AB is c3;, which is (rows(A))T - coly(B). We
now have
0 4
(tows(A)T -cob(B)y=1| 1]-|-1|=-5.
-2 2 n
Let

If AB = [12], find x and y.

Solution
We have
1 3 ) 2+4x +3 12
AB = * 4| = Sy
2 -1 1 4—4+4y 6
y
Then
2+44x+3y =12
y =6,

sox=—-2and y =6. n
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x multiplication will be considered in ¢,

’ N ) PN at'.l
The basic properties of m much more care thap e’ft

section. However, multiplication of matrices rg‘l““i’ﬁ lication differ £ i
addition, since the algebraic properties of matrix mu dpue AN, : Tom ¢ Oge
satisfied by the real numbers. Part of the probllem 18 ethe o c t:hat AB N
defined only when the number of columns gf A is the same ! Augl_ €r of rq .
of B. Thus, if Aisanm x p matrix and B 13 apxn matrlx,‘ en 1S anp | \
matrix. What about BA? Four different situations may occur:

1. BA may not be defined; this will take place if n # m.

2. If BA is defined, which means that m = n, then BA'is p X p while 4 .
m x m: thus, if m # p, AB and BA are of different sizes.

3. If AB and BA are both of the same size, they may be equal.
4. 1f AB and BA are both of the same size, they may be unequal.

If Aisa2 x 3 matrix and B is a 3 x 4 matrix, then AB is a2 X 4 matrix while BA

is undefined. N
Let Abe2 x 3and let Bbe 3 x 2. Then AB is 2 x 2 while BA is 3 x 3, N
Let

Then

Thus AB # BA. [ |

One might ask why matrix equality and matrix addition are defined in such
a natural way, while matrix multiplication appears to be much more complicated.
Only a thorough understanding of the composition of functions and the relation-
ship that exists between matrices and what are called linear transformations would
show that the definition of multiplication given previously is the natural one. These

topics are covered later in the book. For now, Example 10 provides a motivation
for the definition of matrix multiplication.

(Ecology) Pesticides are sprayed on plants to eliminate harmful insects. However,
some of the pesticide is absorbed by the plant. The pesticides are absorbed by her-
bivores when they eat the plants that have been sprayed. To determine the amount
of pesticide absorbed by a herbivore, we proceed as follows. Suppose that we have
three pesticides and four plants. Let ¢; j denote the amount of pesticide i (in mil-

ligrams) that has been absorbed by plant J. This information can be represented
by the matrix

Plant I Plant2  Plant 3 Plant 4

2 3 4 3 Pesticide 1
A= 3 2 2 5 Pesticide 2 .
4 | 6 4 Pesticide 3
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Now suppose that we have three herbivores, and let b;; denote the pumber of plants
of type i that a herbivore of type j cats per month. This information can be repre-
sented by the matrix

Herbivore | Herbivore 2 Herbivore 3

20 12 8 Plant ]

28 5 5 Plant 2
i 30 12 10 Plant3 °

40 16 20 Plant 4

The (i, j) entry in AB gives the amount of pesticide of type i that animal j has
absorbed. Thus, if i =2 and j = 3, the (2, 3) entry in AB is

(row,(A))" + col3(B) = 3(8) + 2(15) + 2(10) + 5(20)
= 174 mg of pesticide 2 absorbed by herbivore 3.

If we now have p carnivores (such as a human) who eat the herbivores, we can
repeat the analysis to find out how much of each pesticide has been absorbed by
each carnivore. |

It is sometimes useful to be able to find a column in the matrix product AB
without having to multiply the two matrices. It is not difficult to show (Exercise
46) that the jth column of the matrix product AB is equal to the matrix product
Acol;(B).

Let
1 2
A=| 3 4| and B_=|:_§ ; ﬂ
-1 5
Then the second column of AB is
1 2 3 7
Acoly(B) = 3 4 []: 17
2
-1 5 7 m

Remark If u and v are n-vectors (n x 1 matrices), then it is easy to show by
matrix multiplication (Exercise 41) that

u-v=u’v.
This observation is applied in Chapter 5.

B The Matrix—Vector Product Written in Terms of Columns

Let
ay  ap e ay

dp  dyp - oy

Uyt Ay



oy JO UOTIBUIQUIOD IBSUI] © SB ua)iim o
Jetf) 9PM[OUOD USY) UBD dm ‘Xine

q ued gy jnpoid ayy jo uwin[od i/ Ay
Wuxdestgpue xumew d x w ue sty |

[ o E R H S | [P B

ST ‘Y JO SUWN[09 3y} JO uoneuIqUIOy Teaury e se uanum 9y 1onpoid ay) uay,

t

— - T ¢
€— | =9 pue [ =
z €= I- Z] v

197

"Sura)sAs Ieaur| Jo suonnjos noqe ury) oy Aem yuepodwr ue yIrm
sn sapraoxd mara Jo jurod styg, “1onpoid I0109A—X1IJBUI € JO SWIQ) UT passardxa aq
upd SWA)SAS 353y} JeY) 938 [[eyS oM suonenba Jo swojsAs Ieaur| Jo Apnys Ino ujy

"3 XIIJBW 9y}
UL SALNUD 9} dIe SJUSIOYJS00 ) 2IAYM ‘Y JO SUWN[OI Y} JO UOTBUIUIOD JBIUI] B
St UONLIM 9q UBD D XIIBW | X U UL PUB |/ XLOBW ¥ X 4 Ue JO Iy Jonpoid oy snyJ,

(W) ¥[09%0 4+ - - + (V)09 + (y)oolo =

utly (407) Tup
(€) : :
R o I 2R e
utp (447 1Zp
Uip Clp Iip
St U9)lIM 9q ued UO!SSQ.IdXQ 1S®e] S1y ],
uguily | ... LoTiy 4 [oluup ]
gty 4 ... 4+ WUp + DIt
ugulp 4 ... 4 tlp + ollp
@ )
u uw co. Ty Juy
2+ ,((y)“mon) o [*p
: _ . . . . — OV
u N 44 1T
2, ((v)wmor) w || b 1w
z
In ulp ... UTp llp_

2+ ,((v) 1mon)
XLJeW [ X w9y} 1 3y jonpoid
Xiew oy ¢ x u §19 pUE U X S |/ 9OUIS “XIIJEW | X U UE *S1IeY) I0J03A-u ue aq

llo

[%;

19[ pue XLnew u X w ue 9q

SS2LYOW pup suoypnby ioaur

97
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columns of matrix A, where the cocfficients are the entries in the jth column of
matrix B:

col;(AB) = Acol ;(B) = by jcol | (A) + byjcoly(A) + -+ + bjcol ,(A).

IT' A'and B are the matrices defined in Example 11, then

I 2 4 7 6
AB=| 3 4 [‘2 : ﬂ: 6 17 16
1 os|b - 77

The columns of AB as linear combinations of the columns of A are given by

4 | 2
colj(AB)=| 6| =Acol{(B)=-2| 3|+3]|4
| 17 | -1 5
[ 77 17 [27]
col,(AB) = | 17 | = Acolp(B) =3 | 3| +2|4
| 7] | —1 ] |5 |
[ 6] 17 [27]
col3(AB) = | 16 | = Acol3(B)=4| 3 |+1]|4
| 1] =1 ] 15 ] =
B Linear Systems
Consider the linear system of m equations in n unknowns,
anxy + apxy + -+ + apx, = b
aX; + anxy + -+ apx, = b
“

A X) + am2X2 + o+ Xy = bm-
Now define the following matrices:

ay A o dyy X by
ay  ayp ey A by

U w2 A bm



-
by,
<
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Then
B X
ap ay) [ I
X
ay A an 2
AX =
Ldm1 Am2 "7 Amn Xn .
M apxy + anXe + o+ Ak )
a)xy + ant + oo+ danXn
L ap1 X1 + amaX2 + -0+ dmnXn

The entries in the product Ax at the end of (5) are .merebf the l?ft sides of the
equations in (4). Hence the linear system (4) can be written 1n matrix form s

Ax =b.
The matrix A is called the coefficient matrix of the linear system (4), anq the
matrix ‘
a dpp - Aip ! b,
apy axp -+ ax ; by
1 Am2 - Qmn | bm

obtained by adjoining column b to 4, is called the augmented matrix of the liney;
system (4). The augmented matrix of (4) is written as [ A | b]. Conversely, any
matrix with more than one column can be thought of as the augmented matrix
of a linear system. The coefficient and augmented matrices play key roles in our
method for solving linear systems.

Recall from Section 1.1 that if

by=by=---=b,=0

in (4), the linear system is called a homogeneous system. A homogeneous system
can be written as

Ax =0,

where A is the coefficient matrix.

m Consider the linear system
—2x + z=5

2x + 3_)/ — 42 =7

3x +2y +27=3

Letting

-
)]

and b =

oW
NS -
E
Il
N <

71|,
3
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We can write the given linear system in matrix form as

Ax =Db.
The coefficient matrix is A, and the augmented matrix is
-2 0 115
2 3 417
3 2 213 W
m The matrix
2 -1 3 14
3.0 215
is the augmented matrix of the linear system
2x —y+3z=4
3x  +2z=5. "

We can express (5) in another form, as follows, using (2) and (3):
[ anx) +apx, +---+ A1nXn

4 @1 X1 +anx; + -+ ayx,
X =

L Am1X| + AmyX2 + -+ - + AmpXn

Tallxl apxy AipXp
az1 Xy axnxp AonXn
= . |+ |+t
L Am1X1 A2 X2 AypnXn
an ap iy
az) an Qo
=X . +x; . +otx,
am1 A2 Qi

= x1col;(A) + x5 col,(A) + - - - + x,, col,, (A).

Thus Ax is a linear combination of the columns of A with coefficients that are the
entries of x. It follows that the matrix form of a linear system, AX = b, can be
expressed as :

xy col; (A) + x; col,(A) + - - - + x,, col,(A) = b. (6)
Conversely, an equation of the form in (6) always describes a linear system of the
form in (4).
m Consider the linear system Ax = b, where the coefficient matrix
3 I 2 . 4
4 -5 6 : |
A= 0 7 3| X = ;:2 , and b= 0
-1 2 0 3 2



30 Chapter 1

Linear Equations and Matrices

Writing Ax = b as a linear combination of the columns of A as in (6), we haye

3 1 2 4

4 -5 6| |1

X1 0 + X2 7 + X3 317 ]o
-1 2 0 2

The expression for the linear system AXx = b as shown in (6), proy; des g
important way to think about solutions of linear systems.

==

. . . . 4 . \

AX = b is consistent if and only if b can be expressed as a linear combinatigy
of the columns of the matrix A.

We encounter this approach in Chapter 2.

Key Terms

Dot product (inner product)
Matrix—vector product

MExercises

Coefficient matrix
Augmented matrix

In Exercises I and 2, compute a - b. -3
1 4 3. Leta=b = 2 |.Ifa-b=17, find x.
= = X

4. Determine the value of x so that v - w — 0, where

-3 1 1 X
b = b= 2
) 2 [—2} [—2] -3 2

-, | V= 4 and w= 1
1
(c) a= 2|,b=13 *
-1 6 5. Determine values of x and y so thatv-w = Oand v-u=
B [ x ] M 27 Fl
M1 1 O,wherev=|1|,w=| -2 |,andu=|8
d a=|1|.b=|0 Ly | L 1] | 2
LO 1 6. Determine values of x and ysothatvew =0andv-u=
2 3 B [ x| [0
2. (a) a= _I],b:[z] 0, where v = 1 LW = -2 ,andu: -9
B _yJ L OJ Ly
! 1 sin@
o — = 7. Let = .
(b) a= _]],b [l] et w [COSGJ.Computew w.
Xz
ok ) - . 3|
(c) " b = 0 8. Find all values of X 50 that u - u = 50, where u = ;
¢) a=| 2 |.b= 4
3 1 -
L= = 1
i (]J ' (I) 9. Find all values of y sothatv.v = |, wherev = ’:i
(d) a= D= xJ
()_J _U




1 2
10. LetA=[3 _1 2}andB: x

Consider the following matrices for Exercises 11 through 15:

TIL
12.

13.
14.

15.

16.

x Y

1
6
IfAB = g | find x and y.

123 bo
A= [2 I 4J - B=12 b
3 2
[3 -1 3] 3 _o
c=|4 1 5|. D= I:z 5] ,
12 1 3]
(2 -4 57 -1 2
E= 1 4 and F = 0 4
13 2 1] 35
If possible, compute the following:
(a) AB (b) BA (c) FTE
(d CB+D (e) AB + D?, where D> = DD
If possible, compute the following:
(@ DA+B (b) EC (c) CE
d EB+F (e) FC+ D
If possible, compute the following:
(a) FD-3B (b) AB—2D
(¢ FTB+D (d) 2F —3(AE)
() BD+ AE
If possible, compute the following:
(a) A(BD) (b) (AB)D
() A(C+E) (d) AC+ AE
(e) (2AB)" and2(AB)" (f) A(C —3E)

If possible, compute the following:

(@ A’ (b) (AT)"

(¢) (AB)" (d) B"A"

() (C+E)'BandC"B+E"B

(f) A(2B)and 2(AB)

LetA=[1 2 -3],B=[-1 4 2], and

C= [—3 0 1]. If possible, compute the following:

(a) AB” (b) CA” (c) (BA")C
d) A”B (e) cc’ M c'c
(8) B'CAA"
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2 3 3 -1 3
1. Lea=|-1 4|amdB=|] T,
0 3

Compute the following entries of AB:
(a) the (1,2) entry (b) the (2, 3) entry
(c) the (3, 1) entry (d) the (3, 3) entry

2
18. If12=|:l O}andD:[

0 1 —1
and I, D.

19. Let
I 2 2 -1
A=|:3 2:| and B—[_3 4j|.

Show that AB # BA.

20. If A is the matrix in Example 4 and O is the 3 x 2 matrix
every one of whose entries is zero, compute AO.

;], compute D/,

In Exercises 21 and 22, let

1 -1 2

3 2 4

A=l4 5 3

2 1 5

and

1 0 -1 2
B=13 3 -3 4
4 2 5 1

21. Using the method in Example 11, compute the following
columns of AB:

(a) the first column (b) the third column

22. Using the method in Example 11, compute the following
columns of AB:

(a) the second column (b) the fourth column
23. Let

2 =3 4 2
A= -1 2 3 and c=| 1
S -1 =2 4

Express Ac as a linear combination of the columns of A.
24, Let

2
4 3

>
Il
W —

1 -1
and B=13 2
4

<o
|

o

1o

Express the columns of A B as linear combinations of the
columns of A.
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25.

26.

27.

28.

29.

30.

31.

32.
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3
2 -3 1 »
Let A = —
et A [1 5 4:| and B g

(@) Verify that AB = 3a, + 5a, + 2a;, where a; is the
jth column of A for j =1, 2, 3.
(row;(A))B
(row,(A)B |
(a) Find a value of  so that ABT = 0, where
A=[r 1 —2]andB=[1 3 -1]
(b) Give an alternative way to write this product.
Find a value of » and a value of s so that ABT = 0, where
A=[1 r 1]andB=[-2 2 s].
(a) Let A be an m x n matrix with a row consisting en-

tirely of zeros. Show that if B is ann X p matrix,
then AB has a row of zeros.

(b) Verify that AB = [

(b) Let A be an m x n matrix with a column consisting
entirely of zeros and let B be p x m. Show that BA
has a column of zeros.

-3 2 1 . .
Let A = 4 5 0 with a; = the jth column of A,
j = 1. 2. 3. Verify that
aTa, ala, alas
ATA = | ala, ala, ala;
ala, ala, ajas

Consider the following linear system:

2x; +3x3 —3x3+ x4+ xs= 7
3x + 2x3 + 3xs = =2
2x; + 3x2 — 4x4

X3+ X4+ xs= 5.

Il
w

(a) Find the coefficient matrix.

(b) Write the linear system in matrix form.
(¢) Find the augmented matrix.

Write the linear system whose augmented matrix is

2 -1 0 4 !5
3 2 7 813
10 0 2 !4
30 1 316

Write the following linear system in matrix form:

'2).'| - 3/\’2 =5
X, — 5x, =4

— 33.

34.

3s.

36.

37.

38.

39.

Write the following linear system in matrix form:

2x; +3x2=0
3x, + x3=0
2X| — X2 = 0

Write the linear system whose augmented matrix is

) 1 3 4 i 0

(a) 3 -1 2 0 )
_2 1 -4 3 1 2]
-9 1 3 4 1 0]

3 -1 2 03

® | 5, 1 -4 312
o o0 0 0 1 0]

How are the linear systems obtained in Exercise 34 .

lated?
Write each of the following linear systems as a liney

combination of the columns of the coefficient matrix:

(@ 3x;+20+ x3= 4

X — Xp+4x3=-2
(b) —X| + X2 = 3

2x; — xp = —2

3X1+XZ: 1

Write each of the following linear combinations of
columns as a linear system of the form in (4):

@) x [3]“[;] - B]

1 0 3 | 2
(b) x 2 4+x |1 |4+x3|4|4+x|3|=]5
-1 2 5 4 8

Write each of the following as a linear system in matrix
form: :

@ x, [;] +XZ[§] s [2] B [i]

1 2 1 0
® x| T{+x|1|+x|2]|=]|0
2 0 2 0

Determlpe a solution to each of the following linear sys-
F?m“j “Slflg the fact that Ax = b is consistent if and only
if b l.s_a linear combination of the columns of A:

12 17 [, 0
(a) -3 6 -3 xl _ FO
L0 =L Las 0
1 2 3 47 [y ] 20
(b) 2 3 4 1 Xo _ 20
(3 4 1 2] [ B |5
_X4J -




40.

41.
42.

45.

46.

1
Construct a coefficient matrix A sothatx = | 0 | is a

1
1
solution to the system Ax = b, where b = | 2 . Can
3

there be more than one such coefficient matrix? Explain.
Show that if u and v are n-vectors, thenu v = u’ v,

Let A be anm X n matrix and B an n x p matrix. What, if
anything. can you say about the matrix product A B when

(@) A has a column consisting entirely of zeros?
(b) B has arow consisting entirely of zeros?

CIfA = [a,-l,-] is an n X n matrix, then the trace of A,

Tr(A). is defined as the sum of all elements on the main

diagonal of A, Tr(A) = X':a;;. Show each of the follow-
ing: -

(a) Tr(cA) = cTr(A), where c is a real number

) Tr(A+ B) =Tr(A) + Tr(B)

(¢) Tr(AB) =Tr(BA)

(d) Tr(AT) = Tr(A)

(e) Tr(ATA)>0

Compute the trace (see Exercise 43) of each of the fol-
lowing matrices:

2 2 3

(a) (; (3)j| M) |2 4 4

- 3 -2 =5
1 0 0
¢c) O 1 O
|0 0 1

Show that there are no 2 x 2 matrices A and B such that

1 0
AB — = .
BA [O ]}

(a) Show that the jth column of the matrix product AB
is equal to the matrix product Ab;, where b; is the
jth column of B. It follows that the product A B can
be written in terms of columns as

AB =[Ab; Ab,
(b) Show that the ith row of the matrix product AB is
equal to the matrix product a; B, where a; is the ith
row of A. It follows that the product AB can be
writlen in terms of rows as
d) B
a8

Ab, ].

Al =

a, s

47.

48.

49.

50.
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Show that the jth column of the matrix product AB is a
linear combination of the columns of A with coefficients
the entries in b, the jth column of B.
The vector

20

30

80

10
gives the number of receivers, CD players, speakers, and
DVD recorders that are on hand in an audio shop. The
vector

u=

200
120
80
70 P
gives the price (in dollars) of each receiver, CD player,
speaker, and DVD recorder, respectively. What does the
dot product u - v tell the shop owner?

(Manufacturing Costs) A furniture manufacturer
makes chairs and tables, each of which must go through
an assembly process and a finishing process. The times
required for these processes are given (in hours) by the

matrix
Assembly  Finishing
process process

S I

The manufacturer has a plant in Salt Lake City and an-
other in Chicago. The hourly rates for each of the pro-
cesses are given (in dollars) by the matrix

Chair
Table ~

Salt Lake
City Chicago
B = 9 10 Assembly process
- 10 12 Finishing process

What do the entries in the matrix product AB tell the
manufacturer?

(Medicine) A diet research project includes adults and
children of both sexes. The composition of the partici-
pants in the project is given by the matrix

Adults  Children
80 120
A= [ 100 200 ]
The number of daily grams of protein, fat, and carbohy-

drate consumed by each child and adult is given by the
matrix

Male
Female *

Carbo-
Protein  Fat  hydrate
. 20 20 20 Adult
o 10 20 30 Child -
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