Math 242 Final, Fall 2015

T Balahens
loy D. Yuen

e You may not use notes or calculators on the test.

e Please ask if anything scems confusing or ambiguous.

Question | Points | Score

i| 3
2 4
3 12
4 12
5 30
6 12
7 32
8 10
9 6
10 7
11 6
12 16

Total: 150

e You must show all your work and make clear what your final solution is (e.g. by drawing a

box around it).

e The last two pages are a formula sheet. You are welcome to remove this from the exam.

e Good luck!




1. (3 points) Let f(2) be a function with domain [1, 4] and graph as pictured. Sketch the graph

y = f~1(z) on the picture below. By \
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2. (4 points) Say g(z) = 2z — 3. Find, and simplify, a formula for g~'(z).

Set X=27*3 Se&c-@v—y

X+3  _
— -/
goo = 25
R
gI(X): zX+-—3i
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3. Compute the derivatives of the following functions. You do not have to simplify your answers.
(a) (6 points) f(z) = In(22)2%.
onm Y

WC/(X)._ 2% 4 2R 2 a2

(b) (6 points) f(z) = z*"
Lo arl'Hnm:c. ergﬂ\(eﬂ&ikm

sin¥

= X
/me (MX)@V‘?Q
@ .7- :@X)@Mﬂ ""@}“x)

N
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/ 4. Compute the following limits. You must justify your solution using algebraic manipulations
and / or I'Hépital’s rule for full credit.
(a) (6 points) hm -é;. Tfj\% ,%
LM e h”- 20
= “on Tyre &3
nN-200
L/
3 bn _TB‘ue oA
n>00 e”
L'H 6 — b
—_ b 3(&@ =5
— eV'\
n=> o

(b) (6 pomts) hm (1+2)¥/=. TBF-Q 1
s L*
= _,at/wx ""”'@V\(l-f')()
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L= 2
Hewe [[= €
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5. Compute the following integrals, or say if they diverge.

(a) (10 points) fsinz(:c)coss'(m)dx. ODD FWO‘Z ¢
lat u = sin®

s A 4 c!/)f

_fgm)( cn X taX CLM: (_9/94_)(‘1’)(

— e & ~ AR

= ISIV}X (I—SI“ ?(5 WXA% bi;:_x — l—sihzx

Lvomn Formula o

—_j U\Z’("‘M—L) i in bacl F
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B A
(b) (10 points) f L Pattern \[D +a*

/ Voo
So that
P~ 1_23 9
- 35&3’649_ \/Y-{- 3 zsex—
) 3 s O dy = 3sec”0db
X
= \YSﬂC@c(Q ‘i-ﬂMQ"j
AP RWITTO -
3
So sech = x;‘-ci

Nojfe: I‘t 1S oss_fu(i) bﬂtn/j meccssar/v} 'l'o STMP'?{‘/
s W&VlrLer‘.
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(0 @ Y ek
¢ 0 points —_—
pot )fa 92 + 3z £ 100

DO m!\e'(!wu\'ﬁ m‘\"ejra{ -F-l V$+. o AT A AL
l ‘ PR .7.e =7
= — So T can ‘Q-Q_"Qa c+arei

2X3xk0 T (2x+)(x+1)
— A R
B 2X+\ T 3517
CI%V'C\-@I%mianCOU
= AKX+ + B(2x+!)
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6. Compute the sum of each of the convergent series below. Simplify your answers.

a2 Tovo Smé\—ﬁc series
o . h
T - 23
N=c0 h=o
s @ L-1l.33--%
U b R =
3 3
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7. For each of the followin i
g series, say whether they converge or diverge. F
'or full cred
justify your solutions, and state clearly which test(s) you are us.'mrgg (if any) et you st

O G 355 Always nejam,
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n-2090
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(1+n)* = zA=(1-n) T{’m 15 <0
2z
(1 +n) o W |

C1+ nY
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/./"‘ (c) (8 points) %% S% 'Fa,c%oﬁa(. _)—;)/ Ejho Te s-z.‘,
" Pos"i‘hve Sevies s .

. n+ x5
E:«Q‘M’\ _2 (VI'H?/Z %

hsoo (n+23)! (ntD)!

. " 3 , 3
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o
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N +n* O+h*,

Since S 7 towverges (p-serles with p=2 >1)
than 57 | T0x] cmvergen

&1 s h
Hlenee Z nnz ceweges absgmg,.

N=—i
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8. (10 points) Find the values of z for which the power series

(=]

Z 1—1;—”;(9: +3)"

n=0

(a) converges absolutely; (b) converges conditionally; (c) diverges. Justify your ANSWErS.

Mol Rost test: At Rt Te Test
R T L R ol }

_J—— (X433
_ (X+3] _ [x+3) .
T N3 UM 2 2 "mea; ;;',',“—;l ' [%+3] =
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9. (6 points) Find the order two Taylor polynomial for arctan(z), centered at a = 1.

ol 407 #(-)=arc*w1=5

, |
‘E’(X): Xz'-l-( ‘G’(l :Ji:

-~ l
4"(><)‘(£l:5*-‘2x 'y = =%

Ped= 7 +z(x-1) b 3) oY

b= = F (=1

—
—

Flq +

10. (7 points) Let f(z) = cos(4z), and say it is replaced by Pa(z) = 1 — 1622/2 (its order 2 Taylor
polynomial, centered at 0). Use a technique from the course to estimate the error Ra(z) when
|z| < 1/2.

Need My > max & £71x) on Ixl <.

-F’(){): — L}STPI(L")()
L) = =1¢ ca(4X "
QY = L sin(4x). Thea l'? (X)I = éLf

We may use M_g: 61
Thon Msii‘j formul= for _B)’{OY‘ Rom MJEP—QM"QrW}z PG<.,

|R,c0| £ Mdgxf"f < 61 (%)3: i é: jad

3! ¢ 3,
for l>‘\<‘%_
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/' 11. Consider the slope field pictured below.
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(S!ofu_ a*(b,l)) =9
(slopczl'(—‘;ﬂ): 1 a

(b) (3 points) Sketch the solution to this differential equation that satisfies y(0) = 1 on the
slope field.
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12. Solve the following differential equations. Either give the general solution, or solve for a partic-

ular solution satisfying the given initial conditions. Your solution must give an explicit formula
for y for full credit.

(a) (8 points) % =92 +1. sefara‘f)\ <
Y=+ | - Ao(

(!

s - o
ard\‘m(ﬂ) = X+ Q’
y = ta(x+C)
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(b) (8 points) o' +y =2z, y(0)=1. Linear

P= |
\YPJ’K J,IJ’)( 0,8 ";wm{'ejf#\*l“a'pad'é?’
¥ = \FPCLX: e .

y + ex)/ = 2><€X

= 2><€
&(6 )’ ) = iy \V\Jre@ra*\’m L/ ijrj

Zx clv“ xc\’ﬂ

n[\\l
%’

\

C,-—B<

‘;g m
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[Blank page]
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Formula sheet

¢ Derivatives of inverse trigonometric functions.

d . 4 1

7, Sin () = = (true for —1 < z < 1)
i tan~}(z) = (true for all z)

dz 1+ 22

(true for z < =1 and z > 1)

e
R A W

o Pythagorean identities (true for all 2 where the functions involved are defined).

sin?(z) + cos®(z) =1, tan’(z) +1= sec?(z), 1+ cot?(z) = cse’(z).

e Reduction of power formulas / double angle formulas for sine and cosine (true for all z).

cos?(z) = %(1 +cos(2z)), sin®(z) = %(1 — cos(2z))

o Addition formulas for sine and cosine (true for all z and y).

sin(z) sin(y) = %008(56 -y) = %cos(x +y)
1 1
cos() cos(y) = 7 cos(z —y) + 5 cos(z +y)

1 1
sin(z) cos(y) = 2 sin(z —y) + 3 sin(z + y)

e Integrals of tangent and secant.

/ tani()de= —n]cos{z)] + €

fsec(:::)d:c = In|sec(z) + tan(z)| + C.
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e Standard power series expansions (centered at a = 0).

00 T
e’ = Z EEn_T (valid for all z).
n=0

) b (_1)n$2n+1 )
sm(:c) = ; W (vahd for all Z[?)
oaed (—1)”.’3’:2"’ )
eoi(e) =y S———mr (valid for all z).
ngo (2n)!

0 s 1yn—1.n
In(1+2) = Z -(——]'—)-ﬂ—m— (valid for |2| < 1).

n=1

(1+z)™ = im(m' D---m=ntlm  (lid for |z] < 1).

!
neo n:

e Error estimate for approximations by Taylor polynomials.
Say f() is a function with derivatives of all orders on an interval [b, ¢, and a is a point in (b, €.
and Ry(z) = f(z) — Pn(2)

Say Py(z) is the N*® Taylor polynomial for f(z) centered at a,
s the error when approximating f(z) by Py (z). Then for all z in [b, |

MN+1|5V" _ a!N-H
N 1)

’

|Rn(2)] <

where My is the largest value taken by the (N 4 1)** derivative of f(z) on [b, ¢.
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