Math 242 Final

Name:

Section:

If you do not know your section, fill the following:

Instructor:

TA:

Question | Points | Score

1 12
2 4
3 4
4 12
5 32
6 12
7 28
8 10
9 7
10 7
11 6
12 16

Total: 150

You may not use notes or calculators on the test.

Please ask if anything seems confusing or ambiguous.

You must show all your work and make clear what your final solution is (e.g. by drawing a box around it).

The last two pages are a formula sheet. You are welcome to remove this from the exam.

Good luck!




1. The graph of a function f(z) is sketched on the picture below.

)
D

(a) (4 points) Sketch the graph of y = f~!(x) on the same plot.

(b) (4 points) Specify the domain of the function y = f~1(z).

(¢) (4 points) List all values of z within the interval (—2,2) where the derivative ¢/(z) = & f~!(z) does not exist.

dx
(If the derivative exists at every point on the interval, state that.)



2. (4 points) Let f(x) =sin(3z) for —n/6 <z < /6.
Find the value of the derivative of the inverse function ( f _1)/ at —v/3/2

' (%)

3. (4 points) Compute the derivative of the function

y = (sinz)*™7 .



4. Compute the following limits. You must justify your solution using algebraic manipulations and/or I’'Hopital’s rule
for full credit.

(a) (6 points) lim (tanx)(1/$2)
z—0t

(b) (6 points) lim (1 4+ sinz)®"*.

z—0t



5. Compute the following integrals, or say if they diverge.

For full credit, make sure that you present a clear justification which supports your claim for every divergent integral.

10 dr
it _dx
(a) (8 points) /2 P —



(b) (8 points) / e tsint dt
0



2 —1

x4

dzx

(c) (8 points) /100



w/4
(d) (8 points) / cot® z dx
0



6. Compute the sum of each of the convergent series below. Simplify your answers.
o 92n+3

(a) (4 points) Z =

n=0

o0 TL

(b 4 pOlIltS E 7' Hint. Identify it with a well-known series.

o0

(c) (4 points) Z T2



7. For each of the following series, say whether they converge or diverge. For full credit, you must justify your solutions,
and state clearly which test(s) you are using (if any).

1

nlnn

oo

(a) (7 points) Z

n=3




(b) (7 points) g:l (1 + ;)n



o

(c) (7 points) >

n=1

o2n2 4+ nt
n + nb



(d) (7 points)




8. (a) (5 points) Find the radius of convergence of the power series

[e.9]

x—5)"
Z(lnn)

n=2

(b) (5 points) For which values of z does the series

oo

x—5)"
Z(lnn)

n=2

converge conditionally? Justify your answer.



9. (7 points) Express the function

as a power series in .

10. (7 points) Find the Taylor series for the function

centered at a = 2.

ZEQ
fla) =15
fl) =4



11. Consider the slope field pictured below.
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(a) (3 points) Which of the differential equations below matches this slope field?
W L= B L=ty () L=hE-y), @)Y=y

(b) (3 points) Sketch all solutions to this differential equation that satisfy y(0) = 0 on the slope field.



12. Solve the following differential equations. Either give the general solution, or solve for a particular solution satisfying
the given initial conditions. Your solution must give an explicit formula for y for full credit.
(a) (8 points)
yy —2cos’z =0, y(0)=—-2.



(b) (8 points) zy’ +y = 2z.



[Blank page]



Formula sheet

e Derivatives of inverse trigonometric functions.

1

% Sinfl(:c) = ﬁ (true for -1 <z< 1)

d 1

. tan~!(z) = T2 (true for all x)

isec L) = 1 (true for x < —1 and = > 1)
dx lz|vVa? —1

e Pythagorean identities (true for all 2 where the functions involved are defined).

sin?(z) + cos?(x) =1, tan®(z) + 1 =sec?(z), 14 cot?(z) = csc?(z).

e Reduction of power formulas / double angle formulas for sine and cosine (true for all z).

cos’(x) = %(1 + cos(2z)), sin®(z) = %(1 — cos(2x))

e Addition formulas for sine and cosine (true for all x and y).

sin(z) sin(y) = %cos(x —y) — % cos(z +y)

1 1
cos(z) cos(y) = 3 cos(z —y) + 3 cos(z + )
. 1 . 1.
sin(z) cos(y) = 5 sin(z —y) + 5 sin(z + y)

e Integrals of tangent, cotangent, and secant.

/tan(:c)dx = —In|cos(z)|+ C
/cot(a:)dac = In|sin(z)| + C

/sec(x)dm = In|sec(z) + tan(x)| + C.



e Standard power series expansions (centered at a = 0).

e’ = Z x—' (valid for all x).
n=0

n

oo (_1)nx2n+1

sin(z) =3 2n+1)!

n=0

(valid for all x).

x nx2n
cos(z) = Z ((12)n)' (valid for all x).

n=0

& -1 n—1,.n
In(l+z)= Z =D (valid for |z| < 1).

> — 1) (m— 1
(14+2)" = g m(m = 1) '(m nt )fc” (valid for |z| < 1).
n!
n=0

e Error estimate for approximations by Taylor polynomials.
Say f(x) is a function with derivatives of all orders on an interval [b,c|, and a is a point in [b,c]. Say Py(x) is the
N Taylor polynomial for f(x) centered at a, and Ry(z) = f(z) — Pyn(z) is the error when approximating f(z) by
Py (x). Then for all z in [b, ]
MN+1|:IZ _ a‘N—i—l
(N +1)! ’

where My 1 is the largest value taken by the (N + 1)5t derivative of f(x) on [b, c|.

|Rn(z)] <




