Math 242 Common Final Spring 2022

Name:
Question | Points | Score
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6 32

i 10

8 6

9 7

10 6

11 7

12 7
Total: 150

You may not use notes or calculators on the test.

Please ask if anything seems confusing or ambiguous.

You must show all your work and make clear what your final solution is (e.g. by drawing a
box around it).

The last two pages are a formula sheet. You are welcome to remove this from the exam.

Good luck!
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1. (3 points) Consider the following values of f(z) and f'(z): | 1| 3 1
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2. Compute the derivatives of the following functions. You do not have to simplify your answers.
(a) (4 points) f(z)=sin"!(z +1).
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(b) (6 points) f(x) = x3% In(z).
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3. Compute the following limits. You must justify your solution using algebraic manipulations
and / or I'Hopital’s rule for full credit.

(@ (@ points) tim L Ty =
|i M"'f‘;,

W “e“\

X

= (YN o = e,
w 2 x -
ob
N g1 o 2¥N f 7. (‘g‘_)‘«i
(b) (4 points) \ll_Igo Zl—“ - Z— ‘{k‘_ 3 “
k=0 %—z—o p_____'o
P-L )
k=, & \..’3/¢i
[ o -84
YL
= e Sy
G -3
S \aa
(c) (4 POiﬂt‘j) lim (1+20)'/7 \\1‘01
(4
L
: W[ L2y
= Y= N (w22 e B
¥ —o e
\ |- \ L9 N
sl Ly 2% _ _
SR = |\ + 2.0
\

Page 3



4. (a) (5 points) Use the trapezoidal rule withn = 4 to find an approximation to the integral
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You do not need to simplify your answer. You will not receive credit for evaluating the
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(b) (5 points) Using the error formula for the trapezoidal rule, estimate how far your answer
to (a) is from the actual value of the integral. For full credit, you should give and justify

your estimate for “M™ in the formula.
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5. Compute the following integrals, or say if they diverge. For full credit, follow the instructions

below.
e If the integral is improper, make sure any limiting arguments that you use are explicit.

e If make a substitution, make sure to express your final answer in the original variables.

e Simplify your answers.
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(d) (10 points) fcos(:c)sin@a:)da:.
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6. For each of the following series, say whether they converge or diverge. For full credit, you must
justify your solutions, and state clearly which test(s) you are using (if any).
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7. Consider the power series in x

Z E(w £1)R

n=1

(a) (7 points) Find the interval of convergence. Be sure to check the endpoints.
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(b) (3 points) For which values of = does the series converge absolutely?
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11. (7 points) Solve the following differential equations for a particular solution satisfying the given
initial conditions. Your solution must give an explicit formula for y for full credit.

dy
s tan(z)y, y(0)=2.
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12. (7 points) Find a general solution for the following differential equation. Your solution must
give an explicit formula for y for full credit.
Y +y=2z.
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8. (6 points) Find the second degree Taylor polynomial for tan~!(z?), centered at a = 1.
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9. (7 points) Find the third degree Taylor polynomial for * sin(z) centered at a = 0. Hint: you
may find the expressions for famous Maclaurin series on the last page useful.
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10. Consider the slope field pictured below.

(a) (3 points) Which of the differenti
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(b) (3 points) Sketch the solution to this differential equation that satisfies y(0) = 1 on the

slope field.
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Formula sheet

e Derivatives of inverse trigonometric functions.

isin‘l(:z:) =1 4 cos™}(z) = — !

dz V1-z? dz v1-—22
ittm'l(a:) - icot'l(a,') S .

dz T 1+a? dz T 1+a?
isec"(:::) -1 icsc'l(:m:) S S
dz lz]vaZ -1 dz lz|vzZ =1

¢ Trigonometric identities.

sin®z +cos?z =1

2

1+tan2:r=sec x

1+cot’z =csc’z
sin’x = %(1 — cos(2z))
1
cos’ T = -2-(1 + cos(2z))
sinzcosx = 1 sin(2x)
2
. . 1 1
sinzsing = 5 cos(z —y) — 3 cos(z + )

1 1
coszeosy = 3 cos(z — y) + 3 cos(z + y)

. 1 |
sinzcosy = —2-sm(a: -y + §sm(:1: +y)

¢ Integrals of trigonometric functions.
/tan:rdx:lnlsec:cl+C
/cotm dz =In|sinz|+ C
fseca: dx =In|secz + tanz|+ C
/cscx dr=—Injcscz +cotz| +C
jsinezdx =z/2-(1/2)sinzcosz+C

/cos2 zdr = x/2+ (1/2)sinzcosc + C
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e Trapezoidal Rule and Simpson’s Rule.

Ax
T= T(yo+2y1+2y2+ +2yn-1+yn)

Az
§= 3 (yo +4y1 + 2y +4ya + ..o+ Yo + 4y + yn>

¢ Error estimates for Trapezoidal Rule and Simpson’s Rule.

— 3

|Er| < %, where |f”(z)| < M for all z in [a, ]
— a\d

|Es| < E&T“), where |[f@(z)| < M for all z in [a, b]

o Famous Maclaurin series.
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cosz = g @n)! 00

In(1 +z) = Z( 72" pe1)
n=1

¢ Error estimate for approximations by Taylor polynomials.

M|z — a|™*!

IRa(e) < =

where |f("*+1) ()| < M for all t between a and z.
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