Math 242 Final, Spring 2023

May 10, 2023, 12:00-2:00

Name:

Draw a circle around your section number below.

Instructor TA Recitation
1 Nha Truong Drew Polakowski Th 10:30-11:20
2 Nha Truong Drew Polakowski Th 1:30-2:20
3 Sébastien Bertrand Saroj Niraula Th 10:30-11:20
4 Sébastien Bertrand Saroj Niraula Th 12:00-12:50
5  Lyon Lanerolle Dennis Le F 11:30-12:20
6  Lyon Lanerolle Dennis Le F 2:30-3:20
7  Kenneth Corea Samuel Miller F 8:30-9:20
8  Kenneth Corea Samuel Miller F 9:30-10:20
9  Nicolas Antin Irvin Chang F 10:30-11:20
10 Nicolas Antin Irvin Chang F 1:30-2:20
11 Nicolas Antin Aleksander Fedorynski Th 8:00-8:50
12 Nicolas Antin Aleksander Fedorynski Th 9:00-9:50
13 Thomas Hangelbroek Rico Vicente W 1:30-2:20

You may not use notes.

You may not use calculators.

You may not use electronic devices or access the internet.

Please ask if anything seems confusing or ambiguous.

Question | Points | Score

1 6
2 12
3 12
4 30
5 10
6 21
7 7
8 16
9 12
10 8
11 16

Total: 150

You must show all your work and make clear what your final solution is (e.g. by drawing a

box around it).

Organize your work neatly in the spaces provided and write neatly and legibly.

Cross out any scratch work.

You have 2 hours to complete this exam.

Good luck!




1. The graph of a function f(x) is below. The domain of f is [0, 6]. Answer the following questions
about f.

0% > T
0 1 2 3 4 5 6

(a) (2 points) What is the domain of f~1?

(b) (2 points) What is the value of f~1(5)?

(c) (2 points) What is the value of (f~1)/(2)?
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2. For each function below, calculate its derivative with respect to x.
(a) (6 points) f(x) = tan—'(3%)

(b) (6 points) g(z) = e3*~*In(2? + =)
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3. Calculate the following limits.

(a) (6 points) lim 22/ n(32)
r—0+t

. . In(cosx)
(b) (6 points) ili}%)T
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4. Evaluate the following integrals. Note that some integrals below may be improper.

(a) (10 points

1 .’E2
)/ LA
1V +1
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(b) (10 points) /
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In(x —4)

5— dr  (Hint: Use integration by parts.)

(c) (10 points) /

X
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5. Calculate the sum of each series below. If it diverges, explain why.
4 8 16

ints) 2 — - 4+ — — — ...
(a) (5 points) 5+25 125+

(b) (5 points) i (nnz - (nf1)2>

n=2
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6. In each item below, determine whether the series converges or diverges. Justify your answers.

(a) (7 points) Ze_l/"
n=1

> n+n?
(b) (7 points) Z — =
o 14+nc+n
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oo
(c) (7 points) Z In(2n+1) — lnn)"
n=1

7. (7 points) Use a power series centered at 0 to integrate the following:

/ re ™ dz

(Hint: Use a famous Maclaurin series.)
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8. Consider the power series

o

n+1
Z n2 (z —5)".
n=1

(a) (7 points) Determine the radius of convergence of the series.

(b) (7 points) Determine the interval of convergence of the series. Make sure to check the
endpoints.

(c) (2 points) State where the series converges absolutely, where it converges conditionally,
and where it diverges.
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9. Let f(z) = 2'/3.
(a) (6 points) Calculate the degree-2 Taylor polynomial T5(x) of f centered at 1.

(b) (6 points) Estimate the remainder |T5(z) — f(x)| when 0.8 < z < 1.2. (You do not need
to simplify your answer.)
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10.

(8 points) The direction fields for the following differential equations are shown below.

e Equation A: 3/ = zy

e Equation B: ¢y =z +y —1
e Equation C: ¢y =2z —y+1
e Equation D: ¢/ =22 4y

Match each equation to its direction field. Indicate your answer by writing the letter A, B, C,
or D in the blank provided above each plot. You do not need to justify your answers.

Equation

b

A A

===y
oA

N E

|
[\]
—

‘_>_>_-Vl

\

I—V-»_;‘

\Qﬁﬂihéﬁ/
RN A ]

ARNN SRR AN

|
N

Page 13

=
Ne)
=
&
=
)
=

NNV A
NNV VS S S

RN A R R R
RN R A A
SN Ve B

BSOINYR

B SRR

|
N

LN Y VA A

_

B IS VR R A )
SISO Y

\]

~—
bS]
FERE R NSS

*\\\*

IS




11. Solve the following differential equations. If no initial condition is given, find the general
solution. Otherwise, find the solution that satisfies the given initial condition. Your solution
must give an explicit formula for y to receive full credit.

(a) (8 points) ' —ay® =z, y(0) =1
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(b) (8 points) y' + (cosx)y = sinz cos =
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Formula sheet

e Derivatives of inverse trigonometric functions.

e Trigonometric identities.

sin®

1 -1 o
ima a0 =
1 d
e az O @
1 i cse 1(53) -
|z[va? —1 dx

r+coslx=1

1+ tan® x = sec’ x

1+ cot’z = csc’ x
1
sin®z = 5(1 — cos(2z))

1
cos’z = 5(1 + cos(2x))

1
sinx cosz = — sin(2x)

. . 1 1
sinesing = g cos(x —y) — 3 cos(z + y)
1 1
cosTCOSY = o cos(x —y) + 3 cos(z +¥)

. 1. 1.
sinzcosy = o sin(z — y) + B sin(z + y)

e Integrals of trigonometric functions.

/tanx dx =In|secz|+ C

— e Y —

cotx dr = In|sinz| + C

secx dr = In|secx + tanx| + C
cscx dr = —1In|cscx + cotx| + C
sin?zdx = /2 — (1/2)sinz cosz + C

cos® xdx = x/2 + (1/2) sinz cosz + C
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e Trapezoidal Rule and Simpson’s Rule.

Ax

S:Ax

3 (yo +4y1 + 2y +4ys + ...+ 2Yn—2 +4yn—1 + yn)

e Error estimates for Trapezoidal Rule and Simpson’s Rule.

M —a)®
|Er| < (12?1;), where |f"(z)] < M for all z in [a, b]
M(b—a)®
|Eg| < 1(80‘?)’ where | f) (2)| < M for all z in [a, b]
n

e Famous Maclaurin series.

e’ = Z %T'L (R = o0)
n=0
B > ( 1)n$2n+1 B
sinz = ngo it 1) (R=00)
o -1 n$2n
cosT = Z ( (Z)n) (R=00)
n=0
n=1

e Error estimate for approximations by Taylor polynomials.

M|l’ _ a’n-i—l

Bn(o)l < =6

)

where | £+ (t)| < M for all t between a and z.

Page 17



