
6.1 Inverse Functions 

Table 1 gives data from an experiment in which a bacteria culture started 

was 

e 

recorded a 

Suppose, however, that the biologist changes her point of view and beor 

vords, 
thinking of t as a function of N. This function is called the inverse function 

for the 
of 

population 
ne is 

100 bac 
ft). hourly intervals. The number of bacteria N is a function of the time r: N= frded 

view and becomes inter 

teria in a limited nutrient medium; the size of the bacteria population was r bc 

ested in the time required for the population to reach various levels. In other worde. 

by ,and read "f inverse." Thus t=f() is the time required for the Done 
level to reach N. The values of fcan be found by reading Table l from right 

by consulting Table 2. For instance, f"(550)) = 6 because f{6)= 550. eft or 

Table 2 tas a function of N Table 1 N as a function of t 

t-f(N) 
time to reach N bacteria 

N flt) 
N (hours) population at time t 

100 0 100 

168 168 4 10 

259 259 2 3 7 
358 3 358 o 4 

445 445 

509 509 5 
550 550 6 B 
573 S73 

8 586 8 
d. ************ 10 

3 
Not all functions possess inverses. Let's compare the functions f and g whose arrow 

diagrams are shown in Figure1. Note that f never takes on the same value twice (any two inputs in A have different outputs), whereas g does take on the same value twice (botn and 3 have the same output, 4). In symbols, 

2 

2 

A B 

g(2)= 9(3) FIGURE 1 
f is one-to-one; g is not. 

fa) + fxa) but 
whenever xi xX2 

Functions that share this property with f are called one-to-one functions. 
In the language of inputs and outputs, 
this definition says that f is one-to-one 
if each output corresponds to only one 

np 

1 Definition A function f is called a one-to-one function if it never take> the same value twice; that is, 
Kes on 

fx) # f(xa) 
whenever xi X2 

If a horizontal line intersects the graph of f in more than one point, then w Figure 2 that there are numbers xj and x2 such that f(x) = f(x2). This nmining is not one-to-one. Therefore we have the following geometric method for d whether a function is one-to-one. 

fx) 
e see from 

fr) fx2) 

Horizontal Line Test A function is one-to-one if and only if no horizonta intersects its graph more than once. 

FIGURE 2 
line This function is not one-to-one 

because f(x1) = f(x2). 
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EXAMPLE 1 Is the function f(x) = x* one-to-one? 

y =x Ifx*2 then x x (two different numbers can't have the same sOLUTION 
cube). Therefore, by Definition 1, flx) = x' is one-to-one. 

SOLUTION 2 From Figure 3 we see that no horizontal line intersects the graph of 
fx) = x'more than once. Therefore, by the Horizontal Line Test, fis one-to-one. 

EXAMPLE 2 Is the function g(x) = x* one-to-one? 
FIGURE 3 

fx) =x* is one-to-one. SOLUTION 1 This function is not one-to-one because, for instance, 

g(1) 1 g-1) 

and so 1 and - 1 have the same output. 

sOLUTION2 From Figure 4 we see that there are horizontal lines that intersect the graph 
of g more than once. Therefore, by the Horizontal Line Test, g is not one-to-one. 

One-to-one functions are important because they are precisely the functions that pos-
sess inverse functions according to the following definition. 

X 

FIGURE 4 

gx)=x* is not one-to-one. 2 Definition Let f be a one-to-one function with domain A and range B. Then 
its inverse function f' has domain B and range A and is defined byy 

fy)= x flx) = y 
for any y in B. 

This definition 8 *into y. then f" maps y back into x. (f f were 

not one-to-one, ther i fct i:e uniquciy defined.) The arrow diagram in Figure 5 

indicates that f sevcrses te eiicci of f. Note that 

4 

f-

B 

domain offi = range of f 

FIGURE 5 
range of f-l = domain of f 

For example, the inverse function of f(t) = x* is f"(x) =x"s because if y = x', 

then 

fy)= f(x*) = («*)/3 = x 

CAUTION Do not mistake the -1 in f for an exponent. Thus 

f(x) does not mean 
fx) 

The reciprocal 1/f(r) could, however, be written as [f(x)]F 
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EXAMPLE 
IffU) 

= 5, S(3) 
= 7, and S(8) 

= -I10, 
find f( 

SOLUTION 
From the 

definition 
off 

we 
have 

s'7)= 3 because 

f'-10). 

S(3)= 7 

f(1) = 5 

because 
s5) = 1 

-10 S(8)= -10 
because 

f(-10) 8 

this case. 
B 

The diagram in Figure 6 makes it clear how f' 
reverses 

the effect of f in thi. 

The letter x is traditionally 
used as the independent 

variable, so when we. 

on f rather than on f, we usually 
reverse the roles of x and y in Definition 

ve concentrate 

and write 
-10 

f-
f) = y fy) f(y) = x 

FIGURE6 

By substituting for y in Definition 2 and substituting for x in (3), we get the follau 

ing cancellation equations: 

The inverse function reverses inpuits 
ow-

and outputs. 

ff(x) =x for every x in A 

ff (x)) =x for every x in B 

The first cancellation equation says that if we start with x, apply f, and then apply f, 
we arrive back at x, where we started (see the machine diagram in Figure 7). Thus f 

undoes what f does. The second equation says that f undoes wha! f' does. 

fx) 
FIGURE 7 

For example, if f(x) = x', then f (x) =x/3 and so the cancellation equations 

become 

SS) =(x*)V3 = x 

Sf)) =(r"} = x 

These equations simply say that the cube function and the cube root function cane other when applied in succession. 
Now let's see how to compute inverse functions. If we have a function y 

each 

are able to solve this equation for x in terms of y, then according to Definiuo e and 

and 

must 

have xf"(y). If we want to call the independent variable x, we then intercna y and arrive at the equation y=f"(X). 



5 How to Find the Inverse Function of a One-to-One Functionf 

STEP 1 Write y =f(x). 

STEP 2 Solve this equation for x in terms of y (if possible). 
To express fas a function of x, interchange x and y. 
The resulting equation is y =f(). 

STEP 3 

EXAMPLE 4 Find the inverse function of f(x) = x' +2. 

sOLUTION According to (5) we first write 

y=x3+ 2 

Then we solve this equation for x: 

=y -2 
x=Vy-2 

Finally, we interchange x and y: 

ice how freverses 

e function f is the 

add 2"; fl is the rule 

y--2 

Therefore the inverse function is f"(r) = x -2. take the cube root." 

The principle of interchanging x and y to find the inverse function also gives us the 
method for obtaining the grapi of fi trom the graph of f. Since f(a) = b if and only 

if f(6) =a, the poin t. h} is Dm ihe graph of f if and only if the point (b, a) is on the 

graph of f. But we gei tie it (3, ci from (a, b) by refiecting about the line y = x. 

(See Figure 8.) 

b, a) 

, b) 

X 

FIGURE 8 FIGURE 9 

Therefore, as illustrated by Figure 9: 

The graph of f-l is obtained by reflecting the graph of f about the line y = x. 



EXAMPLE5 Sketch the graphs of flx) v-l ~* and its inverse functio 
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SOLUTION First we sketch the curve y 
= 

-1-x(the top half of the nDa 

y=-1 
- x, or x = -y- 1) and then we reflect about the lin 

same coordinate axes 
line y= x to g 

y=fr) 

fis f(x) = -x2 - 1, x> 0. So the graph of f* 1s the right half of the n 

-1and this seems reasonable from Figure 10. 
graph of f". (See Figure 10.) As a check on our graph, 

notice that the exnra 

arabola 

he 

(-1,0) (0, -1) 

that f is 
Now let's look at inverse functions from the point of view of calculus. Supnoo 

on as one whose: 
ose The Calculus of Inverse Functions 

from 
has no break in it. (It consists of just one piece.) Since the graph of f-l is obtainaaph 

of f has no break in it either 
ain 

FIGURE 10 
both one-to-one and continuous. We think of a continuous function 

(see Figure 9). Thus we might expect that fTis also a continuous function. 

This geometrical argument does not prove the following theorem but at least it me 

the graph of fby reflecting about the line y =x, the graph of f has no l 

makes 
the theorem plausible. A proof can be found in Appendix F. 

6 Theorem Iffis a one-to-one continuous function defined on an interval. 

then its inverse function fl is also continuous. 

Now suppose that f is a one-to-one differentiable function. Geometrically we Can 

think of a differentiable function as one whose graph has no corner or kink in it. We get 

the graph off-' by reflecting the graph of f about the line y= x, so the graph of f has 
no corner or kink in it either. We therefore expect that f is also differentiable (except 
where its tangents are vertical). In fact, we can predict the vaiue of the derivative of fl 

at a given point by a geometric argument. In Figure 1} tie graphs of f and its inverse 
fare shown. If f{b) = a, thenf(a) = b and (f }z} is the slope of the tangent 

line L to the graph of f at (a, b), which is Ay/Ax. ReRerting in the line y =x has the 
effect of interchanging the x- and y-coordinates. So the sioge of the reflected line t [the 
tangent to the graph of f at (b, a)] is Ax/Ay. Thus the slope of L is the reciprocal of the 
slope of t, that is, 

L 

Aya, b) 

Ar 
Ay 

FIGURE 11 

Ay 1 fya) = 
Ax Ax/Ay f'b) 

7 Theorem If f is a one-to-one differentiable function with inverse func fand f'S"(a)) # 0, then the inverse function is differentiable at a ana 

fa) = 
ff(a)) 

PROOF Write the definition of derivative as in Equation 2.1.5: 

fya) = im f(a) 
a 

X- a If f(b) = a, then f"(a) = b. And if we let y = f-Mt). then f(y)=x. Sine 
differentiable, it is continuous, sofis continuous by Theorem 6. Thus 

fis 
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then f(x)>f"(a), that is, y> b. Therefore 

(fa) = lim )-fa) = lim 
y fly) - fb) X-a 

Ne that.r 
d 

> () #flb) 

ANuse 1s one-to-one. 

= 

-fy)=fb) lim )Sb) 
y- b y>b y b 

1 

f'b) Sfla) 

NOTE 1 Replacing a by the general number x in the formula of Theorem 7, we get 

f we write y =f"), then f(y) =x, so Equation 8, when expressed in Leibniz nota 
tion, becomes 

dx 
dy 

dx 

NOTE 2 If it is known in advance that f-' is differentiable, then its derivative can be 
computed more easily than in the proof of Theorem 7 by using implicit differentiation. If 
y =f(x), then f(y) = x. Differentiating the equation f(y) =ximplicitly with respect 

to x, remembering that y is a function of x, and using the Chain Rule, we get 

y 

dy 
dr f'ly) dx Therefore = 

dy 

EXAMPLE 6 Although the function y = x',x E R, is not one-to-one and therefore does 

not have an inverse function, we can turn it into a one-to-one function by restricting its 
domain. For instance, the function flx) = x*,0sxs2, is one-to-one (by the Horizon-

tal Line Test) and has domain [0, 2] and range [0, 4]. (See Figure 12.) Thus f has an 
inverse function f with domain [0, 4] and range [0, 2]. 

(2,4) 

FIGURE 12 (a) y=x, xER (b) fx)= x, 0sx$ 2 
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still calculate (f Y(1). Sinc 

have 
Without comp nputing a 

formula 
for (S) we can still calc 

yA 
? (2, 4) J0)= 1, we have f(1) 

= 1. Also f"(x)= 
2x. So by Theorem 7 we 

()FO) S) 
(4, 2) 

In this case it is easy to find fl explicitly. In fact, f "(x)= Vx,0 Isd 

We could use the method given by (5).] Then (f ) = 1//2 x), so 

which agrees with the preceding 
computation. 

The functions f and fare ora 

Figure 13. 

4. In genera, 
so (fy(1) 1.1) 

are graphed in 

FIGURE 13 

EXAMPLE7 If flu) =2x + cos x, find (f)(1). 

SOLUTION Notice that fis one-to-one 
because 

f'lx) = 2-sin x > 0 

and so f is increasing. To use Theorem 7 we need to know J "(1) and we can find 

inspection: S0)= 1 f()=0 

1 

Y)=F()) f(0) 2 sin0 Therefore 2 

6.1 EXERCISES 

1. 1. (a) What is a one-to-one function? 

(b) How can you tell from the graph of a function whether it is 

one-to-one? **** 

2. (a) Suppose f is a one-to-one function with domain A and 

range B. How is the inverse function f defined? What is 

the domain of f-i? What is the range of f ? 

(b) If you are given a formula for f, how do you find a 

formula for f? 

(c) If you are given the graph of f. how do you find the graph 

of f-l? 

9. ffx) 2 - 3 10. flx) =r - 16 

11. glx) = Sit. 12. gx) = 

13. h(r)=i+ cOs x 

3-16 A function is given by a table of values, a graph, a formula, 

or a verbal description. Determine whether it is one-to-one. 
14. h(x) =| + cosx, 0 <x <T 
15. f) is the height of a football r seconds after kickoff. 

3. I2 3 4 6 
fr) 1.5 2.0 3.6 5.3 2.8 2.0 

16. f) is your height at age t. 

4. 234 56 
3.5 3.1 2.9 

17. Assume that f is a one-to-one function. 

(a) If f6) = 17, what is f'(17)? 
(b) If f"(3) 2, what is f(2)? 

4. 

ft)1.0 1.9 2.8 
18. If flx) =x* + x' + x, find f-(3) and f(f (2). 6. 
19. If h(x) =x + yx, find h'(6). 
20. The graph of f is given. 

(a) Why is f one-to-one? 
(b) What are the domain and range of f ? 
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(c) 
What is the value of f-(2)? 

d) Estimate 
the value of f-"(0). 

-38 

(a) Show that f is one-to-one. 
(b) Use Theorem 7 to find (f")a). 
(C) Calculate f-"(x) and state the domain and range off. 

(d) Calculate (f )a) from the formula in part (c) and check 

that it agrees with the result of part (b). 
(e) Sketch the graphs of f and f on the same axes. 

35. flr) =x', a =8 

21. The 
formula C = GF - 32), where F> -459.67, 

Fahrenheit temperature F.. Find a formula for the inverse 

36. fl)= x -2. a =2 
37. flx)= 9 - x, 0 <x< 3, a = 8 

nresses the Celsius temperature Cas, a function of the 
38. flx)= 1/(x - 1), x>1, a =2 

function and interpret it. What is the domain of the inverse 

function? 39-42 Find (f)(a). 

22. In the theory of relativity, the mass of a particle with speed u 39. fx) = 3x + 4x+6x + 5, a=5 

m=flo) 
40. f(x) =x* +3 sin x + 2 cos x, a = 2 

41. flx) =3 +x* + tan(Tx/2), -1 < x<1, a=3 

of the particle and c is the speed 
where mo is the rest 

of light in a vacuum. Find the inverse function of f and 

explain its meaning. 

42. f(x) = Vx' +4x + 4, a =3 

43. Suppose f is the inverse function of a differentiable func-
tion f and f(4) = 5, fl4) = s. Find (f-Y5). 23-28 Finda formula for the inverse of the function. 

24. flx) 2x+ 3 
44. If g is an increasing function such that g(2) = 8 and 

g'2) = 5, calculate (gy(8). 
23. fu)=5 

- 4x 

25. f) = 1 + y2 + 3 26. y=x - x, x z 

45. If ft)= + dt. find (fy(0). 

27. y + yx 
28. flx) = 2r -- 8x. x 2 2 

46. Suppose f' is the inverse function of a differentiable func-

tion f and let G() = 1/f'l). If f(3) =2 and f'3)=G 
find G'(2). 29-30 Find an explicit formula for f ardei t hn 

ffand the line y= * on the same scre 

Work, see whether the graphs of f and f n 
the line. 

KZ5 47. Graph the function f(x) = yr3 +x2 +x + 1and explain 

why it is one-to-one. Then use a computer algebra system 
to find an explicit expression for f(x). (Your CAS wil 
produce three possible expressions. Explain why two of 

them are irrelevant in this context.) 
29. flr) = 4x +3 30. ft. 

48. Show that h(x) = sin x, x E R, is not one-to-one, but its 

restriction f() = sin x, -T/2 5 * s T/2, is one-to-one. 

Compute the derivative of f = sin " by the method of 

31-32 Use the given graph of f to sketch the graph of 

31. 32. 
Note 2. 

49. (a) If we shift a curve to the left, what happens to itss 

reflection about the line y= x? In view of this geo-

metric principle, find an expression for the inverse of 

glr)= flx + c), where f is a one-to-one function. 

(b) Find an expression for the inverse of h(x) = f(cx), 

where c 0. 
33. Let f(x)=VI -?, 0<x<1. 

(a) Find f-'. How is it related to f? 
0 Identify the graph of f and explain your answer to 

part( (a). 

50. (a) If f is a one-to-one, twice differentiable function with 

inverse function g, show that 

flglr)) 
Lfg)]* 

gCr) = 

34. Let gt)=1-

(a) Find g How is it related to 9 
0Graph g. How do you explain your answer to part (a) 

(b) Deduce that if f is increasing and concave upward, then 

its inverse function is concave downward. 
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