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Chapter 1

Introduction

In this thesis, we tackle arithmetic questions arising from discrete dynamical systems. The techniques
used draw on classical complex dynamics, algebraic number theory, and algebraic geometry.

Nice stuff about history, maybe.

1.1 Discrete dynamical Systems

A discrete dynamical system is simply a set X with a self-map ¢ : X — X, allowing for iteration.
For a non-negative integer n, denote by ¢" the n'® iterate of ¢ under composition, with ¢° taken to
be the identity map. In classical complex dynamics, the set X is the Riemann sphere P!(C). More
generally for this thesis, let K be a field with algebraic closure K. Let ¢ : Plﬁ — Plﬁ be a morphism

defined over K; then we may write ¢(z) € K(z) as a rational map.
¢(z) = F(2)/G(2), F,Ge Klz], Res(F,G)#0, deg¢=max{degF,degG}.
The (forward) orbit of a point a € P! under ¢ is simply the set of iterates of a,
Op{¢"(a) : n = 0}.

A fundamental question in dynamics is to classify points according to their orbits. Some types
of points are of particular interest. A point a € P! is periodic if there exists an integer n > 0 such
that ¢™(a) = «, and « is preperiodic if there exist integers n > m > 0 such that ¢"(a) = ¢™(«).

Fix(¢,P') = {the set of fized points}
—{aeP': ¢(a) = a}
Per(¢, P') = {the set of periodic points}
={aeP':¢"(a) =« for some n > 1}
PrePer(¢,P!) = {the set of preperiodic points}
= {a eP': ¢"(a) = ¢™(a) for some n > m >0}

= {a € P': 0y(a) is a finite set}

3
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We say P has period n if ¢"(P) = P, and it has primitive period n if n > 0 is the smallest such

integer.

1.2 Arithmetic questions

One type of arithmetic question arising from discrete dynamical systems is the analysis of PrePer(¢, K),
the preperiodic points of a map ¢(z) € K(z) lying in the field K. Northcott proved in [17] that
for a fixed morphism ¢ : PV — PV defined over a number field K, there are at most finitely many
preperiodic points in PV (K). Lying deeper is the uniform boundedness conjecture of Morton and

Silverman (see [15]).

Conjecture 1. Let K/Q be a number field of degree D, and let ¢ : PV — PN be a morphism of
degree d > 2 defined over K. There is a constant x(D, N,d) such that

# PrePer(¢, K) < k(D, N, d).

This conjecture implies, for example, uniform boundedness for torsion points on abelian varieties
over number fields (see [5]). Even the special case n = 1 and d = 4 is enough to imply Merel’s
uniform boundedness of torsion points on elliptic curves proved in [9]. Torsion points on elliptic
curves are exactly preperiodic points under the multiplication-by-2 map on the curve. Points on the
elliptic curve map to P! via their z-coordinate, and this multiplication-by-2 map induces a degree-
four rational map ¢ : P! — P!, with the z-coordinates of the torsion points mapping to preperiodic

points of ¢.

Definition 1. We say that two rational maps ¢ and 1 are linearly conjugate if there is some
h € PGLo(K) such that ¢" = ). They are linearly conjugate over K if there is some h € PGLy(K)
such that ¢" = 1.

If P is a point of primitive period n for ¢, then f~!(P) has the same property for ¢/, and similarly
for preperiodic points. It is also easily seen that (¢")f = (¢f)n. So linearly conjugate maps have
essentially the same dynamical behavior. However, if we are concerned with the arithmetic of the
periodic points, we must be a bit more careful.

Let a rational map ¢(z), a point P, and f € PGLy all be defined over K, with ¢™(P) = P. Then
both ¥(z) = ¢f(2) and Q = f~!(P) are defined over K, and ¥"(Q) = Q. However, if f is defined
instead over some finite extension of K, it is possible that 1) is still defined over K, but the periodic
point @ is not.

Ezample. Let

22— 32

5
¢(z):2z+; and w(z):?’z_l.

Both rational maps are defined over Q and have rational fixed points at infinity. The finite fixed

points of ¥(z) are also rational; they are z = —1 and z = 0. The fixed points of ¢(z), however, are
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+4v/5. One can check that

HD =) whae f(z)=YCD

1.3 Dynatomic polynomials

To tackle these arithmetic questions, we require algebraic descriptions of periodic and preperiodic
points. For any ¢(z) € K(z), we create a homogeneous polynomial ®,, 4(x,y) € K[z,y] whose roots
are precisely points of period n for ¢. If we homogenize ¢(z) = ¢(z,y) = [F(x,y) : G(z,y)] and
write ¢"(z,y) = [Fn(z,y) : Gp(z,y)], then

(I)mqﬁ(xvy) = yFn(ﬂU,y) - ZCGn(iﬂ,y)

If P =[x :y] is aroot of this polynomial, then by construction ¢™(P) = P.
The polynomial ®,, has as its roots all points of period n, including those of primitive period
k < n but satisfying k | n. We would like to examine points of primitive period n, so we define the

n®™ dynatomic polynomial for ¢ by

;,o(2.y) = [[ @ro(e) ™ =[] Fi(r.y) - 2Giz,p)" """, (1.1)

kln kln
where p is the Moebius mu function. (To ease notation, we will write simply ®,, and @ unless the
distinction is needed.) It is not clear a priori that ®%(z,y) is a polynomial, but this is in fact the
case. Morton and Silverman prove in [16] that ®, 4 is an effective O-cycle for ¢ : X — X, where
X is a curve or ¢ is an automorphism of P™. In his thesis, Hutz [?] has extended this to X an
irreducible, nonsingular projective variety of arbitrary dimension. The roots of @7 (z,y) are points

of formal period n, which include all points of primitive period n.

1.4 Quadratic polynomials

Let ¢(z) € K|z] be a quadratic polynomial, and assume that char K # 2. Then ¢(z) is linearly

conjugate over K to some map f.(z) = 2% + ¢ with ¢ € K. To see this, write
#(z) = A2>+ Bz+C, AB,CcK.
Conjugating by h(z) = (22 — B)/(2A) € PGLy(K), we get
¢"(2) = 2" + <AO - EBQ + %B) .

ceK

Thus, studying the dynamics of quadratic polynomials — including the arithmetic dynamics of

these maps — reduces to studying the dynamics of the one-parameter family f.(z) = 22 + ¢. This
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is certainly the most-studied family of rational maps. The famous Mandelbrot set is a c-parameter
plane for f., describing the fate of Oy, (0).
We now summarize some of the arithmetic results known for the family f.. In his thesis,

Bousch [3] proved the following.
L @ . (2) = ®},(2,¢) € Z[z,¢], and this polynomial is irreducible for every n.
2. The affine curve Y7 (n) given by ®%(z,c) = 0 is smooth.

3. Let X;(n) be the normalization of the projective closure of Y;(n). Then

genus Xi(n) =1+ o ; 3H(TL) - i Zqﬁ (%) mk(m)

m|n
where k(n) = Zk‘n u(n/k)2* (this is essentially the z-degree of ®}) and ¢ is the Euler totient

function.

Bousch’s genus formula shows that X;(1), X;1(2), and X;(3) are all rational. So there are one-
parameter families of c-values giving maps f. with rational fixed points, rational points of period 2,
and rational points of period 3 respectively.

The genus of X1(4) is 2, and in [14] Morton shows that this curve is birational to the elliptic
modular curve X5 (16), and that it has no finite rational points. In other words, there are no quadratic
polynomials defined over Q with a rational point of primitive period 4. X;(5) has genus 14. This
curve is not modular, but in [7] Flynn, Poonen, and Shaefer show that there are no finite rational
points. So there are no quadratic polynomials defined over Q with a rational point of primitive
period 5.

In [18], Poonen conjectures that no quadratic polynomial ¢ defined over Q has rational points of

primitive period n > 3. He shows that if this is true, then for such maps,

# PrePer(¢,Q) < 9.

The set PrePer(¢, K) of preperiodic points of ¢ defined over K can be represented by a directed
graph, with an arrow from P to ¢(P), and Poonen provides a complete analysis of directed graphs

that occur as PrePer(¢, Q) for points of primitive period n < 3 and ¢ € Q[x] a quadratic polynomial.

1.5 Rational maps with automorphsims

Usually, ¢/ # ¢ as rational maps, but this is not always the case.

Ezample. Consider the map ¢(z) = 2z + % from the example above, and let h(z) = —z. Then
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Definition 2. We define the stabilizer group (or automorphism group) of ¢ to be

Aut(¢) = {f € PGLy |¢/ = ¢}.

One can prove the following three facts:

o If h € Aut(¢), then f~'hf € Aut(¢f), so linearly conjugate maps have the same stabilizer

groups, at least as abstract groups. (The groups are conjugate in PGL3.)

e Aut(¢p) must be a finite subgroup of PGLsg; furthermore, if two maps defined over a field K
are linearly conjugate, then they must be linearly conjugate over K unless the maps have a

nontrivial stabilizer group (see, for example, [20]).

e Most rational maps of degree d > 2 have no nontrivial automorphisms, in the following sense.
Let Raty be the parameter space of rational maps of degree d. Raty is an affine open subscheme
of P21 (see [21] for details). One can show that {¢ € Raty|Aut(¢) # id} is a Zariski-closed
subset of Raty ([22], exercise 4.38)..

Much of the work in this thesis began with (unsuccessful) attempts to extend Bousch’s results
to rational maps with a nontrivial PGLy automorphism. The results for these maps differ in some
striking ways from the results for quadratic polynomials, and the proofs are complicated by the need

to consider linear conjugacy over K rather than over K.

1.6 Summary of results

As mentioned in the previous sections, the set of morphisms ¢ : P — P! of degree d is parametrized
by an affine open subset Ratg of P2?*! and there is a natural equivalence given by the conjugacy
action of PGLy on these maps. It is natural, then, to consider the quotient space M, = Raty/PGLs.
Generalizing work by Milnor in [11], Silverman proved in [21] that M, exists as an affine integral
scheme over Z and that M, is isomorphic to AZ.

In Chapter 2, we consider the moduli space of rational maps of degree d with level-IV structure;

that is, the space My(N) of rational maps of degree d together with a point of formal period N.
Theorem 1. Ms(N) is geometrically irreducible for every N > 1.

The proof takes advantage of the fact that we have an explicit description of the space M. Using
a normal form for quadratic rational maps, one may iterate to find polynomial descriptions of the
M5(N) and then specialize and apply a result of Morton to prove irreducibility.

If we consider one-parameter families in My, their intersections with the surfaces My(N) are
algebraic curves. Bousch’s result, combined with Bertini’s theorem and the fact that the surfaces
are irreducible, says that we should expect irreducibility of the period-N curves except possibly on
a Zariski-closed subset of Ms.

The main result of Chapter 3, then, is potentially surprising. Let My(N, w,,) represent the
moduli space of (equivalence classes of) rational functions of degree d having an automorphism of

order m, together with a marked point of formal period N.
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Proposition 1. My(2n, ps) is geometrically reducible for infinitely many n.

In other words, the period-N curves lying over the family of rational maps of degree 2 with a
nontrivial automorphism are reducible infinitely often. Similar results are known for the pure power
functions 2% and for the Chebyshev polynomials. In both cases, the result is proved for only one
specific function of each degree d. In this case, we have an entire curve in the moduli space M. In

fact, proposition 1 is actually a corollary of a more general result.
Theorem 2. Let p be prime. Mq(pn, p,) is reducible for infinitely many n.

The proof is constructive, providing a particular proper closed subvariety of Mg(pn, u,). The
difficulty of the proof lies in first defining the appropriate object, and then proving that the object
is in fact a variety, which is not at all obvious from the definition.

The construction gives a geometric explanation for reducibility when a rational map ¢ has a
nontrivial automorphism: If P is a point of formal period N, then h(P) must be as well for h €
Aut(¢). There are two possible cases if the order of h divides N: either P and h(P) are on the same
orbit, or the action of h interchanges the separate orbits of P and h(P). The moduli space has at
least two components, corresponding to these two possibilities.

In Chapter 4, we take up the search for rational maps with a rational N cycle — the question at
the heart of Conjecture 1. This is equivalent to the search for rational points in the moduli space
M(N). In the case of maps with a nontrivial automorphism, the situation is complicated by the
existence of nontrivial twists of the maps; that is, the existence of maps that are linearly conjugate
over PGLy(Q), but not linearly conjugate over PGL2(Q). It is necessary, then, to first establish a

normal form akin to the f, = 22 + ¢ form for quadratic polynomials.

Lemma 1. Let K be a field with char(K) # 2,3 and let ¢ be a rational map of degree 2 defined over
K. Then Aut(¢) = p, if and only if ¢ is linearly conjugate over K to some map of the form

Orb(2) = kz + g (1.2)

with k € K ~ {0,—-1/2} and b € K*. Furthermore, two such maps ¢rp and ¢ p are linearly
conjugate over K if and only if k = k' and b/b' € (K*)°.

We are then able to adapt the methods of Morton in [14] and of Flynn, Poonen, and Schaefer

in [7] to prove the following.

Theorem 3. Let ¢ : Pt — P be morphism of degree 2 defined over Q, and suppose that Aut(¢p) =
Uo. Then

(a) ¢ has at least one rational fized point.

(b) There is a one-parameter family of maps such that ¢ has exactly three rational fized points. No

such map has exactly two rational fixed points.

(¢) There is another one-parameter family of maps such that ¢ has a rational point of primitive

period 2.
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(d) No such rational maps have a rational point of primitive period 3.

(e) There is a one-parameter family of maps such that ¢ has a rational point of period 4. These

maps have exactly four such rational points.
(f) No such rational maps have more than four rational points of primitive period 4.

Finally, we provide evidence that no such maps have rational points of primitive period 5 or 6.
Summarizing, we have a conjecture similar to the one proposed for the polynomial family f.(z) =

22+ cin [7).

Conjecture 2. If ¢(z) € Q(z) is a degree-2 rational map with Aut(p) = p,, then ¢ has no rational
point of exact period N > 4.

These results are in contrast with the case of quadratic polynomials, where it is known that there
exists a one-parameter family of maps having rational points of period 3, and there are no Q-rational
points of primitive period 4 (see [14]) or 5 (see [7]). Evidence suggests that a quadratic polynomial
defined over Q cannot have a rational periodic point of primitive period N > 3. The proofs for the
case of rational maps with automorphisms are complicated by the need to consider quadratic twists
of the maps; quadratic polynomials do not have such twists.

In Section 4.3, we provide a complete analysis of directed graphs that occur as PrePer(¢, Q) for

degree 2 rational maps with automorphisms. We prove the following theorem.

Theorem 4. Let ¢ : Pt — P be morphism of degree 2 defined over Q, and suppose that Aut(¢p) =
Ho. Then

#{P € Q|P is preperiodic and lands on a cycle of length at most four} < 12.

The complete list of possible directed graphs can be found in Figure 4.1 on page 72. This work
is inspired by Poonen’s paper [18], in which he provides a complete analysis of directed graphs that
occur as PrePer(f,Q) for points of primitive period n < 3 and f € Q[z] a quadratic polynomial.
Specifically, he shows that if a quadratic polynomial f has no rational points of primitive period
greater than 3, then (counting the fixed point at infinity) # PrePer(f,Q) < 9.

As Poonen explains in [18], these directed graphs can be thought of as the analogs of possible
torsion subgroups for elliptic curves over Q as classified in Mazur’s theorem [8]. Let ¢(z) be a
rational map of degree two with Aut(¢$) = u, (up to linear conjugacy) and let G be a specific graph
of rational preperiodic points. Pairs (¢(z),G) are parameterized by points on an algebraic curve,
just as elliptic curves with given level structure correspond to points on modular curves. Deciding
whether a given graph is possible, then, reduces to finding rational points on these algebraic curves.

The particular curves whose rational points we need to determine have genus 0, 1, or 3. The
genus 0 and 1 curves have rational points at infinity, so they are respectively P and elliptic curves.
The elliptic curves all have small conductor and rank 0, so we are able to list their rational points

completely. In the case of the genus 3 curve, it covers an elliptic curve, which unfortunately has
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rank 1, so this does not allow us to list completely the (necessarily finitely many) rational points
on the curve. However, it also covers a genus 2 curve. We are able to find all of the rational points
on the genus 2 curve, and then we use that result to find all of the rational points on the original
genus 3 curve.

Poonen’s result for quadratic polynomials together with Theorem 7?7 suggests the following spe-

cific version of the Morton and Silverman conjecture.

Conjecture 3. Let ¢ : P — P! be a morphism of degree 2 defined over Q. Then
# PrePer(¢, Q) < 12.

The bound of twelve seems reasonable given the data thus far, with the existence of the totally
ramified fixed point at infinity reducing the total by three (a preimage P of the point at infinity,
along with two preimages of P) in the case of quadratic polynomials. If the conjecture is true,
the bound of 12 would be sharp, since two examples in Section 4.4 give maps with twelve rational

preperiodic points.



Chapter 2

Modular curves and surfaces

2.1 Preliminaries

Let X be a variety and ¢: X — X be a morphism defined over some field K. Let
Pery(¢) ={a € X : ¢"(a) = a}

be the set of points of period n for ¢. We define

AX)={(z,z) ;e X} C X x X the diagonal, and
L") ={(z,¢"(x)):ze X} C X xX the graph of the morphism ¢™.

We can then assign a multiplicity to each o € Per, (¢) by taking the intersection of the diagonal
with T'(¢™) in X x X. Following Morton and Silverman in [16], we define the cycle of n-periodic

points

Zu(¢) = > ap(n)P = A -T(¢"), (2.1)

Pept

and the cycle of primitive n-periodic points

* * def n
Z30) = Y apmP =Y u(T) Zulo), (2.2)
Pept kln
where 4 is the M6bius mu function. In [16], the authors show that Z is an effective 0-cycle, and
they give a precise description of the points o € X with a} () > 0, for X a curve.

If a € Per,,(¢) then ¢™ induces a map from the cotangent space of X to itself,
(¢")": Qa(X) — Qa(X).

When X is a curve, then the cotangent space has dimension one, so (¢™)* must be multiplication
by a scalar, which we call the multiplier of the cycle associated to . When X = P!, the scalar is
exactly (¢™)' («). In particular, for ¢: P — P!, and for o € P! a fixed point of ¢ — that is, for
a € Pery(¢) — the multiplier of the fixed point is simply ¢'(«).

11
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Note that ¢ will have d+ 1 fixed points, counted with proper multiplicity. When X = P! and the
fixed points of ¢ are all distinct, then we have an identity on the multipliers of these fixed points.
Let A1, -+, Agy1 be the multipliers. Then

d+1

S/ -x) =1 (2.3)

i=1
The requirement that the fixed points are distinct means that none of the \; are 1. If the fixed
points are not all distinct, a more complicated identity still holds (see [22], Exercise 1.18).

If we fix the variety X = P!, we may write the morphism ¢: P! — P! using homogeneous

coordinates

¢(x,y) = [F1(z,y) : Gi(z,y)]

d—1

= [adajd +ag 12"y + aﬂ:ydil + aoyd s bgr? + bd,lxdfly cee bﬂ:ydil + boyd],

for some polynomials F;,G; € K[z,y] with no common factors, and deg ¢ = deg F; = degGy. Of
course, for any u € F*, uF and u(G; define the same rational map ¢. We therefore identify each ¢

with a unique point in P24+ via
pr—ag:ag—1:--:ag:bg:bg_1:---bol

The requirement that F} and G share no common factors means, however, that not every point in
P24+ corresponds to a map of degree d.

The resultant of two polynomials F' and G is a polynomial in the coefficients of F' and G with the
property that Res(F,G) = 0 if and only if F' and G have a common zero in P'. (See, for example,
Proposition 2.13 of [22] for details.) So the space of rational maps of degree d corresponds to an

affine variety (the complement of a hyperplane):
Raty = p2d+1 N {ReS(Fl, Gl) = 0}

We allow elements of PGLy(K) to act on P! as fractional linear transformations in the usual
way. For h € PGLy we define ¢" = h='¢h. This conjugacy has two agreeable properties related to

dynamical systems.
1. It respects iteration. That is,
n\h n
(@™)" = (¢")".
2. If P is a periodic (or preperiodic) point of ¢, then h~!(P) exhibits the same behavior for ¢".

So linearly conjugate maps have essentially the same dynamical behavior. It is natural, then, to
consider the quotient space
M, = Raty / PGLs.

Generalizing work by Milnor in [11], Silverman proved in [21] that M, exists as an affine integral

scheme over Z and that M5 is isomorphic to A%. In fact, if we let A1, A2, A3 be the multipliers of the
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three fixed points of ¢ (counted with multiplicity), then the first two symmetric functions of these

multipliers form natural coordinates for Mos:
My = {(0'1,0'2)} where o1 = A1 + A2 + Ag, and 09 = A1 Ao + A1 A3 + Aa 3.

Writing ¢(x,y) = [Fi(z,y), G1(x,y)], we are able to describe iteration: ¢™(z,y) = [Fn(z,y) :
G (z,y)] represents ¢ composed with itself n times, where the functions F,, and G,, are defined

recursively by

Fn($7y> =F, (Fl('rvy)a Gl(xvy» and Gn(:z,y) = anl(Fl(xvy% Gl(xvy»

We now create a homogeneous polynomial ®, 4(z,y) whose roots are precisely points of period n
for ¢.

P (2, y) = yFn(z,y) — 2Gn(z,y).
If P = [z :y] € P! is a root of this polynomial, then by construction ¢"(P) = P. The 0-cycle Z,(¢)

in equation (2.1) is then simply a formal sum of the roots of @, 4(z,y), counted with multiplicity.

Definition 3. The n'® dynatomic polynomial for ¢ is given by

o(2:9) = [T @ (e, = [T (wFre,y) = 2Grlw )"
k|n k|n
The cycle Z;;(¢) in equation (2.2) is a formal sum of the roots of ®, ,(x,y) counted with multi-
plicity, and the result that Z; is an effective 0-cycle means that ®;, ,(z,y) is a polynomial.
We would like to say that the roots of ®;, , are the points in P! with primitive period n for ¢.
(In other words, the points for which ¢"(a) = a, but ¢*(a) # « for 0 < i < n.) All such points are,
indeed, roots of ®7 ® but it’s possible that other points with smaller primitive period arise as roots

as well. We call the roots of @} ; the points of formal period n for ¢.

Ezample. Let ¢(x,y) = [—2? + y? : zy]. Then we have:
@i(z,y) = —y (22° — y?)
5 (2,y) = —y

So we see that the point at infinity o = [1 : 0] is a fixed point, but it also appears as a double-root

of the 24 dynatomic polynomial.

Recall that if K is a field with char K # 2 or 3, and f(z) € K|z] is a quadratic polynomial, then
f is linearly conjugate to f.(z) = 22 + ¢ for some ¢ € K. Consider ¢ as a parameter and calculate

the n'® dynatomic polynomial,

s =TI () -2

k|n

Theorem 5. Let fo(z) = 2° +c. Then ®} ; (2) € Z[z,c| is irreducible over Clz,c] for every n.
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This result was first due to Bousch in his thesis [3], and was later generalized by Morton in [13]
to generic monic polynomials of degree d.

For every n,
Ci(n): @5 ;. (2,¢) =0

defines an affine algebraic curve. These are modular curves in the sense that they parameterize
isomorphism classes of pairs (f, ), where f(z) is a quadratic polynomial and « is a point of formal
period n for ¢. Theorem 5 says that these modular curves are geometrically irreducible. A natural
question to ask is how general this result may be. If we consider other families of degree-2 rational
maps on P!, should we expect these modular curves to be irreducible? In this chapter, we tackle

this question.

2.2 Level Structure for M,

We begin with some definitions and notation.

K a field

K a (fixed) algebraic closure of K
¢ € K(z) a rational map of degree d
d(z,y) = [Fi(z,y) : Gi(z,y)] homogenization of ¢(z)

Fn(I,y) = anl(F(Iay)vG(Iay))
Gn(xvy) = Gn—l(F(‘rvy)vG(‘rvy))

" (x,y) = [Fn(x,y) : Gn(z,y)) ¢ composed with itself n times, with F,, and G,, as above.

oy 4(z,9) the n'® dynatomic polynomial for ¢ as defined in Section 2.1
P! the projective line P*(K)

PGL, the projective linear group over K

Raty the space of degree d rational maps as described in Section 2.1
M, Raty / PGL,

va(n) the degree of @ (z,y) = >_y,, 1 (n/k) d*

Definition 4. Let

Ratq(N) = {(¢, ) : ¢ € Ratg and « is a point of formal period N for ¢}
and

My(N) ={(¢,) : ¢ € Raty and « is a point of formal period N for ¢}/PGLy = Ratq(N)/PGLs.

For each N, we naturally have a surjective map from My(N) to Ma, simply forgetting the point
a. In fact, My(N) is a v9(IV)-sheeted covering of Ms. An algebraic curve C' in My defines a family
of (isomorphism classes of) quadratic rational maps ¢¢. Lying over C in Ma(N) is an algebraic
curve C1(N), parameterizing pairs (¢, «), where ¢ is a map in the family ¢c and « is a point of

formal period N for ¢.
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C1(N) —— M>(N)
C

Our main result in this chapter is the following.

— M

Theorem 6. My(N) is geometrically irreducible for every N > 1.
From this we will be able to conclude

Corollary 1. For every N > 1, only a Zariski-closed subset of families ¢c C Mo have reducible

modular curves C1(N).

Let ¢: P! — P! be a rational function of degree 2, defined over C. Milnor has shown in [11] that
each such rational map is PGLz(C)-conjugate to either ¢(z) = z + 1 (if ¢ has a single fixed point)

z2+az
bz+1

fixed points 0 and oo respectively. This representation is not unique. In general, a map ¢ has three

or to a map of the form ¢, (2) = with ab # 1, where a and b are the multipliers of the
distinct fixed points, and so three multipliers, say a, b, and c¢. Choosing elements of PGLy which
permute the fixed points, we see that ¢q.b, $b.a, Pa.c; Pe.as P, ¢, and ¢ are all linearly conjugate.

The map ¢(z) = z + % has a single fixed point at infinity, with multiplier 1, so this map
corresponds to the point (3,3) € M,. Thus, we have a generically 6-to-1 map. Here [¢q5] denotes

the isomorphism class of ¢ ,(2) in the moduli space Mo.

A~ {ab=1} — My~ {(3,3)}
(CL, b) — [¢a,b]

We claim that this map is ramified only over the so-called symmetry locus, the family of maps in
My with a nontrivial PGLs autmorphism.

First, we see that any map of the form ¢, , satisfies ¢/ = ¢ for f(z) = % If a map has a
nontrivial automorphism f, then f must permute the fixed points of ¢. Taking derivatives on both
sides of ¢ f = f¢, we see that the multipliers of the interchanged fixed points must be equal. If the
multipliers are not £1, we conclude that ¢ is conjugate to the map ¢, 4.

The identity given in equation (2.3) shows that it is impossible for the two equal multipliers to
be —1. If a point has multiplier 1, then it is a double-root of the equation ®4(z,y), so in fact it is a
fixed point of multiplicity two. Clearly there can be at most one such point for any ¢ € M. So the
set of multipliers is {a, 1,1} where a # 1. (We have already seen that if all three multipliers are 1,
the map is ¢(z) = z + %, which we have excluded from the discussion.) By Milnor’s normal form,
then, such a map is conjugate to one of the form ¢, ;. This map has a double-fixed point at infinity
and another fixed point at 0. Any automorphism of such a map must fix both of these points, so it
is of the form f(z) = kz, and a computation shows that we must have & = 1. In other words, these

maps have no nontrivial automorphisms.

If we consider the parameters ¢ and b as indeterminates, we may compute ®;

)%’b(x, y). Gauss’s

lemma shows that this will be a polynomial in Z[a, b, x,y]. So for every n, ®* (z,y, a,b) = 0 defines a
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quasi-projective variety in P* x A2\ {ab = 1}. A point on the variety determines a rational function
®a.b and a point of formal period n for that function. We begin the proof of Theorem 6 by showing

that this quasi-projective variety is irreducible.

Lemma 2. Let ¢op(x,y) = [¢2 + axy : bay + y?]. For alln > 1, the coefficient of x*2(™) in oy,
(that is, the lead coefficient in x) is C,(b), the n'" cyclotomic polynomial in b. By symmetry, we see

that the coefficient of y”>(™ is Cy(a).

*

Proof. For ease of notation, we will let ¢ = ¢, and let N = v5(n) be the degree of @, ,(z,y).

Let ¢ be the coefficient of the highest-degree z-term in @y 4(x,y) = yFi(z,y) — 2Gr(x,y).
Since @}, ;(z,y) = [I, (WFu(z,y) — ka(x,y))“("/k), and since we know that @ ;(z,y,a,0) is a
polynomial, we must have cy =[], cg(n/k).

We have Fy(z,y) = 2% + axy, G1(z,y) = bry + y?, and the iterates

Fu(w,y) = (Foa(2,9)*+a(Faa(@,y) (Guoal(z,y))
Gn(‘T?y) = b (Fn—l(‘r7y)) (Gn—l(xﬂy)) + (Gn—l(xay))2

An easy proof by induction shows that for all n > 1, deg, (F},) = deg,(Gr)+1. The result clearly

holds for F; and G4, so then we calculate as follows.

deg,(F,) = max(2deg,(F,—1,deg,(F,_1)+ deg,(Gn_1))
= 2deg,(F,-1)

deg,(Gn) = max(2deg,(Gn-1,deg,(Gn-1)+ deg,(Gn-1))
= deg,(Fn1) + deg,(Gn-1)

deg,(Fn) = 2deg,(Fn-1)

= degz (Fn*1> + degm(anl) +1
= deg,(Gn)+1

Claim. F, is monic of degree 2" in z, and G, has degree 2" — 1 with lead coeflicient 0"y as a
polynomial in z.

The fact about the degrees follows from the recursion and from the result above. The fact that F;,
is monic in x also follows easily from the recursive definition. It remains to compute the coefficient
of 2"~ in G, (z,y). Tt is true for n = 1 by the function definition. From the claim above, we
see that the highest-degree z term in G, (x,y) will come from the product bF,,_1G,_1. We again

proceed by induction.

Gn(z,y) = b (xﬂnil) + lower order terms in x) (b"_lyxﬂnil)_l + lower order terms in x )
+ (lower order terms in x)

n__ .
= b"yx? ~! + lower order terms in x
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We are now in a position to calculate cp, the lead z-coefficient of <I>;*17¢(3:,y) for n > 1. Note

that by the results above, c; = y(1 — b¥).

ey = ch(n/k) — H (y(1— bk))#(n/k)

— Hyu(n/k) H(1 _ bk)u(n/k) — H(1 _ bk)u(n/k)
k|n k|n k|n

Where the last equality follows because n > 1. We see that this is precisely the defining equation of
Cy(b), as desired. O

Proposition 2 requires a result of Morton (Corollary 4 in [13]):

Lemma 3. Forn > 1, the polynomial ®, ,(z,a) corresponding to h(z,a) = z° + az is irreducible

over Q.

Proposition 2. Let ¢(z,y) = dap(r,y) = [#? + axy : bry + y?]. The polynomial P 4(z,y,a,b) is

irreducible over Q for all n > 1.

Proof. Suppose for contradiction ®%(x,y,a,b) = A(z,y,a,b)B(x,y,a,b) with deg(A),deg(B) > 1.
Since the lead = coefficient in @}, , is Cp(b), the lead z coefficients in A and B are ¢, 4(b) and
cn,B(D), where ¢, 4 (b)c,, (b)) = Cp(b).

Now, we specialize to b = 0. Since Cy,(0) = 1, we see that ¢, 4(0)cp, 5(0) # 0. So @ (x,y,a,0) =
A(x,y,a,0)B(z,y,a,0), where neither A nor B is trivial.

But the specialization to b = 0 yields the polynomial ¢, o(x,y) = 2? + azy, which when deho-
mogenized is exactly the polynomial h(z,a) in Lemma 3. So ®% (x,y, a, b) is irreducible in this case,

and must therefore always be irreducible. O

We note that the condition n > 1 is necessary, as ®5(z,y,a,b) = zy(x(1 —b) + y(1 — a)). This is
expected, because part of constructing Milnor’s normal form involves moving two of the fixed points
to 0 and co. The factor of zy in @7 reflects these two fixed points for every value of a and b, and
the third factor provides the third fixed point.

Proof of Theorem 6. Consider the following commutative diagram.
oY (z,y,a,b) =0 —— M>(N) ~\ {v2(N) points over (3,3)}
l l (2.4)
A2\ {ab=1} —— My~ {(3,3)}

Each map is surjective, with the horizontal maps generically 6-tol as described above, and the
vertical maps va(N)-to-1.

The top map gives a surjection from the geometrically irreducible variety ®% (z,y,a,b) = 0 to
the variety My(N) \ {a finite set of points}. Clearly, then, My(N) must also be irreducible O
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Proof of Corollary 1. For ¢ € Rata, let A1, A2, and A3 be the multipliers of the fixed points of ¢.
Take o1 and o9 as before, the first two symmetric functions of the multipliers, and let o3 = A\ A2z,
the third symmetric function.

The identity in (2.3) can be used to deduce that

0'320'1—2 (25)

whenever none of the \; is 1. We recall that a multiplier of 1 indicates of fixed point of multiplicity
at least two, and it is trivial to check that equation (2.5) continues to hold when any two multipliers
are 1, so it holds for every map ¢ € Rat,.

Note that the quadratic polynomials f.(z) = 22+ ¢ have a superattracting fixed point at infinity
(that is, the multiplier for that fixed point is 0). So for this family of maps, o3 = 0 and thus o1 = 2.
Conversely, any map ¢ € Ratg satisfying o1 = 2 must have a fixed point with multiplier of 0, which
we may move to the point at infinity with some element of PGLs. Milnor’s normal form then shows
that this map is a quadratic polynomial, and hence conjugate to f. for some c.

The line o7 = 2 corresponds to a hyperplane slice of the surface Ma(N). Bousch’s result in
Theorem 5 says that for every IV, the resulting curve is irreducible. By Bertini’s theorem, then, we
conclude that the curves lying over families ¢ will be irreducible, except perhaps on a Zariski-closed
subset of M. O



Chapter 3

Maps with automorphisms

3.1 Preliminaries

We continue using the notation from Chapter 2. In addition, we will use the following.
Op(a)  {¢"(a) :m >0} the forward orbit of a point « under ¢.

Fix(¢) {a€P':¢(a) =a} the set of fixed points of a map ¢.

Aut(¢) {f € PGLy:¢f = ¢} the automorphism group of a map ¢.
As before, take ¢(x,y) € K(x,y) homogeneous, with ¢(z,y) = [Fi(z,y) : Gi(z,y)]. Also, fix

h € Aut(¢) of prime order p.
Fix some Q € P!. Since h has finite order, On(Q) = {Qo,...,Qp—1} is a finite set. As a
convention, we take

Q=QoQrvs Q1™ Qu=0Q.

If co = [1:0] = Q; for some ¢, choose f € PGLy so that f interchanges @; and a point not on the
orbit of @, and replace ¢ by #/. So with a change of coordinates, we may assume that none of the

Q; is infinity.

Definition 5. Let ¢: P* — P! and h € Aut(¢). A point Q € P has period n relative to h, or
h-period n for ¢, if Q # ¢"™(Q) € On(Q). That is, if $"(Q) = hI(Q) for some j > 0. Q has

primitive period n relative to h, or primitive h-period n for ¢, if n > 0 is the smallest such integer.

In analogy with the dynatomic polynomials @}, we wish to create polynomials which have as roots
points of h-period n (rather than points of period n). As in the case of dynatomic polynomials, we

wish to eliminate the roots having h-period k for k < n. We are led, then, to the following definition.

Definition 6. Let ¢(z,y) € K(z,y) be homogeneous, h € Aut(¢), which we may write as h(z,y) =
[ax 4+ by : cx + dy]. Let Fix(h) = {P1, P} with P; = [z; : y;]. For clarity of notation we will write
¢(z,y) — h(z,y) to represent the polynomial (cx + dy)Fi(x,y) — (ax + by)G1(x,y).

19
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p—1
Vpnon(@,y) = H (" (x,y) — W (z,y)) (3.1)
Uon(@y) = ] (@)™ (3.2)
phin
T _ V5, y)

\I];n,qb,h(xvy) (3.3)

(12 — 219)" (Y21 — 22y)%
where, fori=1,2, §; = ord(y,o—a,y) Vi 4.1 (T,Y)-

By construction, roots of ¥, are the points Q = [z : y] such that ¢"(Q) = h/(Q) for some
1 <j<p-1. With ¥ | we are eliminating (usually) the points Q such that ¢*(Q) = h’/(Q) for

some k < n. The need to eliminate the fixed points of h as well will become clear as we proceed.

pn’

Since we will be fixing a rational map ¢ with a particular automorphism h, we will usually suppress
dependence on ¢ and h in our notation, writing simply ¥, ¥7,, and \ff\;;.

Ezample. Let ¢(x,y) = [2% — 2wy : —2xy + y?]. It is a simple matter to check that ¢ has an
automorphism of order 2 in f(z,y) = [y : ] and an automorphism of order 3 in g(x,y) = [t —y : z].

We first compute a few of the dynatomic polynomials ®,, 4(x,y).

P3(z,y) = -2 +yr—y

@3 (z,y) = 3 (2° — 3yz® +¢°) (2° — 3y’z + yg)

@i (z,y) = (52" + 10yz® — 5y’x + y4) (174 +yxd — 9y 4+ P + y4) (—a:4 + 5y — 10y32 + 5y4)
(z,y) = (

720 — 21ya® + 35y°2% — 21y'2® + ¢°) (2° — 6ya® — 6y°z" + 29y°2® — 6y'2? — 6y°x + %)
(25 — 21y%2* + 35y%2% — 21y°z + Ty°) (2! — 18ya'” — 54y*2'® + 1167y°z"® — 2466y ™
— 7344y°2"3 + 310655212 — 20619y 2" — 5451318210 4 9932632° — 34119y028
—47844yM 2" + 51072y %2% — 16155y — 621y *z* + 1329y "%z — 207y'02? + y'¥)
(21® — 207y%2"% 4+ 1329y321° — 621y*2™* — 16155¢°2"® + 51072y%2'2 — 47844y 2™
— 34119¢82° + 993261°2° — 54513y'%2® — 20619y 2" + 31065y 22® — 7344y '32°
—2466y" 1zt + 1167y" 2% — 54y'%2? — 18y "z + y'¥)

We now compute a few of the relevant \I/pn (z,y) for ¢. Note that
Fix(f) = {£1} and Fix(g) = {roots of 2% — z + 1}.

In other words, points in Fix(g) are the primitive sixth roots of unity.

Since f has order 2, the W}, ; . are only defined for even N. We compute the first few of these.

o0, f(2,y) = ‘I’§,¢,f($a Y)
= (* = 2ay) —y (y* — 229) = (@ —y) (2" —yr + 1)

—_~

U3, (@y) =2 —yr+y°
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Uy p(w,y) =V 4 1(2,9)
=x (332 — 23:y)2 -2 (x2 - 2a:y) (y2 — ny) -y (y2 — 23:y)2 -2 (172 - 2a:y) (y2 — ny)
= (z—y) (2" +y2® — 9?2 + y’z + ¢*)

—~—

\I/Z)¢;.f(x’ y) = IA + yfl?g — 9y2I2 + y3x + y4

U,p,7(2,y) = (z —y) (2% —yz +y?) (2% — 6y2® — 6y + 29y°2® — 6y"2® — 6y°x + y°)

)

6\ Y) 28 — 6yx® — 6322t + 29132 — 6yt — 6y°x + 4°
U2.0,1(7,y)

‘I’E,qb,f(% y)

U564 (@, y) = Vg 4 ¢(2,9)

Since g has order 3, the W}, , = are only defined for N divisible by 3. We compute the first few of
these.

W30 y) = (2 (o = 22y) — (@ —y) (v* —20y)) ((y —2) (¢7 — 229) —y (4 — 229))
= — (2% = 3y2® + ¢*) (2* — 3’z + ¢*)

\IJ§7¢79(I’ y) = \Ilg)d,)g(x,y) =U3,4,4(z,9)

Vo 9(w,y) = — (@ —ya+y)" (¢ = 3y + ) (2° = 39w + 1)

V6,6,9(2,9) 2 2)2
X —(® —yzr+y
qj&d),g(xvy) ( )

\Iquﬁq(x)y) =1

\Ijg,¢,g(xa y) =

Vg 4 q(z,y) = (—xg + 9ya® — 841225 + 126125 — 844023 + 36y 2® — yg)
(339 — 36y%2" + 84y%2° — 126552 + 84y%2® — 98z + yg)

e~

U5 6T 4) = Vg 4 o(,y) = Vo,4,¢(7,y)

Based on the example, one might conjecture that \If ., is always a polynomial, and that it divides
®7,. In this chapter, we prove these assertions. After determining that Wy, is almost always
nontrivial, we will be able to conclude that the dynatomic polynomials ® are reducible for infinitely

many n, and hence so are the moduli spaces defined by their vanishing.
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3.2 Some useful lemmas

Throughout, we fix a rational map ¢: P! — P! of degree d > 2, and a map h € Aut(4) of prime

order p.

Lemma 4.

(a) Fix(h) consists of exactly two distinct points.
(b) If Q € Fix(h) then |04(Q)| < 2.

Proof. Any nontrivial element of PGL2 has exactly two fixed points, counted with multiplicity.
The only elements with exactly one fixed point are equivalent under a change of coordinates to a
nontrivial translation (where the fixed point is the point at infinity), but none of these has finite
order.

If h(Q) = Q then for any k > 0, h¢*(Q) = ¢*h(Q) = ¢*(Q) because h € Aut(¢). In other
words, every point on the orbit of @ is fixed by h, so there can be at most two distinct points on
the orbit. O

Lemma 5. Suppose Q has h-period n for ¢.
(a) Then ¢*™(Q) € OK(Q) for all k.
(b) If Q has primitive h-period m, then m | n.

Proof. If ¢"(Q) = @Q, the results are well-known for periodic points of a map. (See [22] for example.)
Otherwise, ¢"(Q) = h/(Q) for some 1 < j < p — 1. Clearly as sets Ox(Q) = O}, (Q), so we may
rename the automorphism so that ¢"(Q) = h(Q). We may then show, in fact, that ¢*"(Q) = h*(Q)
for all k.

" (Q) = o* V™ (Q)

=" I"h(Q)
= hoF=Dm(Q) since h € Aut(¢)
) by induction.

For the second result, we have

¢"(Q) = ¢ (Q) with 0 <7 <m
=¢" 1 (Q) = O"hE (@) for some k, by the result above
=1 (Q) for some 0 < j < p, since ¢"(Q) € On(Q)
h*¢"(Q) = W (Q) since h € Aut(g)
#(Q) = M(Q) € 0u(@) where i = j—k (mod p).

By minimality of m, we see that necessarily r = 0 and so indeed m | n. O
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If a rational map ¢ € K(z) is defined at z = @ — that is if @ # oo and ¢(Q) # co — then we

may write

#(2) =D Xi(6,Q)(z— Q) + 0 ((z— Q")
=0

where Ag(¢, Q) = ¢(Q) and O ((z — Q)™) represents a function vanishing to order at least n + 1 at
z = Q. We take this as the definition of the A\;(¢, Q).

Lemma 6. Let f, g, h be rational maps. Then:
(a) If \i(f, R(Q)) = Xi(g, R(Q)) for all 0 < i < n, then also Ni(fh,Q) = \i(gh,Q) for all0 <i<n

() If \i(f, Q) = \i(g,Q) for all 0 < i < n (in particular, if f(Q) = g(Q)), then also \i(hf, Q) =
Ai(hg, Q) for all0 <i<mn

Remark. Suppose we have ¢, h € K(z) and let f € PGLy be some change of coordinates. Then

Lemma 6 says that

Ai(6,Q) =Xi(h,Q) for 0<i<n = N(&f, f'Q)=N(hf, f'Q)for0<i<n
= N(flof, F7IQ) = N(f RS, Q) for 0 < i < .

So if ¢(Q) = h(Q), then equality of the first n coefficients, A;(¢, Q) and \;(h, @), is preserved under
PGL; conjugation. This is how the Lemma will be applied.

Proof. The n =0 case is clear. For 1 <m <n,

3

An(fhy P) = M(f,1(Q)) II i, (h, Q)

k=1 k—tuples (i1,..., i)
i1+ tig=m

=> (g, h(Q)) II A, (h, Q) by the hypothesis
k=1 k—tuples (i1,..., i)
i1 =m
Am(RF,Q) =" Me(h, £(Q)) 11 i, (F,Q)
k=1 k—tuples (i1,...,%%)
i1+ tig=m
= Mk 9(Q) I1 i, (9:Q) by the hypothesis
k=1 k—tuples (i1,...,4%)
i1+ tig=m
= Am(hg, Q) [
Lemma 7. For any Q € K,
p—1
i=0

Furthermore, if Q € Fix(h), then A (h, Q) is a primitive p** root of unity.
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Proof. The first result follows from the fact that h?(z) = 2. For all Q € K, this gives (h?) (Q) =1,
so the numbers A1 (h, Q) = h/(Q) are well-defined (and nonzero) for all Q € K. So then

[aten = [Ir@
1=0 =0
- Y@ =1

If @ € Fix(h), the equation becomes (A1(¢, Q))? = 1. If A\i(¢, Q) = 1, then Q is a double root
of h(z) — z = 0. The automorphism % has exactly two fixed points counted with multiplicity, and
from Lemma 4 we know that they are distinct. So A;(¢, Q) must be a primitive p*™ root of unity,

since p is prime. O
Lemma 8. Suppose that ¢(Q) = h(Q). Then
M0, Qi) Mo, Q)

Al(h, Qz) B /\1(h, Qj) for all i,j > 0. (35)
p—1 »
N ENCAY)
[[n6.Q) ( X (th)) .

Proof. As described in Section 3.1, we assume without loss of generality that infinity is not in O (Q).

The required change of coordinates is valid by Lemma 6.
Since ¢ph = ho,

A(oh, Qi) = Mi(he,Q:)
M (P, Qiv1)A1(h, Qi) A1(h, Qiv1) (0, Qi) (3.7)

Dividing each side of equation (3.7) by the product Ai(h,Q;)A1(h,Qit1) — which is nonzero by
Lemma 7 — along with a simple induction gives the first result.

To prove the second result, divide each side of equation (3.7) by A1 (h, Q;) to get

A1 (h, Qi+1)>

Q) (3:8)

M), Qiv1) = /\1(¢,Qi)<

Repeatedly using the substitution in equation (3.8), we have A1(¢, Q;) = A1(¢, Qo) (f\\igzgo; ) Now,

using the identity in equation (3.4), we have

" = (R Q)
E) N0 Qi) = 11 M9 Qo) <A1 (h,Qo>>

Lemma 9. Assume ¢(Q) = h(Q). If Xj(¢,Q) = X;j(h, Q) for all 1 < j <e, then
(a) Nj(¢, Qi) = Aj(h,Q;) for all Q; € On(Q) and all1 < j <e, and

(b) Xj(¢",Q) = X\;(h%,Q) for all i and all 1 < j < e. In particular, we have



CHAPTER 3. MAPS WITH AUTOMORPHISMS 25

L4 Al((bpaQ) = 1) and
o \;(¢".Q)=0 forall2<j<e.
Proof. Note first that A1 (h, Q;) # 0 by the fact that [T?_; A1(h,Q;) = 1 from Lemma 7.
The first assertion is proved by induction. If A1 (h, Q;) = A1 (¢, Q;), neither is 0, so we may cancel
them both in equation (3.7) to get A1(h, Qit1) = A1 (¢, Qit1)-
Now suppose the implication holds for e — 1, and that A\;(¢,Q;) = Aj(h,Q;) for all 1 < j <e.
Because ¢ph = ho, we get

Ae(dh, 2) = Ae(ho, 2), so in particular
)\e((bhv Q’L) = AE(hgba QZ)

This gives

Ae(9; Qi) Mi(hy Qi) + (%) + Ai(@, Qiv1)Ae (R, Qi)
= Ae(hy Qit1) (M (8, Qi) + (%) + Ai(h, Qi1)Ne (b, Qi)

where (*) represents terms involving A; (¢, Qi+1) and Ag(h, Q;) with 1 < j, k < e, and similarly for
(#x). These terms will be equal on each side by the induction hypothesis, so they cancel, as do the
final two terms by the fact that Ac(h, Q;) = Ae(¢, Qi). We are left with

Ae(D,Qiv1) (Mi(h, Q)" = Ae(h, Qiy1) (Mi(¢, Qi))°
Ae(9,Qiv1) = Ae(h,Qix1),

where the last equality follows from the fact that A1(¢, Q;) = A1(h, Q;) # 0 again.

For the second assertion, note that \;(¢%, Q) is some polynomial combination of A (¢, Q;) for
1<k <jand Q; € On(Q), and A;(h%,Q) is the exact same polynomial combination of \x(h, Q;).
By the first assertion, then, these two must be equal for 1 < j <e.

The final two bullets follow immediately from the above, together with the fact that h?(z) = z.
This means that A\ (hP,z) = 1 and A;j(hP,z) = 0 for j # 1. (So in particular, these hold at

z2=0Q.) O

Lemma 10. Assume ¢(Q) = h(Q), and let e be the smallest positive integer such that \.(¢, Q) #
Ae(h, Q). Then

i—1
)\e(¢j7 Q) - )\e(hja Q) = .7 (H )‘1 (¢7 Qz)) ()\e(¢7 Q) - )\e(ha Q)) .
=1

Proof. We proceed by induction. The claim is trivial for j = 1. Assume the relation holds for j — 1.
Note that by Lemma 9, for all 0 < f < e we have A\f(¢",Q;) = Af(h%,Q;) for all non-negative
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integers ¢ and j, which gives equality of the terms marked (*) and (%) in the first equation below.

Ae(¢7,Q) = Ae(W,Q) = (Ae(#, Qi) M (¢, Q) + () + Mi(9, Qj-1)Ae (¢, Q))
— (Ae(hy Qi—1) A (W71, Q) + (x%) + A1 (h, Qj—1)Ae (W, Q))
=M Q1) (Ne(8,Q5) — Ae(h, Q)
+21(0, Q1) (A1, Q) — Ae(h 71, Q))
=M1 Q) (e, Q1) — Ae(h, Qj-1))

+ .7 - 1 (H )‘1 (ba Qz ) ()‘e((ba Q) - )‘e(th)) (39)

It remains to calculate the first term in this sum. First, note that A\;(¢'~1, Q) = Hf;(f A9, Qi)
(recall that @ = Qo). Next we use the fact that ¢h = h¢ again. In what follows, equality of the

terms (%) and (xx) follows as usual.

Ae(@h, Qi) = Ae(ho, Qi)

Ae(@; Qi+1)A1(h, Qi) + (x) + A1(9, Qit1)Ae (R, Qi)

= Ae(h, Qit1)A1(9, Qi) + (+%) + A1 (h, Qiv1)Ae (¢, Qi)
)=

A (@, Qi) (Ae(@, Qit1) — Ae(hy Qiv1)) = M(D, Qiv1) (Ne(d, Qi) — Ae(h, Q1))

So inductively again

)\l(qu_laQ)e()\e((ba Qj— ) h Qg 1 (H A1 ¢7 ) (¢7Qj—l) - )‘e(thj—l))

- H)\l ¢7 7Q) _)\e(huQ))
Substituting this into equation (3.9) above gives the desired result. O
Definition 7. Let
bo(pn) = ord.—q(¥ Z ord.—q(¢" (=) = W (2))

bg (pn) = ord.=q(¥;,) = Z p(n/k)bg(pk)
k|n
pkin

b5 (pn) = ord,=¢ (\I!;‘m)

0 if Q € Fix(h)
b (pn)  otherwise
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Lemma 11. Suppose Q has h-period 1 for ¢. If p| N, then bg(pN) =0. Ifp{ N, then

A, Q) \ Y :
<A11((1i ,%) #1 forallj = bgo(pN)=bo(p) =1 (3.10)
A1(9,Q) N — ]
(Al(hj,Q)) =1 for sgme ]} — bo(pN) > bgo(p) =1 (3.11)
and A\ (6, Q) # M (W,Q)

M(G.Q) = M(W.Q) for some j — AWV Z 0N LT AN g
bo(pN) =bg(p) > 1 otherwise

Proof. Before continuing, we have some reductions. From the definition, it’s clear that

\I/pn,qb,h - ‘ijn,qb,hj

for any 1 < j < p— 1. So by renaming the automorphism, we may assume that ¢(Q) = h(Q) # Q.
By the proof of Lemma 5, then, ¢*(Q) = h¥(Q) for all k. In other words, for all Q; € On(Q),
d(Q;) = h(Q;). If @ is a point such that ¢(Q) = h(Q), we may change coordinates so that
Q=0=1[0:1] and no Q; € O,(Q) satisfies Q; = oo = [1 : 0]. We will see that the condition

(%)N = 1 is equivalent to A1 (¢V, Q) = A\1(h/, Q) where N = j (mod p). By Lemma 6 each of
the conditions above are preserved under this change.

Since h has order p, every point @ € P! has period p under h. For Q ¢ Fix(h), the primitive
period for @Q must be p. Therefore, Q has primitive period p for ¢ as well. Since ¢P(Q) = Q # h’(Q)
for any 1 < j < p—1, we see that bgo(pN) = 0 whenever p | N, which proves the first assertion.

Because @) has primitive period p for h, the orbit O (Q) consists of p distinct points. That is,
if i # j then h'(Q) # h7(Q). We assume that ¢(Q) = h(Q), so ¢(Q) # h?(Q) for 2 < j < p— 1.
Hence, bg(p) = ord.—q (¢(z) — h(z)). We now proceed, focusing just on this term.

We may dehomogenize ¢(z,y) to the rational map ¢(z). Then for each i, we have

6(2) = Qira+D X(6Qi)( - Q) +0((z - Q)" (3.13)
hz) = Qini 4D X(hQi)(z = Q) +0((z- Q)™ (3.14)
6(z) = h(z) = D ((6,Qi) = Xi(h, Q) (2 = Qi) + O (= = Q)"

From this, we see that bo(p) = 1 if A1(¢, Q) # A1(h, Q). Otherwise bg(p) = e > 1 where e is the
smallest integer such that A\.(é, Q) # Ac(h, Q). (Note there must be such an e since both are rational
maps but deg ¢ > deg h says that they cannot be equal.)

Assume now that A\ (¢, Q) # A1 (h,Q), and let N = pn + j for some 1 < j < p — 1. ITterating
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equation (3.13) starting with Qo = 0, we have

d(z) = Q1+ M(9,0)z + O (%) (3.15)
¢*(2) = Q2 + M (9, Q1) (M (9,0)z + O(2%)) + O(2?)
= Q2+ M (0, Q1) (9,0)z + O(2%). (3.16)

By an easy induction we get

(3.17)
p—1
PP (2) = (i_o A (0, QZ—)> 24 0(2?) (recall that Q, = Qo = 0)
_ (ii Ei gi)p 24+ 0(:2) by Lemma 8. (3.18)
o= (80" o
PP (2) = Q; + (;igzgi)mﬁxl (6,Qi)z + O(z2). (3.19)
Combining this with equation (3.14), we have
() () = ((i B 8§>[{A(¢ Q) - M, o>> 2+ 0()
() o o) --ore
So bo(pN) = bo(p) = 1 unless the coefficient of z above vanishes, or in other words unless
(;\122 8;)pnﬂl_[1 ii Z gz = (since EJ)\l(h, Qi) # 0 by Lemma 7)
(;\122 O;YW =1 (by equation (3.5)), (3.20)

from which the first two assertions follow.

We now consider the case that A\ (¢, Q) = A1 (h, Q). We saw above that in this case bg(1) = e > 1
where e is the smallest positive integer such that A.(¢, Q) # Ac(h, @). So by Lemma 9, A1 (¢P,0) = 1,
and A;(¢P,0) = 0 for all 2 < j < e. Therefore

BP(2) = 24 X(dP,0)2° + O(2Th). (3.21)
We may iterate ¢P in this easier form to find that

" (z) = z4+ni(¢P,0)2°+ (’)(26+1).
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Composing this version of ¢P"(z) with the expansion of ¢ in equation (3.13), we find the following.

PP (2) = Q; + M9, 0) (2 + nAe(¢?,0)2° + O(T))
+ Ao (#7,0) (2 + Ao (@7, 0)2° + O(21)) 4 - ..

e—1

= Qi+ M, 0)2 + (W&, 0)nA(8P,0) + Ac(67,0)) 2 + O+
=1

PP (2) — W (2) = i (Ai(¢7,0) = Ni(R7,0)) 2° 4+ (A1 (¢, 0)nAe (67, 0) + Ac(¢7,0) — Ac(R7,0)) 2¢ + O(2°T)
=1

By Lemma 9, the terms \;(¢7,0) — A\;(h7,0), hence bg(pN) > e. By Lemma 10,

Ae(@P,0) = Ae(9P,0) — A (RP,0) since e > 1 means A.(h?,0) =0
p—1
=p (1‘[ (9, Q») (Ae(¢,0) = Ac(R,0)).
i=0

So the coefficient of z¢ vanishes if and only if

p—1 j—1
(np)‘l((ij 0) H )‘1(¢7 Qz) +] H )\1 (¢7 Qz)) ()‘e((bv 0) - )\e(hv O)) =0.

=1 i=1

Now, Ae(#,0) — Ae(h,0) # 0 by our choice of e. By Lemma 8,

j—1
[T (e, #0,

=1

so we may divide by it. Note also that

j—1
M(e?,0) = ] M(e, Qo)

i=0

So bg(pN) > e if and only if

p
np [[ (6, Qi)+ =0

i=0
p
np+3j=0 since by Lemma 9, we know H Ao, Q;) = 1.
i=1
N=0 by choice of N.
The coefficient of z¢ vanishes if and only if char K | N, and in this case bg(pN) > e. O

Lemma 12. Suppose Q € Fix(h) NFix(¢). Then
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(6, N .
M@ \Y ,
(R65%) =1 Jor some ”} — bo(pN) > bo(p) =p—1 (3.23)

and A1 (¢, Q) # M(h7,Q)

M.Q) = M (W.Q) for some j —s 40PN Zbe@>p=1 i charK [N,
bo(pN) =bg(p) >p—1 otherwise
Proof. If (Q) = Q and h(Q) = @, then z = Q is a root of ¢(z) — h?(z) for every 1 < j < p — 1.
This gives the lower bound on bg(p).

From Lemma 7, A\i(h’,Q) is a primitive p'" root of unity for each j. But also A\;(h/,Q) =
(A1 (h, Q) by the definition of the \; and the fact that @ € Fix(k). This shows that if i # j, then
A (R, Q) # Ah, Q). Soif Mi(¢, Q) = Mi(h, Q), then \i(¢,Q) # M (h', Q) for all i # j.

That is, if bg(p) > p — 1, the excess is accounted for by a single factor of ¥, (z,y). The rest of

the proof proceeds exactly as in Lemma 11. O

We conclude the section by stating a result from [16] which will be used in the sequel. We begin

with a definition.
Definition 8. Let

aQ(n) = ord:=q(®n) = ord.=q(¢"(2) — 2)
rd.—q(®5) =Y n(n/k)ag (k)

k|n

R

@*

S
|
o

Proposition 3. Let K be a field, X/K a smooth projective curve, and let ¢p: K — K be a non-
constant morphism defined over K such that ¢™ is non-degenerate. Fix a point Q € X and define

integers m, q, by

m = the exact period of Q (set m = oo if Q ¢ Per(¢)),
q = the characteristic of K,
r = the multiplicative period of (™) (Q) in K

(set 7 =00 if m = oo or if (™) (Q) is not a root of unity ).
(a) agy(n) >0 for alln > 1.
(b) Let n > 1. Then ag(n) > 1 if and only if one of the following three conditions is true.

(i) n=m.
(i) n = mr.

(iii) n = ¢*mr for some s > 0.
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3.3 Reducibility results

We now prove the main results for this chapter.

Theorem 7. Let ¢ be a rational map with an automorphism h of prime order p. Let K be a field
over which ¢, h, and Fix(h) are all defined. The dynatomic polynomiasl ®,, is reducible over K for

infinitely many values of n.

Corollary 2 gives the result for general fields K, and Proposition 9 is a stronger result that holds

in characteristic 0.

Proposition 4. With the hypotheses in Theorem 7, W%, € K[z,y| (that is, it is a polynomial) for
all n > 1. More specifically, fiz a point Q € P* and define integers m, q, and r by
m = the primitive h-period of Q for ¢

(set m = oo if On(Q) N O0y(Q) = Q),
q = the characteristic of K,

A1 (™ ,
r = the multiplicative period of /\1(((273',3))’ where 1 < j < p—1 satisfies 9™ (Q) = K (Q),
1 ’
o B (6m,Q) | .
(set r = oo if either m = oo or if W is not a root of unity for any 1 <j <p—1).
1 )

(a) gg(pn) >0 for alln > 1.
(b) Let n > 1. Then gg(pn) > 1 if and only if one of the following conditions is true.

(i) n=m.
(i) n=mr, with ptr.

(i) n = mrq® for some s > 1.

Proof. 1t’s clear from definitions that \/IJ};L(x,y) is a polynomial if and only if ¥, (x,y) is a poly-
nomial. Further, if @ € Fix(h), I;g(pn) = 0. Otherwise l;g(pn) = b5 (pn), so we prove that for
Q ¢ Fix(h), b (pn) satisfies the statement of the proposition.

From Lemma 5 we see that unless m | n, bg(pk) = 0 for any k | n, so then also bf,(pn) = 0. We
need only consider the case that m | n. Now suppose that p { n. The condition that pk t n adds no

information, so we may calculate

bo(pn) = Y u(n/k)bo(pk) =Y p(n/k)bg(pk). (3.25)
k|n k|n
pkin
For clarity we write bg(¢, pn) for bg(pn) because we will be dealing with multiple rational maps.

Let tp = ¢™ — so @ has primitive h-period 1 for ¢ — and let N = n/m. By the argument above,
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the only terms which contribute to the sum in equation (3.25) are the ones where m | k, so

b (6, pn) = > pn/k)bo(pk) = > u(mN/mk')bg (¢, pmk’)

kln K'|N
=Y uN/K)bg(¢™,pk') =Y w(N/K )bg (v, pk') = b5 (¥,pN)  since p{ N.
k' |N k' |N

Since @ has primitive h-period 1 for ¥, we may apply Lemma 11. For clarity of notation, we rename
the automorphism so that ¥(Q) = h(Q).

N
Case Ia (ii%g;) # 1.

CaseIb )\ (¥,Q) =X (h,Q) and ¢t N.
In both cases, we have bg (¢, p) = bg (¢, pk) for all k | N. So then

ZMN/kal/Japk ZMN/ka(Q/’a p) = bo(,p) >0 if N=1sothat n=m

k|N kIN 0 if N >1sothatn>m

Since bq (¥, p) = bo(¢", p) = bg(¢, pn), we conclude that in these cases by, (pn) = bg(pn) > 0 if and
only if m = n.
Case IT X\ (¢,Q) = A1 (h,Q) and ¢ | N.

Write N = ¢°M with g1 M. Since ¢¥(Q) = h(Q), we know from the proof of Lemma 5 that

Y7 (Q) = h*' (Q) = h(Q) for some 0 < j <p—1.

Since p # q¢ — we know p 4 N but ¢ | N — we see that in fact 1 < j < p — 1. Then because
A (¥, Q) = Ai(h,Q), Lemma 9 says that also

M (7,Q) = (h7.Q) = M (W.Q).
If k| M, then necessarily ¢ t k, so we may apply equation (3.12) to conclude that
o (V.pa'k) =bo (v pk) = bg (¥7',p) = bq (¥.pd") -

We may then compute

bo(.pN) = 3 u(N/K)bo (. pk) = Y n(N/k)bo (¢, ph) since p{ N
kIN kIN
pktN
=33 ule*M/q k)bo (v, pa'k)
k|M i=0
= [ > u(nayk) <Z u(qSi)bQW),pqi))
k| M =0

bo(¥,pg®) —bo(,pg* ') >0 f M =1
0 it M > 1.
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The fact that by, (1), pN) > 0 when M = 1 follows from applying equation (3.12) to the differ-
ence bg (1/)‘1571,pq) —bg (1/)‘1571,p). So we have shown that in this case, bf)(¢,pn) > 0, and that
bo (¢, pn) > 0 if and only if n = mg°.

N
M (¥,Q) _
Case I (3:@)" 1.

Since 7 is the exact order of i‘i%gg in K, we have r | N' (and further > 1 or we are in Case Ib

or Case II). If r { k, then by Lemma 11, bq (1, pk) = bg (¢, p). So we may split the sum of b, (1, pN)

into two parts:

> " (N/k)bg (v, pk) S| wN R (v, k)
o A

= [ D uN/RYbg,p) | + | D w(N/E)bg (v, pk)

k|N k|N

rtk rlk
= D> u(N/k)bq(,p) + Y w(N/k) (b, pk) = b (4, p))
N T
= Z w(N/E) (bo(y, pk) — bo (¢, p)) (since N > 1 the first sum vanishes).
k|N
r|k

Now if k | N and r | k, then k = rk’ for some k' a divisor of N/r. So we can rewrite the final

S W/ (bglwrh) = b)) = 3= (L) ot pri) = bt )
kTIIJ;/ K'[(N/r)
= % 0 (B) atwr k) - b(unp)
K'[(N/7)
b if N=r
— b i) — 4 PP Y
0 it N >r.
If N =r, then

b (9. pn) = b5 (1, pN) = b5 (Y7, p) — b1, p) = bo(¥",p) — bq (¥, p) = b (¢, pr) — bo (v, p) >0
And in this case,
bo(é,pn) = b, pr) —bo (v, p)
= bq(¢",p) —bq(¢™ p) (3.26)

If N > r, then
b5 (¢, pn) = bo (¥, pN) = by (V" pN/r) (3.27)
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Since p 1 r, we have

P(Q) = h"(Q) = I (Q) for some 1 < j <p-—1,

and as before we have

MEQ) </\1(1/1,Q))T _1
A (R, Q) M (h, Q) '

If N #0in K, we may apply Case Ib to 9" and conclude that bf, (¢",pN/r) = 0 since N/r > 1. If
N =0 in K, then we can apply Case II to ba(z/JT,pN/r) and again conclude that ba(z/JT,pN/r) =0
unless N/r = ¢® for some s > 1.

In Case III, we conclude that bf)(pn) > 0 if and only if N = r or N = ¢°r, so n = mr or
n = mq®r, where p{r.

We must now consider the case that p | n, so n = p'n’ where t > 1 and p { n/. Then the condition

that pk { n means that k = p'k’ for some k’ that divides n’. So we have:

bey (6, pn) = > u(n/k)bo(,pk) = > p(p'n’ /p'K) bo (6, p (p'K'))

k|n k'|n’
pkin

= 3 ! /K Yoo ((bpt,pk') = b} (¢Pt, pn’) since pfn’.  (3.28)
k' n

Suppose that () has primitive h-period m’ for ¢pt and primitive h-period m for ¢. We know that
the primitive h-period for ¢ must divide p'm’. That means m = p* m” with 0 < ¢ <t and m” | m'.
If t/ < t, then ¢P"™(Q) = Q # h(Q). Hence t' =t and also m” = m’ by minimality of m’. So in fact
m = m'pt.

We now apply the results above to the map ¢pt. We conclude that ba(¢, pn) > 0 for all Q € P!
and b, (¢, pn) > 0 if and only if one of the following conditions hold.

1. @ has primitive h-period n’ for ¢pt. So by the argument above, ) has primitive h-period

n = p'n’ for ¢.

t

2. @ has h-period m’ for ¢*', n’ = m/r. In this case, n = p'n’ = p'm/r. By the argument above,

has primitive h-period m = p'm’ for ¢. So we have n = mr-.
p 1% p

3. Q has h-period m/ for ¢*", n/ = m/rg®. In this case, n = p'n/q® = p'm/r¢®. So with m = p‘m’

as above we have n = mrq®. O

We know that the \ffzg; are polynomials. We now show that they are divisors of the associated
dynatomic polynomials.

Proposition 5. For everyn > 1, ¥ | &7 .

Proof. To show that \17;;;1 | ©,,,, we must show that ag,(pn) > l;é(pn) for all Q € PL. If Q € Fix(h),
then l;;g(pn) = 0 for all n, and the result is immediate, so we assume @ ¢ Fix(h), in which case

l;g (pn) = by (pn). Clearly, we need only consider the case bf)(pn) > 0; there are three ways this
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can happen, described in Proposition 4. Throughout, we assume that by)(pn) > 0 and that @ has
primitive h-period m for some m | n, and we rename the automorphism so that ¢™(Q) = h(Q).
Case I n=m.

Since ) has primitive h-period n, we also have ¢*"(Q) = h*(Q) for all k > 1, so in particular we
may conclude ¢""(Q) = @, and in fact pn is the primitive period of Q). Since bg(pk) = 0 for k < n,
we have by, (pn) = bg(pn). Similarly, since pn is the primitive period of @, ag(k) = 0 for k < pn;
therefore ag,(pn) = ag(pn) > 1 by Lemma 3. If bg(pn) = 1, we are done.

Otherwise, bg(¢™,p) = e > 1 where e is the smallest positive integer such that \.(¢™, Q) #
Ae(h, Q). By Lemma 9, then, A\ (¢, Q) = 1 and X\;(¢P",Q) = 0 for 1 < ¢ < e. This says that
ag(pn) > e, and we are done in this case.

Ai(0™,Q)

Case II n=mr with > 1, p{r, and o) & primitive rt®

root of unity.

As above, since Q has primitive h-period m for ¢, we know that ) has primitive period pm for

¢. Also, since % is a primitive 7" root of unity and p { 7, we have by equation (3.18)

M (67, Q) = (%)p

is also a primitive r*" root of unity.

From Proposition 4 (see equation (3.26)), we know that

bo(pn) = bg(9",p) — bo(o™,p).

h

A similar proof in [16] shows that, since A1 (¢*™, Q) is a primitive r*" root of unity,

ag(pn) = aq(¢", 1) — aq(¢’™, 1).

Since A1 (¢, Q) # 1 and A1 (9™, Q) # M (h,Q), we conclude that bg(¢™,p) = ag(¢’™,1) = 1.
It remains to show that if bg(¢™,p) = e > 1, then ag(¢*™, 1) > e, but this follows immediately from

Lemma 9, exactly as in Case I. Summarizing, we have
ag(pn) = aq(pn) — aq(pm) = aq(pn) — 1
> bq(pn) — 1 =bq(pn) — bq(pm) = by (pn)

Case IIT n = mrq® with % a primitve r*" root of unity, and char K = q.

Once again, the primitive period of @ is pm. By equation (3.27), we see that

b (pn) = b (¢™", pa®) = bo(¢™",pg®) — bo(¢™" ,pg®~ ")

= bq(pmrq®) — bo(pmrg®™") (3.29)

and in [16] a similar argument shows that

ag(pn) = aq(pmrq®) — ag(pmrg®™"). (3.30)



CHAPTER 3. MAPS WITH AUTOMORPHISMS 36

From Proposition 4 and Lemma 11, we conclude that bg(¢™", pg*~') = e > 1 and bo(¢™", pg®) =
f > e > 1. For ease of notation, we let 1) = ¢mrq571. Then we have 1(Q) = h/(Q) for some j, and
furthermore since e > 1,

A1(1/),Q):/\Z(hJ,Q) forl <i<e.

By Lemma 10,
A(@PCT Q) = AP, Q) = A7, Q) — Ac(hP, Q) since if € > 1, Ao(h?, Q) = 0

p—1
=p (1‘[ (9, Q») (Ae(¢, Q) = Ae(h, Q).
i=1
This can never vanish since ¢ # p and neither of the other terms can vanish. This means that

aq(pmrq®™") = bo(pmrg®~') =e.

The exact same argument applied to 1) = ¢?""¢" shows that

aq(pmrq®) = ba(pmrq®) = f.
Equations (3.29) and 3.30, then, show that ag,(pn) = b, (pn) in this case. O

In order to prove that the dynatomic polynomials ®;,, are reducible for infinitely many n, we
must be sure that the factors \ffzg; are nontrivial. The example at the end of Section 3.1 shows that

this is certainly not always the case. First, we must show that deg Uy < deg ®},, for suitable choice

of n. We require one additional lemma.

Lemma 13. Forn>1,a>2 andp > 2,

> un/k)a™® > p> " pn/k)a
Proof. Let f(n) = a?™ and g(n) = pa™, and define h = (f — g) * u, where * represents convolution
in the usual number-theoretic sense. The statement of the lemma is equivalent to h(n) > 0 for all
n > 1. By properties of convolution (see [10] for example), hx1 = ((f —g)*u)*1 = f —g. In other

words,

Z h(k) = aP™ — pa”.

k|n
We will show by induction that h(n) < a?™ and h(n) > 0 for all n > 1. Since a > 2 and p > 2,

h(l) =a” —pa < a? and h(1)=a(a’"* —p) >0.

In fact, h(1) = 0 if and only if a = p = 2.

Now consider a prime g,

h(q) = a?? — pa? — h(1) < aP? since pa? > 0 and h(1) > 0.
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But also

h(q) = a?? — pa? — a® + pa = a?(a? "V — 1) — pa(a?™ — 1)
> aP(a? !t = 1)(a? ' + 1) — pa(a® ! — 1) since p > 2

= (a®t = 1)(a”9Y £ 1 —pa) > 0 since a” > pa and ¢ > 2.

Now suppose for all k < m, h(k) < a?* and also that h(k) > 0 if n > 1. If m is prime, the result
holds by the argument above. Assume then that m is composite (so clearly m > 3). For all k | m,
if k # m, we have h(k) > 0 by the induction hypothesis, so

h(m) = a?™ — pa™ — Z h(k) < a®™.
k|lm

k#m

Also by the induction hypothesis, h(k) < aP* for each k in the sum above. Further, the largest

divisor of m is at most m — 2 since m > 4. So we can say that

aP(m=1) _ gp

aP —1

k|lm
k#m
Using this rough estimate, we find

aP(m=1) _ gp

al —1
aP(m+1) _ gpm _ gp(m=1) 4 qp
= — pa™
al —1
aP(m=1) (g%’ — 1) — aP™ + aP

- aP —1 —pa

h(m) > o™ — pa™ —

m

= aPMm= V(P +1) — Lﬂ: +;Lp — pa™
P —

> aP™ 4 qPmh _ gP™ P — pg™ since the denominator is > 1

= a?m=V) 4 gP — pa™ > 0 O
Proposition 6. Begin with the hypotheses in Theorem 7, and let deg ¢ = d.
(a) If d > 2, then deg(¥%,) < deg(®%,) for alln > 1.

(b) If d = 2, then deg(V3,) < deg(®%,) for alln > 1.

Proof. From definition 6, we see that deg(\f;;l) < deg(Vy,,) for every n. So we prove now that
deg(¥y,,) < deg(®y,,) for n > 1. Consider first the case that p { n, so if k | n, we have already pk { n.

(p—1)(d+1) ifn=1
deg U7 = (n/k)(p—1)(d* +1) =
" %M g ( ) (p—1) gy u(n/k)d> if n>1
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Note that if k | pn then either k | n or k = pk’ for some k' | n. So

deg @y, = Z u(pn/k) (d’C +1)
k|pn
= > ulpn/k)d* +> " plpn/pk)d” + > p(pn/k)
k|n k|n klpn

Since by hypothesis p 1 n, we know that ged(p, k) = 1 for k any divisor of n. Therefore u(pn/k) =

u(p)p(n/k) = —p(n/k). (Recall also that pn > 1 so the final term vanishes.)
deg®;, = — Zu(n/k)dk + Z u(n/k)de* (3.31)
k|n k|n

Comparing equations (3.31) and (3.31), we see that deg Wy, < deg ®5, when n > 1 follows from
the fact that 3, , w(n/k)drk > P2 kin p(n/k)dk for all n > 1, from Lemma 13.

In the n = 1 case, we wish to show that (deg®)” + 1 — p(deg¢ + 1) > 0 when d > 2. From
equations (3.31) and (3.31), we have

deg @), —deg ¥, = (d" —d) — (p—1)(d+ 1) =d” —pd — (p — 1),

which is increasing with d, so it will be positive for all d > 2 if it is positive when d = 3. In that
case, we calculate
deg ®, —deg ¥, =3" - 3p—(p—1),
which is clearly increasing with p, so we simply check that for p =2 we have 9 —6 -1 =2 > 0.
Now if p | n, then we have n = p"n’ where r > 1 and p { n/. The condition that pk { n means

that k = p"k’ for some k' | n’. So we have:

deg ¥y, = Y pln/k)(p—1) (d" +1)
,ﬁl};

= -0 wra k) (a7 1)
k' |n’

= -0 nem (@) Rt
k' |n’ k! |n

o1 Spnew) (@) it >1 (3.32)

(p=1) (& +1) ifn=1

Since n = p™n/, pn = p"tn/. If k | pn but p” { k, then p? | (p"*'n'/k), which means that
u(pn/k) = 0. So the only divisors which contribute to the sum below are ones of the form p"k’
where k" | pn’.

deg @, = Z p(pn/k) (@ +1)

k|pn

= D pm e pE) (dpw)

1% Ipn/

— S sty (@) (3.33)

E |pn’
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Comparing equations (3.32) and (3.33), we see that if n’ > 1 we are reduced to the case p { n above.

If n’ = 1, the sum in equation (3.33) is

"t — @ > 4dp — @ sinced>2,p>2andr > 1
= 3d""
>dr o+ 1 sinced>2,p>2andr>1
So again deg @, > deg V7. O

We must also prove non-triviality in the sense that Wy # 1. If all roots of Wy are in Fix(h),

then the polynomial \ffzg; will be trivial. So we must first examine the possible values of b7, (pn)
when @ € Fix(h).

Proposition 7. With the hypotheses in Theorem 7, let Q € Fix(h), and define integers ¢ and r as
in Proposition 4. Then bg(pn) > 1 if and only if one of the following conditions is true.

(i) n=pt for somet > 0.
(ii) n = rp' for somet > 0.
(iii) n = rq°pt for somet >0, s > 1.
(iv) n = 2pt for some t > 0.
(v) n=2rpt for somet > 0.
(vi) n = 2rqg®pt for somet >0, s > 1.

Proof. Let m be the primitive period of @ for ¢. From Lemma 4, we know that m = 1 or 2. So

there are really three cases.
(i) n = mp® for some t > 0.
(i) m = mrp® for some t > 0.
(iii) n = mrqg®p' for some t >0, s > 1.

In the case p { n, the proofs follow exactly as in Proposition 4. However, we must reconsider the
case where p | n, since we used in an essential way the assumption that @ ¢ Fix(h).

Suppose, then, that p | n, so write n = p'n’ where p{n’. As in equation (3.28), we find that
* t
bQ(¢apn) = ba (¢P 7pn/) .

Let m’ be the primitive period of Q for ¢?'. We must have m’ =1 if m = 1 or if m = p = 2, and
m’ = 2 otherwise. Applying the three cases where p { n to Bg ((bpt ,pn’ ), we see that either n’ = m/,

or n' = m'r, or n = m/q®. Substituting each of these for n’ gives the desired result. O
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We can now prove a nontriviality result for general fields K by showing that points of primitive
h-period /¢ for ¢ exist for almost all primes ¢. This proof is essentially the same as the proof of

existence of points of primitive period ¢ found, for example, in [22].

Proposition 8. Under the hypotheses of Theorem 7 with deg ¢ = d, for all prime numbers £ except
for at most d + 6 exceptions, the map ¢ has a point of primitive h-period {.

Proof. We begin by discarding the finitely many primes satisfying any of the following conditions:

o (=2

o /=0p

e (= char K.

e There is some @ with primitive h-period 1 and some 1 < j < p — 1 such that )?11(%’75) is a

primitive ¢! root of unity.

There is some @ € Fix(¢) and some some 1 < j < p — 1 such that ;11((}%%)) is a primitive ¢tP

root of unity.

There are at most d+ 1 points of primitive h-period 1, and the set Fix(h) has at most 2 elements,
so this list eliminates at most d+6 primes. Note that we have eliminated the primes where b, (pl) > 1
for @ € Fix(h).

For any of the remaining primes ¢, consider a root of ¥}, (x,y). This must be a point of h-period ¢.
If it does not have primitive h-period £, then it must have primitive h-period 1 by Lemma 5. Because

of the primes we have eliminated, and by results in Proposition 11, we see that bg(pf) = bg(p), so

> bo(pl) = > bolp) < > bo(p) =d+1.

roots of \I/Zﬂroots of \Ij;f roots of \I/Zﬁroots of \Ij;f roots of \I/;j

That is, the total multiplicity of all roots of W7, that do not have primitive h-period £ is at most
d+ 1. But the degree of ‘I/;e is d* + 1. So U has at least one point of primitive h-period /. o

Corollary 2. For a rational map ¢ with deg¢ = d, under the hypotheses of Theorem 7, the poly-

nomaial \IJN;Z is nontrivial for all primes ¢ with at most d + 6 exceptions.
Proof. This follows immediately from the result above. O

As in the case of periodic points, a stronger result is possible if we restrict ourselves to charac-

teristic 0. The following result parallels a proof by I.N. Baker for periodic points in [1].

Proposition 9. Let ¢ be a rational map of degree d > 2 defined over a field K of characteristic 0,
and let h be an automorphism for ¢ of prime order p. Suppose that ¢ has no points of primitive

period n > 1 relative to h in K. Then

(d,n,p) € {(2,2,2),(2,2,3),(2,2,4),(2,3,2),(2,3,3),(2,3,4),(3,2,2), (3,2, 3), (4,2,2)}.
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Proof. We begin by bounding p in terms of d. Any rational map ¢ of degree d has at most d + 1
fixed points, and any automorphism of ¢ must permute these fixed points. So i can have order at
most d + 1.

Suppose that ¢ is as described, and that ¢ has no points of primitive period n relative to h. Then
all roots of the (nontrivial) polynomial ¥y, (z,y) are accounted for by points of primitive h-period

m < n or by points in Fix(h). Let
S={Q P : ¥,,(Q) =0},
and for each @ € 5, let

the primitive h-period of Q) for ¢ if Q ¢ Fix(h)
mQ =
the primitive period of @ for ¢ (necessarily 1 or 2) if @ € Fix(h).
By lemma 5 and similar facts about periodic points, we know that each mg | n. So let

M={meZ:1<m<nandm|n}.

We now compute lower and upper bounds for
> (bo(pn) — bg (pma)) (3.34)
QEeS

under the assumption that @ € S implies that mqg € M; that is, that there are no points of primitive

h-period n. For the lower bound,

> bo(pn) = deg ¥y, = (p—1) (d" + 1) (3.35)
Qes
D boleme) = D Y bolpme)
Qes meM mqQ=m
Qes
= Z deg ¥y,
meM
<Y (p-1(@"+1) (3.36)
meM

Now, when n = 2, the set M = {1}, so the final sum in equation (3.36) is exactly
(p—1)(d+1) = (p—1) (""" + (n—1)).

If n > 2, then ged(n,n — 1) = 1 and so

n—2
M@+ <y (d+1)<d T -1
meM i=1
So we have our lower bound:
(p—1) (@ —d" ' =(n=1) <Y (bo(pn) — bg (pmq)) - (3.37)

Qes
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To compute the upper bound, we will use the assumption that all of the points are roots of ¥, for
some m € M. Then from Lemmas 11 and 12 applied to the map ¢, we see that bg(pn)—bg(pm) > 0
if and only if

AL(9™, Q)

A1 (R7,Q)
is a primitive r*® root of unity for some r not divisible by p and some 1 < j < p—1. Equation (3.18)
(again applied to ¢™) shows that A;(¢?™, Q) must then be a primitive 7" root of unity. In other
words, @) must be on a rationally indifferent cycle of length pm.

Also, by Proposition 5, we know that ag(pn) > bg(pn) for every n. So we may now compute

the upper bound

> (bo(pn) = bg (pmq)) = > (bq(pn) — b (pmq))

QeS QeS
Q@ on a rationally indifferent cycle

< > bq(pn)

Qes
Q@ on a rationally indifferent cycle

< > aq(pn).
Qes
Q@ on a rationally indifferent cycle

On page 146 of [2], Beardon provides exactly the upper bound we require; he shows that

Z ag(pn) < pn(d —1). (3.38)

Qes
Q on a rationally indifferent cycle

We now show that the inequality
(p—1)(d" —d" ' —(n—1)) < pn(d—1) (3.39)

can never hold for n > 2 and d > 4.
Since % >1and i (d"—d" ' —(n—1)) > 1 (d" —d"~') — n, we may work instead with the

inequality
1
5 (d" = d" ') <nd
1
5 (dn71 _ dn72) S n
%d"” <n (3.40)
2d" 2 <

where the last step follows from the assumption that d > 4. The function 2d"~2 — n is increasing
with n and is 0 when n = 2. Going back to the original inequality (3.39), we check that for n = 2
and d > 4 it still cannot hold:

(> —d—1)<2(d—1)

N | =

dd—1)—1<4(d—1)
(d—4)(d—1)—1<0
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which clearly cannot hold for d > 4.

When d = 4, the inequality in equation (3.40) becomes %2"‘2 < n. Again, we see that the
function %4"‘2 — n is increasing with n and it is already positive when n = 3, so the inequality can
hold only when n = 2. Given the bound on p, it is a simple matter to check that when d =4, n = 2,
and p = 3 or 5, then inequality (3.39) cannot hold. So when d = 4, n = p = 2 is the only possibility.

Similar computations show that when d = 3 and n > 3, and when n = 2 and d > 5, inequal-

ity (3.39) cannot hold. Given the bounds on p, this completes the proof. O

3.4 Reducibility for pure power functions

We are able to provide a complete description of how the dynatomic polynomials factor in the
case of the pure power functions and their reciprocals. Note that both maps have the degree 2
automorphism z +— 1/z. Additionally, ¢(z) = 2¢ has a z + (4_; automorphism and ¢(z) = zid has

a z + (441 automorphism, where (j, represents a k™ root of unity.)

Lemma 14. Let ¢(z) = 2% for d > 2. Then forn > 1,

no(2) = II Cr(2)
kld"—1
ktd™ —1,m|n,m#n

Remark. We note that this fact has appeared in the literature, for example in [13]. But unable been

to find a proof, we provide one here for completeness.

Proof. First we show that this holds for n prime.

E R | [CE it VTS LONS I ae

d—1 -

z 1 Cr(z

kln Hk\d—l k(2) kld"—1
ktd™ —1,m|n,m#n

Now assume that the result holds for all n < N. Since we have the result for primes, we assume
N is composite, and write N = p°n for some prime p, with e > 1 and p{n. If k| N and p*~! 1 k,
then p? | (N/k), which gives pu(N/k) = 0; in other words, k& will not contribute to the product
®r. Further, if p° 1k | N, then k | pn, so either k = k; or k = pk; for some k; | n, and these
sets are disjoint since p f n. Finally, note that since p t n and hence p { k for any k | n, we have

w(pn/p°=tk) = u(pn/k) = —u(n/k), Putting this all together, we may compute

et e e— p€ e e
(I)}FV@(Z) = H(de — Z)H(N/k) = H(Zd(p M Z)H(P n/p*~ k) H(Zd( ko Z)u(p n/p°k)
k|N k[n k|n

_ H (z(dpel)k B Z) —u(n/k) H (Z(dpc)k - Z) n(n/k)

k|n k|n



CHAPTER 3. MAPS WITH AUTOMORPHISMS 44

1
II e 11 Cr(2)
G K (a77)" -1
k)((dpeil)m—l,mln,m#n H(dp )m_l’mln’min

- 11 Ci(2)

kldN -1
ktd™ —1,m|N,m#N
The penultimate equality above follows from the induction hypothesis because n < N. The final
equality follows from the fact that if k | d™ — 1 for some m | N and m # N, then k | d?"™ — 1 for
some m | nor k| d” ™ —1. (Note the divisors of d*" '™ — 1 for some m | n are included in the
first set.) O

Lemma 15. Let ¢(z) = & for d > 2. Then for N > 2,

2IN = Pi4z) = 1T Cr(2) (3.41)
kldN 41
ktd™ +1,m|N,m#N
N =2n with2tn = Oy ,(2)= H Ci(2) (3.42)
kldN -1
ktd®™ —1,m|n,m#n
ktd™ 41
N =20 withe >2 and 2{n = @&} 4(z) = H Ci(2) (3.43)

kldN -1
ktd™ —1,m|N,m#N

Proof. If ¢(z) = %, then for k odd, we have ¢*(2) = —¢, and for k even, we have ¢*(2) = 24, So

Zak

we may calculate

N (2) = H (zdk - z)#(N/k) H (zdkH - 1)#(N/k) . (3.44)
k| N k| N
20k Uk

If 4 | N, then for any odd divisor k of N, we have pu(N/k) = 0, so the second product is empty.

We may rewrite

H (de B Z)H(N/k) _ H (N /E) H (defl 3 1)H(N/k) _ H (defl B 1)H(N/k) 7
k| N k|N k| N kN
2k

which simplifies to the expression in equation (3.43) by the exact argument given in lemma 14.

If N is odd, it has no even divisors; so the first term is an empty product. The argument in this
case follows word-for-word the argument in lemma 14, with d" — 1 replaced by d + 1. Note that
since N is odd, d™ + 1| d™ + 1 when m | N.
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It remains only to consider the case that 2 | N but 41 N. So N = 2n with n odd. Then any odd
divisor k of N is simply a divisor of n. We see that for such divisors, u(N/k) = u(2n/k) = —u(n/k).

So the second term in equation (3.44) is

H (Zd’”rl B 1)M(N/k) _ H (de+1 3 1)—H(n/k)

k|N kln

Uk
= I C:(Z) (3.45)

kld™ 41
ktd™+1,m|n

by the argument for the case when N is odd.
Similarly, we recognize that even divisors of N are of the form 2k where k | n, and in this case
w(N/2k) = p(2n/2k) = p(n/k). The first term in equation (3.44) then becomes

H (deil B 1)M(N/k) _ H (Zdzkil 3 1)M("/*’f)

k|IN k|n
2|k

= II . (3.46)
kldN -1
ktd®™ —1,m|n

Multiplying equations (3.46) and (3.45), we get precisely the expression in equation (3.43). O
Corollary 3. We assume degop =d > 2.

1. Let ¢(2) = z%. Ifd > 2, then ®(2) is reducible for every n. If d = 2, then ®(z) is irreducible
if and only if 2™ — 1 is prime.

2. Let §(z) = &. If d > 2, then ®}(2) is reducible for every n. If d =2, then ®}(2) is reducible
for every n > 3.

Proof. (1). ®%(z) = 2¢ — 2, which is reducible. Lemma 14 says that ®(z) for n > 1 is irreducible
if and only if d” — 1 has no divisors other than those which divide d™ — 1 where m | n. We always
have d — 1 | d® — 1, and if d > 2, it’s easy to see that the quotient d"~* +--- +d+ 1 does not divide
d™ —1if m < n. So then ®%(z) is reducible for every n.

In the case d = 2, we see that if 2" — 1 is prime, then ®}(z) = Caon_1(2) is irreducible. If n is
prime but 2™ — 1 is not prime, then 2™ — 1 clearly has a factor not of the form 2™ — 1 with m|n. So
then ®7(z) is reducible. Finally, if n is composite, let k& be the smallest positive divisor of n. We
argue as above that the quotient of 2" — 1 and 2* — 1 does not divide 2™ — 1 for any m # n. So
then @ (z) has at least two nontrivial factors, namely Con_1(2) and Con_1y,(2t_1)(2).

(2). In this case, ®}(z) = z?*! — 1, which is reducible since d > 2. If 4 | n, 2" — 1 is not prime, so
the fact that ® (2) is reducible follows from the fact that it is identical to ® for the map ¢(z) = 24,
which is reducible in this case by the argument above.

If n is odd, we need to see that d™ + 1 has a factor which does not divid d™ + 1 for any m | n.

Let k be the smallest nontrivial divisor of n. Then (d" +1)/(d* +1) = d"~% —d"=2¢ +... + 1. For
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this quotient to divide d™ + 1, it is certainly necessary that n — k < m, But with n > 4 and k the
smallest divisor of n, we have n — k < n/k which is the largest divisor of n. So we have at least two
nontrivial factors of @}, namely Cgn11(2) and Cgny1)/(qx11)(2) with k the smallest positive divisor
of n.

Finally, if 2 | n but 4 { n, we see from equation 3.42 that for m an odd divisor of n, we have
Cym_1(z) | ®%(z). In particular, Cq_1(z) | ®*(z) is a nontrivial factor as long as d > 2. If d = 2,
we must restrict to the case n > 3, in which case we are assured of an odd factor of n greater than

one. O

3.5 An irreducibility result

We now focus on the case deg ¢ = 2.

Lemma 16. Let ¢ be a rational map of degree d = 2 with a stabilizer group of order 2 and suppose
char K # 2. Then ¢ is PGLy-conjugate to some map of the form
22 +a

1Z):az—i—l

(3.47)

Proof. Milnor shows in [11] that any degree-2 rational map with at least two fixed points is linearly

22+az
bz+1

0 and co. The only map with a single fixed point has stabilizer group Ss, so we may disregard this

conjugate to some map of the form where a and b are the multipliers of the fixed points at
case.

We already argued on page 15 that ¢ must in fact have three distinct fixed points. So then,
any element of Aut(¢) must interchange two fixed points of ¢ (since it has order 2), and since any
nontrivial element of PGLy cannot fix three points in P!. An automorphism must also preserve the
multipliers of fixed points, so we see that if ¢ has a nontrivial automorphism, it necessarily has at
least two multipliers that are equal. Given this fact, if ¢ has a nontrivial automorphism, we can

224az

choose a normal form for ¢ such that ¢(z) = Z 547 O

Proposition 10. Let ¢ be a rational map of degree d = 2, with an automorphism group of order 2,

and let p be a prime such that 2P —1 is prime. Then the dynatomic polynomial @;(:17, y) is irreducible.

Proof. We use the normal form from Lemma 16. Suppose that @} (z,y) = A(x,y)B(z,y) with
deg(A),deg(B) > 1. Exactly as in theorem 6, we see that specializing to a = 0 will cause neither
factor to become trivial.

Specializing to a = 0, we have the map ¢(z) = 22, so by theorem 14, ®7(2) is a product of
cyclotomic polynomials Cy,(2) such that m | 2P — 1 but m J2¥ — 1 for any k | p. In the case that

2P — 1 is prime, then, we have simply the (27 — 1)¢ cyclotomic polynomial, which is irreducible. [

Remark. For n = 2, the polynomial has a factor of a + 1, but since it is not defined for a? = 1 (this

does not give a degree 2 map), this does not correspond to reducibility in the corresponding variety.



Chapter 4

Rational periodic points

4.1 Preliminaries

If two maps defined over a field K are linearly conjugate, then they must be linearly conjugate over
K unless the maps have a nontrivial stabilizer group (see [20]). In the analysis of rational periodic
points for quadratic polynomials in [14], [7], and [18], the authors use the fact that every quadratic
polynomial is linearly conjugate over Q to a unique polynomial of the form f.(z) = 22 + ¢ with
¢ € Q. Rational periodic points are in one-to-one correspondence, so it is enough to analyze the
existence (or nonexistence) of rational periodic points for the family f..

In the case of rational maps with a nontrivial stabilizer group, the situation is more complicated.
Up to conjugation by PGLy(Q) this is a one-parameter family; but, as we have seen in the example
on page 4, that equivalence is inadequate for analyzing rational periodic points. We must worry

about twists of the one-parameter family, as described in the following lemma.

Lemma 17. Let K be a field with char(K) # 2,3 and let ¢ be a rational map of degree 2 defined
over K. Then Aut(¢) = py if and only if ¢ is linearly conjugate over K to some map of the form

b
Prep(2) = kz 4~ (4.1)
with k € K ~ {0,—-1/2} and b € K*. Furthermore, two such maps ¢rp and ¢ p are linearly
conjugate over K if and only if k = k" and b/t € (K*)°.

Remark. Note that for fixed k, all maps of the form ¢y, () are linearly conjugate over K. Conjugate

by fu(z) = % to see that

b
(=) = k2 + = 6rp(2). (42)
The content of the lemma, then, is developing a normal form that incorporates the quadratic twists,
allowing us to examine rational periodic and preperiodic points. By abuse of notation, we will say
that maps ¢(z) as described in the lemma are linearly conjugate over K to a unique map of the
form ¢y, (z) with k € K ~ {0,—1/2} and b € K*/ (K*)*.
47
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Proof. First we prove that Aut(¢) contains a subgroup isomorphic to p, if and only if ¢ is linearly
conjugate to some map of the form given in (4.1), with b, k € K and bk # 0. One direction is clear:
z — —z is an automorhpism of ¢, ;. By the remarks above, if ¢ is linearly conjugate to some ¢y,
then Aut(¢) =2 Aut(drp) 2 Usy.

We generalize Milnor’s proof in [11] that a quadratic rational map defined over C possesses a
nontrivial automorphism if and only if it is linearly conjugate to a map in the unique normal form
#(z) = k(z + 271) with k € C ~ {0}. Aut(¢) contains an element f of order 2. By, for example,
Theorem 3.1 of [20] and using the fact that char(K) # 2, (f) is conjugate to (—z).

Let g € PGLg such that g~ fg = —z. Then Aut(¢?) D (—z). That is,

#(—2) = =0 (2),

so ¢9 must be an odd function. Writing ¢9(z) = F(z)/G(z) with F,G € K|[z|, we see that ¢9(z) is
odd if and only if F'(z) is even and G(z) is odd or vice-versa. If F'(z) is odd, then we may conjugate
by h(z) =1/z to get

(97)" (2) = (even)/(0dd).
So ¢(z) is linearly conjugate to a map of the form

k2% +b b
Prp(2) = ——— =kz+ —. (4.3)

Clearly kb # 0 because deg(¢) = deg(drp) = 2.

It is easy to check that the multipliers of the three fixed points for ¢(z) are {2k — 1,2k —1,1/k}.
Linearly conjugate maps must have the same set of fixed-point multipliers, so for a given map ¢(z)
as described in the theorem, there is in fact a unique nonzero k such that ¢(z) is linearly conjugate
to a map of the form given above.

We claim that in fact k € K*. Let 01, 02, and o3 be the three symmetric functions of the multi-
pliers. From [20], we know that the moduli space of degree-2 rational maps up to linear equivalence
is isomorphic to A2, with coordinates (o1, 02). If ¢(2) is defined over K, then it necessarily corre-
sponds to a rational point in this moduli space, so o1 and o2 are both K-rational. Also from [11]
we know that o3 + 2 = o1. (this is proved over C, but it is a purely algebraic statement so the
result holds over any field). Therefore, the multipliers are the roots of a monic cubic polynomial
with coefficients in K, and 2k — 1 is a multiple root. Since char K # 2,3, the polynomial must split
into three linear factors, and we conclude that k € K* as desired.

All of the above holds for any ¢ with Aut(¢) 2 py,. We now show that Aut(¢rs) 2 py if and
only if k = —1/2. Again, we generalize a proof of Milnor’s in [11].

By the remark above, ¢_1 /5 5(2) is linearly conjugate to ¢_1 /5 _1/2(2). Let f(2) = (z+1)/(z—1).

It is an easy matter to check that

¢£1/2,71/2(z) = Zig
We note that Aut(1/2?) D S5 since Aut(1/2?) D (1/z,(32) with (3 a primitive cube root of unity.
(In fact, Aut(1/2%) = S3.) Since char(K) # 3 the group ((32) is linearly conjugate to some group

G C Aut(¢_1/2y) of order 3, so Aut(d_1/25) 2 Ho-
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Now consider some ¢y, with Aut(¢rp) 2 po. For any rational map ¢ : P! — P! and any
f € Aut(¢), f permutes the critical points of ¢. In this case, the critical points of ¢ are :I:\/b/_k,
which are interchanged by the automorphism z — —z. So using Milnor’s notation, we have a
subgroup Aut®(¢r;) C Aut(¢rp) of index < 2, consisting of automorphisms which fix the two
critical points.

Choose f € PGLy such that f sends the critical points to {0, 00}, and let ¢ = ¢£7b. Consider
some nontrivial g € Auto(w). Since g fixes 0 and oo, we see that g(z) = Az for some A # 0, and since
g is nontrivial we see also that A # 1. Then g € Aut(¢)) means that ¥(Az) = A\)(2), so in particular
(0) € {0,000} and 1(00) € {0,00}. If 1 fixes both 0 and oo, then 9(z) = az? for some a # 0. But
then we must have A = 1, which contradicts g being nontrivial.

So instead we have 1(0) = co and 9)(c0) = 0, which means that ¢(z) = a/z2, which is conjugate
to 1/22. But we have already seen that z — 1/2? is conjugate to (;5,1/27,1/2(2), and that the k value
is unique. For any other k € K*, then, it follows that the stabilizer group is exactly (—z).

Now define

K-equivalence classes of maps v such that
1 is K-equivalent to ¢ '

Twist(¢/K) = {

Let ¢p1(2) = kz+ 271 € K(z) with k € K ~ {0,—1/2}. We claim that there is an isomorphism
K*/(K*)? = Twist(¢r,1/K),
and that in fact each K-equivalence class corresponds to a unique map of the form
brp(z) = kz + g with b e K*/ (K*)°.

This will complete the proof of the lemma. Any map ¢(z) € K(z) with the given automorphism
group is K-equivalent to some map ¢, »(2), which in turn is conjugate to ¢y1 € K(z). The map ¢
is therefore in some equivalence class of Twist(¢x,1/K), and hence must be K-equivalent to a map
of the given form. The following argument is adapted from a similar one in Silverman in [22].

First, we show that there is an injection
K*/(K*)? — Twist(¢g.1/K). (4.4)
For a fixed k, all ¢y are linearly conjugate (over K) to ®k,1, 5o we have a map of sets

K* — Twist(¢r,1/K) (4.5)

b— [Prp] g >

where [¢r 5] Tepresents the equivalence class of ¢y in Twist(¢/K). If b/c € (K*)?, then ¢y 5 and
¢r,c are K-linearly equivalent. Let f(z) = z1/b/c € PGL2(K); then

¢k,c = (b']];b'
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So (4.5) induces a well-defined map
K*/(K*)> — Twist(¢x,1/K).

We now use the fact that if two rational maps are K-linearly equivalent, then their n-periodic

points generate the same field extension of K. Clearly

Per,,(¢7) = {f1(P) : P € Pera(¢)}.

With f € PGLy(K), P and f~!(P) must generate the same extension.
Assume first that k # 1. Then the finite fixed points of ¢y ;(z) are given by

Vb
Vi—k
Hence if ¢, ;, and ¢y, . are K-linearly equivalent, then K (\/%) and K ( \fk) are the same, which
holds if and only if b/c € (K*)? (we are again using the fact that char(K) # 2). So we conclude

that (4.4) is an injection, as claimed.

z==+

If £ = 1, we must use the points of period 2 since the point at infinity is the only one fixed by
$1,(2). We calculate the second dynatomic polynomial ®s(z,y) = 222 + by?, so the period-2 points
are

b
z== 5
The argument above shows that if ¢;, is K-equivalent to ¢1 ., then b/c € (K*)?. So indeed the
map in (4.4) is an injection.
Now, in [20], we find that

Twist(¢/K) — H' (Gk, Aut(¢)). (4.6)

Take [¢)],, € Twist(¢/K) with ¢ = ¢/ for some f € PGLy(K). Then [¢]; maps to the cocycle
o +— f~1f7. In this case,

H' (G, Aut(dr1)) = H' (GK, )
By standard results in Galois cohomology (see, for example, [19]), we have an isomorphism.
K*/(K*)? = H' (G, pp) (4.7)
7 (9)
Vb

b— o~

By Hilbert’s Theorem 90, every cocycle is equivalent to one of the form o +— U%E) for some

be K*/(K*)?, so we map this cocycle back to b.
We need to show that the two injections in (4.4) and (4.6) are inverses of each other. Begin

with some b € K*/(K*)?, define fy(z) = 7 € PGL; and consider gbﬁ’l = ¢rp. Then [¢rp], €
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Twist(¢/K), and so [¢r ], maps in (4.6) to the cocycle fljlfg, which maps by the isomorphism
in (4.7) to b. Then in (4.4), we see that b — ¢y p.

Reasoning in the oppostie direction, begin with some [¢)], € Twist(¢y,1/K). Choose a rep-
resentative ¢ € [¢)],, and find f such that ¢/ = ¢. Then by (4.6), [¢)],, maps to the cocycle
(o0~ f71f7). By the isomorphism in (4.7), this is equivalent to a cocycle of the form

7 (5)
N

g H—

for some b € K*/(K*)?. Note that ¢, also maps to this cocycle, so by the injectivity of (4.6),
®rp € [Y] - Now we see that the given cocycle maps via the isomorphism to b, which maps by the
injection in (4.4) to ¢ € V] - O

4.2 Rational periodic points

From now on, we take ¢(z) € Q(z) to be a rational map of degree 2 satisfying Aut(¢) = p,. If
we wish to examine rational periodic points for ¢, by Lemma 17 it is enough to examine the case
¢(z) = kz+ L, for k € Q ~ {0,—1/2} and b € Q*/(Q*)?. We will use ¢(z) = kz + 2 and the
homogeneous form ¢(z,y) = [kx? + by? : ry| interchangeably.

Proposition 11. Let ¢(z) = kz + 2, with k € Q* and b € Q*/(Q*)?. Then
(a) For all k and b, the point at infinity is a rational fized point for ¢(z).

(b) If b=1—k , then ¢(2) has two finite rational fized points; otherwise, ¢(z) has no finite rational
fixed points.

Proof. Consider the dynatomic polynomial ®3(z,y) = (k — 1)z%y + by>®. Roots of this polynomial
are precisely the fixed points of ¢(x,y). We see that P = [1 : 0], the point at infinity, is always a
root. If k = 1, then P is a triple root of the polynomial. (So for k¥ = 1 we have no finite fixed points
at all.)

We now dehomogenize to find the finite fixed points for k # 1.

Pt (2) = (k —1)2% +b.

Solving ®3(z) = 0 for z, we find z = +,/ ﬁ, which is rational precisely when ﬁ € (Q*)%. The
two finite fixed points are always distinct, since b # 0. From Lemma 17, this is equivalent to
b=1—-k. O

Remark. Proposition 11 says that every degree-2 rational map defined over Q with automorphism
group p, has at least one rational fixed point, since ¢ must be linearly conjugate over K to some
map of the form ¢ and the fixed point at infinity must map to some rational fixed point of ¢.
This property, which is quite different from most one-parameter families of rational maps, can be

explained more intrinsically.
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First, if Aut(¢) = (f) = p,, then f € PGL2(Q). Let 0 € Gal(Q/Q). Then

o= ¢° since ¢ is defined over Q
= (@)= ()" =¢"

So f? € Aut(¢, meaning that f7 € {id, f}. Since f” must have order 2, f = f?, and so f is defined
over Q as well.

Now, f must permute the fixed points of ¢. If ¢ has only one fixed point, clearly f fixes that.
If ¢ has three fixed points, f must interchange two of them and fix the third since f has order two.
(Recall that ¢ cannot have exactly two fixed points by Proposition 11). In any case, there is exactly
one point P fixed by both f and ¢. We claim that P is a rational point.

Again, let 0 € Gal(Q/Q). Then

f(P?) = (f(P)’ since f is defined over Q
— p°

The same calculation works for ¢(P?), so P? is the common fixed point of f and ¢. In other words,
P =P.

Proposition 12. Let ¢(z) = kz + 2, with k € Q*, and b € Q*/(Q*)?. Then ¢(z) has a rational
point of primitive period 2 if and only if b = —(k + 1).

Proof. Begin with the dynatomic polynomial
3, y) = k ((k + 1)a® + by?) .

Roots of this polynomial are precisely the points of formal period 2 for ¢(z,y). We see that P = [1 :
0], the point at infinity, is a root if and only if & = —1. We know that P = [1 : 0] is actually a fixed
point, so for £ = —1, we have no two-cycle. Further, for a fixed point have formal period 2, it must
have multiplier —1, which can happen only when £ = —1. Recall that the multipliers are 2k-1, 2k-1
and 1/k.

We now dehomogenize to find the points of period 2 if k #% —1. Solving

3(2) =k ((k+1)2>+b) =0

ﬁl’l, which is rational precisely when k;Jﬂ € (Q*)?, and it has two distinct roots

since b # 0. Again, because b is defined only modulo squares, this is equivalent to b = —(k+1). O

for z, we find z = £+

Theorem 8. Let ¢(z) = kz + g with k,b € Q*. Then ¢(z) has no rational point of primitive
period 3.

Proof. We compute the third dynatomic polynomial for ¢(z) = kz + g,
i (b k, 2) =k025 + kP20 + k120 4 3bk°2* + 20k*2* + 3bk32*
+ bkzt 4+ 302k 22 4+ V2322 4 0222 + 20%k% 2% — b2k + D3KE.
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We wish to show that there are no rational (allowable) values of b, k, and z such that ®%(b, k, z) = 0.
Since the parameter b simply represents quadratic twists of the curve ®5 = 0, properties like the
reducibility and genus of the curve are independent of b. By Theorem 10, we know that the ®3 =0
is irreducible.

Since ®4 = 0 is even in z, by letting z = 22 we see that it covers a curve of genus 2.
Q3(b, k,x) = ka3 + kP23 + k2 + 30k%2? + 20k 2? + 30k32? + bka?
+ 30k + b7k x + 0o + 20°K x — b’k + bk
=0.
Let F' be the curve ®3 = 0 and C be the curve ©3 = 0. We have a map

g: F—C.

To find the rational points of F', then, it is sufficient to find the rational points of the genus 2 curve

C, and then then to find their preimages under
9: F(Q) — C(Q).

A change of coordinates x = bz and dividing by b3 removes the dependence on b

KSa® + kPa® + k'a® + 3k52® + 2ka® + 3k%2” + ka? + 3k'z + KPx + v + 2k%x — ka + k° = 0.
And another change of coordinates x = x/k and multiplying by k drops the total degree a bit

G(k,r) = k*a® + k323 + k223 + 3k%2? + 2k32?% + 3k22?
+a° +3k'z + Kz + 4+ 2k%2 — ka + k*
=0.

Simultaneously solving G(k,z) = B%G(k, x) = %G(k, x) = 0 shows that the curve has no finite
singular points. However, it has two singularities on the line at infinity: one of multiplicity four at
[1:0:0] and one of multiplicity three at [0: 1:0]. The curve has genus 2, so it must be birational
to a hyperelliptic curve.

Repeatedly blowing up the singularities and changing coordinates allows us to find the birational

hyperelliptic curve C; defined by
v? = ub + 2u® — 5ut + 10u® — 10u? + 4u — 1. (4.8)

Here is a sketch of the relevant substitutions. Note that with each substitution, the singularities
become less severe. Since the two singularities are at infinity, take a different affine piece. Consider

the affine slice with k£ = 1, which gives the curve

y 4+ zy® — zy® + 22yt + 2y + 32y + 2290 + 32%y° + 22297 + 32y + 23y + 23y +2° = 0.
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This curve has a triple-point at (0, 0), so we substitute z = x1y and divide by »*, which gives another

model
1+ x1y4 — x1y3 + 2y23:1 + 21y + 321 + x%y4 + 3y2:1:? + 2y3:% + 3:1:? + yQ:E:f + ya:? + x? =0.

This curve has singularities at [1: 0: 0], [-1:0: 1], and [0,1,0]. Take the affine slice ; =1 to

get another model
284325434+ 23 + yzt +2y23 + y2? + 20728 + 322 + P — B e 4+ y4 =0

which has a singularity at (0, —1). We substitute z = z; — 1 to move the singularity to (0,0) and
then substitute z; = zoy and divide by v to get

23+ 2125 — 20 — Yizs + 2y122 + Y23 —yieo + 25 — 1=0.

This curve has a singularity at (0, —1), so again substitute zo = 23 — 1 to move the singularity to

(0,0) and then blow up again with z3 = y124 and divide by y? to get
—22% + 2y12] — 220 — yi2f + gz + yi2E — 2ytza + oy + izl = 0.

This curve has two double-points at infinity, so we take another affine slice z4 = 1 to get the
model

Y12y — 25 + Y125 — 29705 — 205 + 29105 — yiwe + Y7 +yraz =0
which has a node at (0,0). Substituting y; = y222 and dividing by 3 gives
Yoy — 205 + yoxs — 233Y5 — 2ma + 2yama — Tays + T2y + y2 = 0.

A calculation shows that this curve has a node at infinity along the line x2 — y2 = 0, which we

move to an axis by substituting ys = y3 + z2 to get
—23Ys + T5Y5 — T2 + 2ysT2 — T2Y3 + Tayh + y3 = 0. (4.9)
This curve is quadratic in xs, so it is birational to the curve C; defined by
v? = u® — 2u° + 5ut — 106> + 10u? — du + 1,

where the right hand side of the equation above is the xs-discriminant of equation (4.9), with u = ys.
(4 has a few obvious rational points, namely (0,+1) and (1,+1). Also, since the degree is even

in u, the curve has two points at infinity, both of which are rational points because when writing the

curve as v2 = f(u) the lead coefficient of f(u) is a square in Q. We call these points co™ and oo™
Magma gives a bound on the rank of J(Q), the Mordell-Weil group of the Jacobian, as 0; and so

the rank is 0. Magma also computes that the torsion subgroup has order 21, giving the entire set of
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points on J(Q) as:

identity, {ooT, 00T}, {007,007},
{(0,1),(0,1)},  {(0,-1),(0, 1)}, {(1,1), (LD}
{(1L-1),(1, -1}, {oo™,(0,1)}, {oo™, (0, 1)},
{oo™, (1, 1)}, {oo™, (1, 1)}, {007, (0,1)},
{oo™, (0, 1)}, {oo™, (L)}, {oo™, (1, 1)},

{(0,1),(1, 1)}, (0,1),(1,-1)},  {(A5=8, 36/=8) (1=y=3 3=v=i3)}
(0,~1), (1L 1)}, {(0,—1),(1,~1)}, {M=3 =8-=3) (L+y=3 —34v=3)y

As usual, {P;, P} is shorthand for the divisor class containing Py + P — oo™ — 0o~
There can therefore be no other points in C1(Q), apart from the six points already found, since
any other points in C1(Q) would give rise to additional members of J(Q). We need to find the

corresponding rational points on the curve F. The change of coordinates from G(k,z) = 0 to Cy is

- —2ut 4+ 5u —5ul+2u—1+4wv

202(u? —u+1) (4.10)
kzl—u2+u3—2u+v' (4.11)
4u(l —u)
Using the equation for C7, we can find alternate forms for x and k as well,
Y
;Y 5u32(—u5u21)+ 2u—1—w (412)
2u(u — 1) (4.13)

S l-w?+ud—2u—v’

We see that at (u,v) = (0,1) and (u,v) = (1,—1), the denominator of equation (4.11) vanishes

but the numerator does not, so k has a pole at these points. Similarly at (u,v) = (0,—1) and

(u,v) = (1,1), the numerator of equation (4.13) vanishes but the denominator does not, so these
points give k = 0.

It remains to investigate the points oo™ and co™. At oo™, we have the formal expansion
v=ud—u?+2u—3+4u?+
Substituting this into equation (4.11), we find that
k= —% + powers of u ™!,

so k has a pole at oo™.

Similarly, at co™, we have the formal expansion
v=—w—u+2u—-3+4u+---)
Substituting this into equation (4.11), we find that

k = 0 + powers of u ™},
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so the point at co™ pulls back to k£ = 0.

The curve G(k,z) = 0 therefore has just four rational points: (0,0), (0,—1), and the two points
at infinity. The k-values for this curve correspond exactly to the k-values on our original curve C,
and k = 0 does not give a rational map of degree 2. So no rational maps ¢ have a rational point of

primitive (or even formal) period 3. O

This result is quite different from the case of quadratic polynomials. There is a one-parameter
family of ¢ values such that f.(z) = 22+ ¢ has a rational point of primitive period 3, in which case it
has exactly three such points [12]. If a map ¢y, were to have a rational point of primitive period 3,

it would necessarily have six of them, since the three cycles are related by the autmorphism:

{a.d(@),¢*(@)} and  {-a,—¢(a), ~¢*(a)}.

By results in Section 4.3, this would give rise to at least 14 rational preperiodic points, which would
seem to be “too many” for a rational map of degree 2.
The next theorem also provides a contrast to the quadratic polynomial case, in which f.(z) can

never have a rational point of primitive period 4.
Theorem 9. Let ¢(z) = kz + g with k € Q* and b € Q*/(Q*)2.

(a) There is a one-parameter family of such maps

2mz m
m2—1  z(m*-1)

¢m(2) =

with a rational point of primitive period 4. In this case, ¢(z) has exactly four points of primitive

period 4.
(b) &(z) cannot have more than four points of primitive period 4.

Proof. We first calculate the fourth dynatomic polynomial for ¢, which we know to be reducible by
results in Chapter 7?7. One factor parameterizes maps and four cycles where z and —z are on the
same cycle, and the other factor parameterizes maps and four cycles where z and —z are on different

cycles.

5 (b, k, z) = Wbk, z) Ay (b, F, 2) (4.14)
Wb, k,2) = k32% + k2t + 20k 2% + 202% 4 b’k (4.15)
A (b k, 2) = 28K% 4 4b28k8 + 028k + 202585 + 60222 k7 + 4b%24K° (4.16)

+ 302223 + 0222k + 403220 + 20322k 4 b3 22 k2 4 0322 + bAED

We will show that there is a one-parameter family of k£ and b values for which U} has four rational
z roots, and that there are no maps for which A} has rational z roots.

U} even in z, so substitute 22 = 2 and consider the curve

k322 + kx? + 20k + 2bx + b2k = 0.
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A change of coordinates x = bx; and dividing by b? removes dependence on b, so we have
k*x} + ka3 + 2k*zy + 221 + k = 0.

And once again, the change x2 = 7% and multiplying by k drops the total degree, leaving the model
k2x§ + x% + 2k%2o + 220 + k2 = 0.

This is already quadratic in 2, with discriminant 4(1 + k2), so it is birational to the rational curve

d* = (1+k?).
This curve is parameterized by k = m22ﬂ11 and d = zzﬂ

Tracing back the change of coordinates, we find

—2(1+ k%) +2d d
= =14 : 4.17
w2 2(1 + k2) 1+ k2 (4.17)
So let
d 2

1+k2 mi41
which means that

4m

:k = —_——
Z1 T2 mA 1’
4m
bo = -3

Since x = 22 is a square, and b is taken as a number modulo squares, we may simply let

b = ——5. (Note that taking the other root for x5 in (4.17) results in the same b value modulo

squares.) Let

b 2mz m
Om(2) Z+z m?2—1 z(m*-1) (4.18)
We now recalculate the fourth dynatomic polynomial for this ¢, (2)
N —2m*
@4 - 6
(m —1)12(m +1)'2 (m2 + 1)
(m2z—|—z— 1) (m22+z+1) (m2z+z—m) (m22+z+m)
(—=51228m1 — 204828m'? — 307228m1° — 204828m® — 51228m8 + 162°m 16
(4.19)

+ 1122 + 11042%m'% 4 286425m ' + 28642°m® + 11042°m°
+11225m* +162m? — 22*m™ — 162*m™ — 882*m!'? — 7522 'm0
—13562%m® — 75224mb — 882*m* — 162*m? — 22% + 22m!* — 22m!?
+2922m10 + 22722m® 4 22722m° 4 2922m? — 22m? + 22 — 32m5)

So as long as m ¢ {—1,0,1} we have the following four rational points of period 4.

I ¢ —m 4 —1 ¢, m g, 1T ¢
m2+1 m2+1 m2+1 m2+1 m2+1
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Note that the condition on m (which is necessary so that b and k are both defined and nonzero)
insures that all four points in the cycle are distinct.

If ¢(z) = kz + g is to have more than four rational points of primitive period 4, there must be
rational roots of A} (b, k,z) = 0. Following Morton in [14], we define the trace of an n-cycle in C of
d(z) = kz+ g to be the sum of the elements in the cycle. Then we let 7,,(z,b, k) € Q(b, k)[z] be the
polynomial whose roots for generic b, k are the traces of all the n-cycles where the trace is nonzero.
Only modest modifications to Morton’s method of computing the polynomials 7,, are necessary for
the case of rational functions.

Rational solutions to Aj(b, k, z) = 0 necessarily yield rational solutions to 74(b, k,z) = 0. The
hope is to find only finitely many solutions to the second equation, and then find the corresponding
solutions to the first one. In this case, however, 74(b, k, z) = 0 has infinitely many rational solutions,
meaning that there are infinitely many rational b and k values such that ¢ ; has three Galois-stable
4-cycles. (See Remark 4.2 following this proof.)

Instead, for fixed b and k, let « be a root of A}(z,b,k). Then the other roots are necessarily
6(0), ¢%(a), ¢*(a), —a, —d(a), —¢%(a), and —¢*(a). Let t; = a + ¢%(a), t2 = ¢(a) + ¢*(a),
t3 = —a — ¢*(a), and t4 = —d(a) — ¢*(a).

We let 742(2,b,k) € Q(b,k)[2] be the polynomial whose roots for generic b,k are the ¢; for
i =1,...,4. We see that 742(z,b,k) must have degre 4 in z, and it is easy to check that the
coefficients of the linear and cubic terms both vanish. Let 742(z,b,k) = 2% + Uz? + V and solve for
U and V so that this polynomial vanishes identically modulo A%(z,b, k). We find that
oADK +4bk? +b 5 AVKY + 40%K% + b2

+ z°+ .

T472(Z,b, k) =z k5 k8

Since 74,2 is even in z, we may substitute z = 22 and consider instead roots of

o AbEY +4bk? +b  Ab%k* + 462K + b?
x° + T + =

5 s 0.

A change of variables z — bz and dividing by b removes dependence on b:

o AR+ 4k?+1 AR+ 4K+ 1
-+ 5 z+ S =

0. (4.20)

This curve is already quadratic in x, and the discriminant is

&’ =

(2k? — 2k + 1)(2k? + 2k + 1)(1 + 2k%)?
k10 :

So we may search for rational points on the elliptic curve
y? = (2k% — 2k + 1)(2k* + 2k + 1). (4.21)

Letting k¥ — 2k/y and y — —1 + 2k%/y? and multiplying both sides by y*/k3 puts the curve in
Weierstrass form
y? = k® — 16k,
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which has the minimal model
v =k —k.

This is curve 32a2 in Cremona’s tables [4]. It has rank 0 and torsion subgroup of order 4. The curve
in equation (4.21) must then have exactly four rational points. It has a double-point at infinity
(since it has the form y? = quartic), and the obvious points (k,y) = (0,%1). That must be all of
the rational points, so the only possible finite k-value is 0, which does not yield a valid rational map
of degree 2. O

Ezample. Let m = 2. Computing k and b from equation (4.18), we have the rational map ¢2(z) =

%Z — é with the four-cycle

b2 —2 ¢ —1 ¢y 2 ¢ 1
—_— — — — — = — —
5 5 5 5

P2

] =

Remark. Let ¢, = k12 + bz—l and ¢, = koz + b?z with k1, k2, b1, and by as given in equation (4.18).
By lemma 17, these rational maps are linearly conjugate over Q if and only if k1 = ko and Z—; € (Q*)2.

We can solve

k1 =ko

2m1 2m2

2 2
miy—1 m5—1

(mg — ml)(mlmg + 1) =0

1
mp =M Or M) = ———
ma
If mq # mo, then k1 = ko if and only if mq = _ng' We can now compute the relevant b, and by
in this case.
mi
by = ————
! mi—1
-1 3
by = — T2 _ (=1/m) __ T1 = m2b,
mj—1 (=1/my)* =1 mi—1

We see, therefore, that ¢,,, is linearly conjugate to ¢, if and only if m; = mg or m; = —WLQ.
Remark. 1If we consider the curve C' : A}(b,k,z) = 0 where the parameter b merely represents
quadratic twits of the curve, then C has an automorphism (b,k,z) — (b,k,¢(2)). The curve
74(b, k,z) — 0, represents C/ , the quotient of C' by this automorphism. The curve C' also has
an automorphism (b, k,2) — (b, k,$*(z)), and the quotient of C' by this second automorphism is
given by 74,2(b, k,2) = 0.

Examining 74(b, k, z), we can show that for any k value, we may choose a b so that ¢ has three
Galois-stable four cycles, but no rational points of primitive period 4.

If « is a root of U}, then so is —«, and that W} represents a single four-cycle with trace 0.

(Clearly, this gives a Galois-stable four cycle.) To compute 74, then, we want the traces of the
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cycles given by Aj (b, k, z), so we expect 74 to be quadratic. Further, we can see that the sum of the
two traces will vanish: if « is on one 4-cycle, then —a is on the other. Therefore the irreducible
polynomial for the traces will be of the form 74(2,b, k) = 2% + V for some V € Q(b, k), and it is an

easy matter (with Mathematica) to compute

b (4k* + 4K + 4k + 2k + 1)

Ta(z, b, k) = 2° + 5

Since 74 is even in z, we may let = 22 and consider instead the polynomial

b (4k* + 4k% + 4k + 2k + 1)
T+ =

k5

A change of variables x — bx/k® and then multiplying by k°/b, and we have
z+ (4k* + 4k% + 4k° + 2k + 1) = 0.

Any rational k yields a rational z. We may then choose b so that k®x/b is a square. In fact, it is
enough to let b = — (4k4 + 4K3 + 4k% + 2k + 1). (It is an easy matter to check that this relationship
between k and b is different from the one in equation (4.18), so that if ¢y ;, has three Galois-stable
four-cycles, it does not have any rational points of primitive period 4.)

Using this substitution, we may recompute the 4** dynatomic polynomial.

5 (k, 2) = k(16K + 32K% 4 48k% + 48k" + 40KC 4 24k5 + 12k + 4k3 + k2

— 822k5 — 822K° — 1622k — 122%k3 — 102%k? — 422k — 222 + 2%k + 2)

(16K + 32k + 48%7 + 48K"® + 40k + 24k° + 12k° + 4k* + &*
+ 162k" + 162k% + 162k" — 82k° — 162k* — 122k — 82k? — 32k — 2
— 822k0 — 122%k% — 82%k% — 1222k° — 162%k* — 327k — 22
—42%K° — 428Kk — 42383 — 22882 — 22k — 2Mk3)

(165 + 32k — +-48K° + 48K® + 40k" + 24K° + 12K° + 4Kk* + K®
162k” — 162k® — 162k" + 82k° + 162k* + 122k + 82k + 32k + 2
— 82%k5 —122%k5 — 1627k — 1222k — 82%k? — 32%k — 22
+ 42355 + 423k + 42383 + 22382 4 23k — 213,

We conclude by presenting evidence that for n = 5 and n = 6, there are no rational periodic

points for ¢(z) = kz—|—g of primitive period n. It seems reasonable that there are no rational periodic

points of period n > 4, but certainly a different approach would be necessary to prove this result.

Proposition 13. Let ¢(z) = kz + 2 with k € Q \ {0,—1/2} and b € Q*/(Q*)?. Then there are at
most finitely many ¢ with a rational point of primitive period 5. In fact, there are only finitely many

such maps with a Galois-stable five cycle.

Proof. Again, irreducibility of the curve ®%(b, k, z) = 0 is unaffected by the parameter b. By Theo-

rem 10, we know that ®%(1—Fk, k, z) = 0 is irreducible over Q. It is a seemingly unweildy polynomial
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of degree 30 in each k and z, but using techniques like those in the previous lemmas, we can con-
sider the trace of an orbit of a given five-cycle, and calculate the polynomial 75(b, k, z). Since —a
is a root of ®; whenever « is, and since a and —a« are necessarily on different orbits, we see that
T5(b, k, z) € Q(b, k)[2] will be a degree-6 polynomial that is even in z.

Mathematica allows us to calculate the coefficients as before, and we find that

b (11K + 11k° + 115" + 7K® + 5k + 2k + 1)

TS(bvkuz):ZG—i_ k7 o
b? (19K® + 38k™ + 57kS + 60k° + 55k* + 38k + 24k* + 9k + 3)
+ 710 z
b (3K +3k2 + 3k + 1) (k' + k3 + A2 + k+ 1)
+ :
k13
We may substitute x = 22 to get
b (11kS + 11K° 4+ 11k* + 7k® 4 5k + 2k + 1
5(b, k, x) = 2 + ( 5 ):v2
b? (19K® + 38k" + 57kS + 60k° + 55k + 38k* + 24k* + 9k + 3)
+ 710 r
¥ (33 +3k2 + 3k +1)° (K + K3 + k2 + k + 1)
k13 :

Substituting x — k—ng and multiplying by k3/b% removes the dependence on b and leaves a polyno-

mial. So we seek rational solutions to
0=k'2® + (11k° + 11K° + 11k"* + 7k® + 5k* + 2k + 1) 2
+ (19K + 38k™ 4 57k° 4 60k° + 55k* + 38k™ + 24k* + 9k + 3) x (4.22)
+ (B 432 +3k+ 1) (K + P+ K2+ k1),

The curve described in equation (4.22) has genus 4 and is not hyperelliptic. Certainly any rational
triple (b, k, ) such that ®%(b, k, z) = 0 would yield a rational point on this curve. Furthermore, any
rational point on this curve with k # 0 corresponds to a Galois-stable five cycle for ¢(z). By Falting’s

Theorem [6], there can be only finitely many such points. O

Remark. Tt seems likely that there are not any finite rational points on the curve in equation (4.22)
other than the point (k,2) = (—1/2,—11/4). The author has tested rational points with height
< 1,000 and found no other rational solutions. However, the author can find no map to curves of
lower genus nor any other method for proving there are no such points.

Recall that k = —1/2 gives a map with additional automorphisms. For this k-value we can trace

back the substitutions and find that this corresponds to the map

o(z) = —g + %

This map has two Galois-stable five cycles, but no rational points of period 5.
One might ask if for every n (or even just for infinitely many n) there is always a map in
Twist (¢,1/271/Q) with a Galois-stable n-cycle.
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Proposition 14. Let ¢(z) = kz + 2 with k € Q. {0, —1/2} and b € Q*/(Q*)2.
(a) There are no such maps ¢ such that ¢ has exactly siz rational points of primitive period 6.
(b) There are at most finitely many ¢ with more than siz rational points of primitive period 6.

Proof. Again, from results in Chapter ??7 we know that the sixth dynatomic polynomial for this
family factors as
D5 (b, k,z) = Wg(b, k, 2)Ag(b, k, 2).

Further, it is shown that there is a natural isomorphism (over Q) between the curves ®5(b,k,z) =0
and U§(b,k,z) = 0. The fact that there are no rational points on ¥§(b, k,z) = 0 follows from
Theorem 8, which proves part (a). since if A(b, k, z) had a rational z-root, it would necessarily have
12 of them because the autmorphism interchanges the cycles of o and —a.

The rest of the proof follows exactly as in the case of Proposition 13. If we let 74(b, k, 2) be
the polynomial with roots ¢; such that ¢; is the trace of a six-cycle corresponding to some root «
of Ay(b,k,z) = 0, then 74(b, k, z) is an even polynomial in z of degree 8. Letting z = 22, we can
change variables to remove the dependence on b and get a polynomial 75(k, x) in k and . The curve
75(k,z) = 0 has genus 7, so we may again invoke Falting’s theorem to conclude that there are at

most finitely many points on the curve. The rest follows as before. o

Remark. We note for interest that 76(k, ) defined about does indeed have at least one finite rational
point, namely (k,z) = (=1/2,6). The corresponding b value must then be 6 since as before we have
xb = 22 and b is defined only modulo squares. The map ¢(z) = —%z + g had the expected Galois-
stable 6-cycle in U§ (b, k, z), but it has two others as well; there are two degree-6 factors of Af(b, k, z),

though there are no rational 6-cycles.

4.3 Rational preperiodic points

We now wish to classify not just rational periodic points, but also rational preperiodic points.

Therefore, we follow Poonen in [18] for the notation describing preperiodic points.

Definition 9. Let m and n be positive integers. Given a rational map ¢, we say that P is a

preperiodic point of type my, if P enters an m cycle after n iterations. That is, ¢"T™(P) = ¢"™(P).

Ezample. As shown in Poonen’s article, z = 3/4 is a point of type 35 for the polynomial ¢(z) =

2% — 29/16 since we have
3/4+% —5/4% —1/4% —7/4% 5748 —1/4% —7/4.- ..
The following small lemma will be helpful throughout the section.

Lemma 18. Let K be a field. Let ¢(2) = kz+ £ € K(2), with bk # 0, and let a1,z € K*. Then

d(ar) = ¢(az) if and only if an = ag or oy = s -
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Proof. This is a simple algebra exercise:

b b
kay +— = kas+ —
a1 [6%)
koz%ozg +bay = kalag + bo
(kalag — b)(a1 — QQ) = 0,
and the result follows. O

We begin by describing rational preperiodic points of type m;.
Proposition 15. Let ¢(z) = kz + 2, with k € Q ~ {0,-1/2} and b € Q*/(Q*)%. Then
(a) For all k and b, z =0 is a point of type 11 for ¢(z).

(b) There are as many rational points of type my as there are rational points of primitive period m,

unlessm =1 and k = 1/2.
(c) If k =b=1/2, then ¢(z) has three rational fized points, but z =0 is the only point of type 1;.

Proof. For part (a), we begin with the homogeneous form for ¢. We see that ¢(0,1) =[b: 0] =[1: 0],
which is a fixed point from Proposition 11. So z = 0 is always a point of type 1;.

For part (b), if w is a rational point of period m, then some rational point oy satisfies ¢(a1) = w
(namely the preimage of w on the m-cycle). We know from Lemma 18, then, that ay = % is also
a rational preimage of w. Unless a; = aw, it cannot be on the m-cycle, so it is a rational point of
type mq. Since a point can have only two preimages under ¢, this exhausts all points of type m;.

If a; = ag, then af = b/k, so modulo squares we may take b = k, and our map ¢(z) = k (z + %)
Also, we see that «; is a double-root of the polynomial ¢(z) — ¢(«q), which says oy is a critical point
of ¢(z). Given our form for ¢(z), we have a; = +1.

We claim that the only rational k-values for which +1 can possibly be periodic are k = £1/2.
Since —¢(z) = ¢(—=2), it is enough to analyze the case a; = 1.

If k£ > 1, then one may check that lim, ., ¢"(1) diverges to infinity. Likewise, it grows negative
without bound for k£ < —1, so the only possible k values to result in a periodic critical point are
those —1 < k < 1.

m

Let k = 7 in lowest terms, and suppose n # 2. Consider any prime p|n. If p # 2, then
2m
ord,(4(1)) = ord, — )< 0,

and furthermore, if ord, (%) < 0 for some $ € Q in lowest terms, then

ond, (0 (3)) =ord, () ona, (3).
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So then ¢" (1) diverges to infinity p-adically, and «; cannot be periodic. Finally, we just need to

consider the case k = 7, n = 2¢ for some e > 1. Then we have
m
orda(¢(1)) = ords (F) <0,

and the rest of the argument follows as above. So in this case, ¢" (1) diverges to infinity 2-adically,
and a3 = 1 cannot be periodic.

Hence, the only possible k-values to yield a periodic (or preperiodic) critical point are k = +1/2.
Recall that we do not consider the case k = —1/2 because the corresponding rational maps ¢ have
automorphism group Ssz, so we need only consider the case that k = 1/2. It is easy to check that
for k = 1/2, the points +1 are fixed points for ¢(z). So, in this case, there are no points of type
1; other than z = 0. Every other rational point of period m has a corresponding point of type mj.

This completes the proof of part (c) as well. O

We now move on to rational preperiodic points of type mo.
Proposition 16. Let ¢(z) = kz + 2, with k € Q ~ {0,-1/2} and b € Q*/(Q*)%. Then

(a) &(z) has no rational points of type 1o unless k = —b. In this case there are two preimages of 0,

and there are never any other points of type 1s.

(b) &(z) has both points of type 12 and finite fized points if and only if k = ﬁ and b = % for

some x € Q*.
(¢) &(z) has no rational points of type 25.
(d) ¢(z) has no rational points of type 4.

Proof. For part (a), consider possible preimages of z = 0.

This has a solution in Q if and only if —% € (Q*)?, in which case it has two distinct solutions since
b # 0. Because b is only defined modulo squares, this is equivalent to k = —b.

We now consider other points of type 15, which map after two iterations to a finite rational fixed
point. Because we assume that we have finite rational fixed points, we know that b =1 — k.

Let a be a rational fixed point and x the corresponding point of type 1;. Without loss of

generality, we may take the positive point, so let o = 1/% = 1 by our normalization. Then

b

z =& =1k We seek a point w such that ¢(w) = z.
b b
k —=—
w+w ka
w4 LK) _1-k
w k

Ew? — (1 —k)w+ k(1 —k)=0
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The final equation is quadratic in w, and it has rational roots if and only if the discriminant (1 —
k)% —4k3(1 — k) is a square. Because k must be rational, we are left with the task of finding rational
points on the elliptic curve

= (z—1)2zx—1)(222 + 2+ 1). (4.23)

2y+x+1
(z—1)2

X

A change of variables x — %5

and y —

transforms the curve in equation (4.23) to the

reduced form
v +ay+y=212°—z. (4.24)

This is curve 14a4 in Cremona’s tables [4]. The curve has rank 0, and torsion group Z/6Z. It is a

simple matter to find the six rational points on this curve:

{Oa (17 O)a (07 O)a (_L 0)7 (Oa _1)a (17 _2)}

Using the change of coordinates, we may find the six rational points on our original curve:

{(Oa 1)7 (Oa _1)a (1/27 O)a (17 O)}

and a double point at infinity.

Since the z-coordinate corresponds to our k value, we see that we may eliminate the point at
infinity and the points (0, £1). We need only consider what happens when k =1/2 or k = 1.

When k£ = 1, we know from Proposition 11 that ¢(z) has a triple fixed point at infinity and no
finite rational fixed points. Since the preimages of z = 0 have already been discussed, we are done
in this case. Similarly for k¥ = 1/2, we have b =1 — k = 1/2. In this case, we have seen above that
there are no points of type 1; other than z = 0, so there can be no points of type 15 except for
preimages of 0. This concludes part (a).

For part (b), recall that ¢(z) has finite fixed points if and only if b = 1 — k, and it has points

of type 15 if and only if b = —k. We need to see when these two conditions give the same value of
be Q/(Q*)2. Letting b = —kz? = 1 — k, we have
1 p—
1—x2

So we see that we have both rational fixed points and rational points of type 15 if and only if there
is some = € Q* such that k = ——=—. (Note that x # 0 since b # 0.) In this case,

1—x2°

1

b=-k=———.
1— 22

For part (c), we need to look for preimages of points of type 2;. If we have a rational two-cycle,

we know that b = —(k + 1). With this normalization, the points of the two cycle are 1, and the

type 2; points satisfy x = :F%. So we seek rational w such that
b —(k+1
kw + — = g
w k
fw — (k+1) _ —(k+1)
w k

E*w? + (1+k)w — k(1 +k) =0
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A rational root w requires that the discriminant (k 4 1) + 4k3(k + 1) is a square. Since k must

be rational, we are left with the task of finding rational points on the elliptic curve
vP=(z+1)2x+1)(22% — 2+ 1). (4.25)

A change of variables x — —x maps this curve isomorphically onto the one in (4.23), for which we’ve
already found the rational points {(0,1), (0,—1),(1/2,0),(1,0)} and a double point at infinity. The

rational points on the curve in equation (4.25) must then be
{(0,1),(0,-1),(-1/2,0),(—1,0)} and a double point at infinity.

Again, the z—coordinate corresponds to our k value. We know that kK = —1/2 is not an allowable
value, and that for £ = —1 we have no rational two-cycle by Proposition 12.
For part (d), we must assume that ¢(z) has a rational 4-cycle, so from Theorem 9

2mz m
m2—1 2z(m*-1)

¢(z) =

The four cycle contains the rational points {:I:m2;+17 WQL_H} So we first calculate the relevant type
4, points.
b m m? —1
=—=(- +m? 41
T ka ( z(m4—1))(2mz>(m+)

1

=F 5"
Similarly,

"= = (‘z<mT— 1)) (m2m_1> (*mznjl>

2m’
Because of the automorphism of ¢, without loss of generality we may consider only the positive
type 41 points. We first will seek preimages of the point x = 1/2.
2muw m 1
p(w) = =

m2—1 wm*—-1) 2

4m(m? + Dw? — (m? = Nw —2m =0

The final equation is quadratic in w, so again rational solutions require that the discriminant (m? +
1)(m® —m?* + 31m? + 1) is a square.

In other words, we seek rational points on the genus 3 hyperelliptic curve
F:d*=m?*+1)(m® —m*+31m? +1). (4.26)
Since the equation is even in m, there is a map to an elliptic curve

E:d®=(z+1)(z® - 22 + 31z + 1),
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defined by f : (m,d) — (m?,d).

The minimal Weierstrass model for E is y?2+zy = 3

— 22 —2+1, which is curve 58a in Cremona’s
table [4]. Unfortunately, this curve has rank 1, so we are unable to use it to find the finitely many
rational points on the curve F'.

However, there is also a map to a curve of genus 2
C:y?=a(x+1)(z® — 22 + 31z 4+ 1),

defined by g : (m,w) — (m?, mw).
To find all of the rational points on F', it is sufficient to find all rational points on the genus 2

curve C, and then to find their preimages under
9:F(Q) — C(Q).

Magma tells us that the rank of J(Q), the Mordell-Weil group of the Jacobian, is 0 and that the
torsion subgroup is isomorphic to Z/27Z x Z/8Z. Hence the total number of elements in J(Q) is 16.

A short search yields the 16 rational members of the Jacobian:

identity, {(-1,0), 00},
{(1,8), 00}, {(1,8),(1,8)},
{(1,-8), 00}, {(0,0), oo},

{(=1,0),(1,8)}, {(=1,0),(0,0)},

{(=1,0),(1,-8)}, {(4+ V17,116 — 28V/17),
{(0,0),(1,8)}, {(4 + V17,116 + 28V/17),
{(0,0),(1,-8)},  {(8+ V65,548 + 68V/65),
{(1,-8),(1,—8)}, {(8+ V65, —548 — 68/65), (8

4 —+/17,-116 + 28/17)},

4 — /17,116 — 28V17)},

8 — /65,548 — 68/65)},
— /65, —548 + 68v/65)},

where, as usual, { Py, Py} represents the divisor class containing P; + P> — 200. There can therefore

/\/\/\/\

be no other points in C(Q), apart from the five obvious points:

{007 (07 0)7 (_17 0)7 (17 8)7 (17 _8)}7

since any other members of C'(Q) would give rise to additional members of J(Q). Using

9:F(Q — CQ)

(m,w) — (m?, mw)

we see that (—1,0) can have no preimages. The points {(0,0),(1,8),(1,-8),00} € C(Q) have
x € {0,1,00}, and so any preimages in F(Q) must have m € {0,1,—1,00}. We find the points

(m,w) € {(0,1),(0,-1),(1,8),(1,-8),(—1,8),(=1,—8),00", 007 }.

This must give all of F/(Q). We see that necessarily m € {0, £1, 0o}, none of which are allowable in
the parameterization of ¢(z) given in Theorem 9. So, indeed, there are no points of type 45 which

are preimages of +1/2.
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Following the same calculations as above for the point = 1/2m, we get the curve
G:d? = (m*+1)(m® +31m* —m? +1).

By a change of coordinates d — d/m* and m — 1/m, this is isomorphic to the curve F in equa-
tion (4.26). This change preserves the set of possible m values given above, so again we find that no

rational points on the curve G correspond to rational points of type 4s. O

Proposition 17. Let ¢(z) = kz + 2

2z’

with k € Q~ {0,-1/2} and b € Q*/(Q*)?. Then
(a) ¢(2) has no rational points of type 1, forn > 2.
(b) &(z) has no rational points of type 2,, for n > 1.
(¢) &(z) has no rational points of type 4,, for n > 1.

Proof. Parts (b) and (c) follow immediately from Proposition 16.

For part (a), it is enough to prove that there are no rational points of type 15. From Proposi-
tion 16, we need only consider the case k = —b. In this case, the only possible rational points of type
15 are preimages of 0, so to examine points of type 13, we must find the preimages of such points.

If a is a point of type 1g, then a@ = +£1. We seek w € @ such that

1
k(w——)zl
w
kw? —w+k = 0.

Rational roots of this quadratic exist if and only if the discriminant 1+ 4k? is a square in Q. This is
equivalent to seeking integer solutions to the equation m? + 4n? = 1, which clearly has only (&1, 0)
as solutions. Since k # 0, these solutions do not correspond to any points of type 13, and therefore

none exist. O

Finally, we consider if and when it’s possible for ¢(z) to have rational points of period m and n

simultaneously when m # n.

Proposition 18. Let ¢(z) = kz + 2

z?

with k € Q ~ {0, —1/2} and b € Q*/(Q*)2. Then

(a) &(z) has two finite rational fized points and a point of period 2 if and only if for some m € Q
we have )
1+m 2
TR e g

k

(b) &(z) has points of type 15 and a rational point of period 2 if and only if for some x € Q we have

1 -1

(¢) &(z) has two finite rational fized points, rational points of type 12, and a rational point of period 2
if and only if for some t € Q we have
(2 + 2t +2)° 1

P haanery ™ YTrnar



CHAPTER 4. RATIONAL PERIODIC POINTS 69

Proof. We know from Proposition 11 that ¢(z) has finite rational fixed points if and only if b = 1—k,
and we know from Proposition 12 that ¢(z) has a rational two-cycle if and only if b = —(1+ k). For

some m € Q*, we want

1—k=—(1+Fkm?
1+2% =k(1—m?)

- 1+ m?

=
1—m?2

Solving b =1—k, we find b = n%;”jl which is equivalent modulo squares to the expression in part (a).

For part (b), b must satisfy both b = —k and b = —(1 + k) modulo squares. This requires some
x € Q* such that

The value for b follows immediately from this.

For part (c), we begin with the expressions from part (a). If we also require points of type 1a,

we need b = —k. That is, for some y € Q* we want
—by? =k
292 1+ m?
m2—1 1—m?2
2% =1+ m?

This rational curve is parameterized by

P HAt+2 P 4+2t+2
(mvy): - - .

2-2 7 2 -2

Substituting m into the expressions for b and k in part (a) yields the parameterization given in
part (c). O

Proposition 19. Let ¢(z) = kz + 2, with k € Q ~ {0,-1/2} and b € Q*/(Q*)%. Then
(a) ¢(2) cannot have both finite rational fized points and a rational point of period 4.

(b) &(2) has both rational points of type 1o and a rational point of period 4 if and only if for some
t € Q*, we have

(2 —2) (t* + 4t +2) nd b_(t2—2)(t2+4t+2)

N TG+ tt+ 1)(t+2)

(c) ¢(2) cannot have both a rational point of period 2 and a rational point of period 4.
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Proof. From Proposition 11, ¢(z) has finite rational fixed points if and only if b = 1 — k, and from
Theorem 9, ¢(z) has a rational point of period 4 if and only if k = 2m/(m?—1) and b = —m/(m*—1).
We need to show that these cannot both be true, taking b modulo squares. If they were true, we

would have some x € Q* such that

br’=1—k

—ma? 2m

mi—1 m2—1

ma® 4+ (m? —2m —1)(m* +1) =0

This has rational solutions in z if and only if the discriminant
—4m(m® 4 1)(m? — 2m — 1)
is a square. So we seek rational points on the genus 2 curve
C:d*=—m(m*+1)(m?* —2m —1). (4.27)

Magma tells us that the rank of J(Q), the Mordell-Weil group of the Jacobian, is 0 and that the
torsion subgroup is isomorphic to Z/27Z x Z/10Z. Hence the total number of elements in J(Q) is 20.

A short search yields the 20 rational members of the Jacobian:

identity, {(-1,2), 00}, {(-1,-2), 00}, {(0,0), 0},
{(1,2), 00}, {(1,=2), 00}, {(=1,2),(-1,2)}, {(=1,-2),(-1,-2)},
{(1,2),(1,2)},  {(1,-2),(1,-2)}, {(1,2),(=1,2)}, {(1,-2), (-1,-2)},
{(1,2),(=1,-2)}, {(1,-2),(=1,2)}, {(0,0), (=1,2)}, {(0,0), (=1,-2)},
{(0,0,(1.-2)},  {(0,0),(1,2)}, {(V-10),(=V=1,0)}, {(1+v2,0),(1-v20)},

There can therefore be no other points in C(Q), apart from the six obvious points:

{OO, (07 O)a (17 2)a (_L 2)7 (L _2)a (_L _2)}a

since any other points of C'(Q) would give rise to additional members of J(Q). The only finite m
values represented here are m € {0,41}, none of which are allowable in the parameterization in
Theorem 9. This proves part (a).

For part (b), we know that ¢(z) has rational points of type 1 if and only if b = —k. Reasoning

as above, we need to find z € Q* such that

bx? = —k
ma? 2m
-1 m2 —1
22 =2m%+2

This describes a rational curve which may be parameterized by

22 At +4 —t2 —4t—2
(,m) = .

t2—-2 2 -2
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Substituting this m into the expressions for k£ and b gives the desired parameterization.
Finally, from Proposition 12, ¢(z) has a rational two-cycle if and only if b = —(1+4 k). Reasoning

as above, we would have some z € Q* such that

br? = —(1 + k)

—mx27 14 2m
mi—1 m?2 —1

ma? — (m? +2m — 1)(m? +1) =0

Again, this has rational solutions in z if and only if the discriminant
4m(m? 4+ 1)(m? +2m — 1)
is a square. So we seek rational points on the genus 2 curve
D :d* = m(m? + 1)(m? +2m — 1). (4.28)

A change of variables m — —m maps the curve D above isomorphically onto the curve C in (4.27).
We see on the list of rational points for C' that (—m,d) was a rational point whenever (m,d) was.
The rational points on D must therefore be exactly the same set. So again, we have no valid m

values. O

Combining the results of Propositions 15-19, we see that the maximal number of rational prepe-

riodic points landing eventually at a fixed point or a two cycle will occur in two different cases:

e when ¢(z) has finite rational fixed points, points of type 1, and a rational two cycle as

described in Proposition 18(c), or
e when ¢(z) has a rational four cycle and points of type 1o, as described in Proposition 19(b).

In each case, there are a total of 12 rational preperiodic points, including the fixed point at infinity.

And we have proved the following.

Theorem 10. Let ¢ : P* — P! be morphism of degree 2 defined over Q, and suppose that Aut(¢) =
Uo. Then

#{P € Q|P is preperiodic and lands on a cycle of length at most four} < 12.

4.4 Examples

In this section, we give a complete list of the possible directed graphs corresponding to rational
preperiodic points for ¢(z) = kz + g, based on the results in Section 4.3. A diagram of each

possibility is shown in Figure 4.1.
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(1,1) 0 1212 0 0 0
0 (o] 0 00 -1 1
(1,-1) (3/4,1)
—1 o\._.(} o—0 OO0
1 0/0 (o) o—>0 o—»Q
2/3 2 -2/3-2
(-1/3,1/3) (-2,1)
-2 0—»0 1/2 2 o—»Q_l/Z -1/2 .\ 0
1 'C. —1 *o—>0
-1 .\o—bo 00 . 1/2
170
(=5/4,1) YR T
2/5 ° - o—>o e
—1e
-2 C\' 2 0 e—»e 00 1/2 :_t\' -1/2 >._.Q
0 0 o
hd _2/5 6/5 o—>eo —2/3 . 2
(-25/24,1/6) 2/25 o
0 0 2P~ 0 ,‘\
o —>po o —Ppo o—>ro —2 e o 2
14/25 —2/7 -14/25 2/7 -2/5+°0 oo K 225
(4/3,2/15) -1/2 o 1/4
—2/}-/'*-‘{1/5
.—DQ
0 oo l/;.vo‘i/s
~1/4 . 172
2 14/?‘./“.'{/5
N0
“2/55e . e-14/5
0 o
e o TN o

Figure 4.1: All possible directed graphs; (k,b) values are shown for each.
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(a)

B(z) = 2+ 27!
k =1, so there are no fixed points other than the one at infinity. Furthermore b # 2 and b # —k,

there is no rational 2-cycle and no points of type 1s.

1
o(2) =5 (2 +27")
k =b=1/2, so there are finite rational fixed points at +1, but no points of type 1; other than 0

and no rational points of period 2 or 4.

o(z) =z -2
k=1 and b = —k, so we do have points of type 15, but in this case there are no finite rational
fixed points, and no rational points of period 2 or 4.

3 1

b

1= is a square and k # 1/2, so we have two finite rational fixed points and three rational points
of type 11. There are no rational points of type 1o and no rational points of period 2 or 4.

Be) =52+ 5

3z
k= ﬁ and b = —171? (here x = 2), so we have two finite rational fixed points, three rational
points of type 17 and two rational points of type 1s. There are no rational points of period 2

or 4.

H(z) = —2z+ 271
ﬁ is not a square but 1jr—bk is a square, so we have rational points of period 2 but no finite
rational fixed points. Whenever we have rational points of period 2, we have points of type 2;

and no rational points of period 4.

5 1
P(z) = —ZZZ‘F >
k= —%f$2 and b = # (in this case, we take m = 3, so k = —5/4 and m = 1/4 = 1 modulo

squares), so we have finite rational fixed points and rational points of period 2. Since k # 1/2,
there are three points of type 11, and since we have rational points of period 2, we have points

of type 21. We have no points of type 15 and no rational points of period 4.

1 1
P(z) = gz T3,
k= 12171 and b = 12_—711, so we have points of type 15 and a rational points of period 2. There

are no finite rational fixed points and no points of period 4.

25 1
Y=o TG
24242 . . .
k= _E(Hl)ﬁé) and b = m (here t = 1), so ¢(z) has rational fixed points, points of

type 1o , and rational points of period 2. Since k # 1/2, there are three points of type 17, and

since we have rational points of period 2, we have points of type 21 but no rational points of

period 4.
4 2
92) =32~ 52
k= -3"- and b= ———~ (we took ¢ = 2) , so ¢(z) has rational points of period 4. Since ¢(z)
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has rational points of period 4, it can have no finite rational fixed points nor any rational points

of period 2. In this case, we have no points of type 1s.

7 7
K =L, L
k= —%—;fﬁ and b = % (we took t = 1), so ¢(z) has four rational points

of period 4 and two points of type 12. Since ¢(z) has rational points of period 4, it can have no

finite rational fixed points nor any rational points of period 2.
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