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Abstract

Notes from a seminar on p-adic L-functions at Boston University.
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Notation and conventions

If p is a finite prime, Froby, denotes a geometric Frobenius element. We normalize class field theory
so that uniformizers are sent to geometric Frobenii under the Artin reciprocity map. If E is a field
and v is a place of E, then E, denotes the completion of E at v. If X is a scheme over Spec R and
S is an R-algebra, we denote the base change of X to S by X xg S.

1 Deligne’s conjecture on special values of motivic L-functions

Fix an algebraic closure Q of Q and an embedding ts, : Q — C. This fixes a complex conjugation
in Gq = Gal(Q/Q) which we denote Frob.

1.1 The realizations of a motive

Following [D79], we take a rather basic point of view regarding motives, namely we view them
as a collection of “realizations” together with some comparison isomorphisms. That is to say, we
define a motive to be the collection of data that should come out of an actual theory of motives.
We recommend [D89, §1] for a lengthy discussion of what one might want in such a definition.
For a higher-brow version of this approach see the works of Fontaine and Perrin-Riou where they
introduce the Tannakian category of “(pre-)motivic structures” ([Fo92], [FPR94]).

Let E be a number field. Using i, we identify Hom(FE, Q) with Hom(E, C) and denote either
one by Jg. A motive of rank d over Q with coefficients in E (e.g. the first homology of an abelian
variety over Q with complex multiplication by an order in E) will be, M, given by the following
data:

(Betti) a Betti realization Hg(M):

— Hp(M) is a d-dimensional E-vector space,
— it has an E-linear involution F.,

— Hp(M) has a Hodge decomposition

Hp(M)®q C = @ H" (M) (1.1)
i,JEZ

such that Foo (H™ (M)) C H»(M);
(de Rham) a de Rham realization Hgg(M):

— Hyr(M) is a d-dimensional E-vector space,

— equipped with a decreasing filtration FéR of E-vector spaces;
(A-adic) for each finite place A of E a A-adic realization H)(M):

— H)(M) is a d-dimensional Ej-vector space,
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— with a continuous, Ej-linear Gq-action py : Gq — Autg, (Hx(M));

together with maps I, and I for each finite place A of E, all satisfying the following compatibility
requirements:

e H,(M) are compatible in the following sense:

— there is a finite set S of finite primes of Q such that for every p ¢ S and every finite
prime X of E coprime to p, py is unramified at p,

— given a finite prime p of Q, then for all finite primes A of E coprime to p and for all
7 € Jp and every extension T of 7 to E), the isomorphism class of

WD;(pA‘GP)q)_SS (1.2)

is independent of A\, 7, and T (see remark (1) for an explanation),

— for all finite places p of Q, the characteristic polynomial of Frob, is rational and inde-
pendent of A, i.e.

Z,(T, M) := det(1 — Frob, T|H\(M)™) € E\[T] (1.3)
is “rational” (i.e. lies in E[T]) and independent of A coprime to p,
e [, is an isomorphism of F ®q C-modules
Io : Hp(M) ©q C——Hyr(M) ®q C (1.4)

such that the filtration F éR is given by the Hodge filtration, i.e.

Lo | D H"(M) | = Fir 9o C, (15)
i/ >4
J

e for each finite place A of E, I is an isomorphism of E-vector spaces
I\ Hp(M) ®p Ex—H\(M) (1.6)
such that I)(Fx) = px(Frobs).
The motive M will be called pure of weight w € Z if
(Pureso) h (M) =0 unless i + j = w.
Remark 1.1.

(i) Let p be a finite prime of Q, A a finite prime of E coprime to p, 7 € Jg, and T an extension
of 7 to E). Fix a decomposition group G, of Gq at p and identify it with Gq,. Then py|g,
gives rise to a A-adic Weil-Deligne representation WD (p,\|Gp) of the Weil group Wq, of Q, as
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explained in [D73| §8.4]. The isomorphism class of the WD representation is independent of
the choice of decomposition group. By extending coefficients to C via 7, we obtain a WD rep-
resentation WD= (p,\|Gp) of Wgq, over C which can be compared to the same for other choices
of A\, 7, and 7. We only require that their Frobenius semi-simplifications WDz (,0,\|Gp)q>'SS be
isomorphic.

(ii) We could equally well state the rationality and independence of A for Z,(T, M) using the WD
representations WD (pA]Gp) = (7p.x, Np.a). We would require that

det (1 — Frob, T (ker N,,2)"?))

be in E[T]. By the compatibility imposed on the WD representations for varying A, the
independence of A of this determinant is automatic.

Example 1.2. A basic example in the theory is M = H"(X) where X is a smooth projective
variety over Q. The notation means “take the wth cohomology of X”. This gives a pure motive of
weight w over Q with coefficients in Q as follows.

e Hp(M)= H"Y(X(C),Q), the singular cohomology with Q-coefficients:

— complex conjugation acts on the points X (C) and induces an involution on H* (X (C), Q),

— its Hodge decomposition comes from Hodge theory;
o Hyr(M) = H;(X/Q), the algebraic de Rham cohomology:

— its filtration comes from the degeneration of the Hodge to de Rham spectral sequence
EY = HI(X,Q') = Hyl! (X/Q);

e H\(M)=HY(X xq Q, E\), the M-adic étale cohomology:

— Gq acts on X xq Q and induces an action on HY(X xq Q, E)).

1.2 Motivic L-functions

From the data of these realizations, we can define the L-function of M, as well as its “completed”
L-function, its e-factors, and state a conjectural functional equation.

For each complex embedding 7 € Jg, we will define the 7-L-function of M a complex-valued
Euler product

L(s,M,7) =[] Lp(s, M, 7) (1.7)

convergent for Re(s) sufficiently large, where the product is over all finite places of Q, and the local
7-L-factor at p is
Lp(s,M,T):T<(Zp(T,M))_1)’T . (1.8)
=p—s
(if we fix 7, we may drop it from the notation and refer simply to the L-function of M). We
can consider the L-functions for different 7 as one object: an E ®q C = C/#-valued function
L*(s,M) =(L(s,M,T))

T€JR *
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We also want to define a completed L-function by adding local L-factors at infinity, also called
Gamma factors. We may define the 7-Gamma factor of M at oo, I'(s, M, 7), (or Loo(s, M, 7)) by
refining the Hodge decomposition of M as follows. The isomorphism F®qC = C”’# and the Hodge
decomposition on Hg(M) induces a Hodge decomposition for 7 € Jg

Hp(M) ©p, C= P HI (M) (1.9)
1,J€Z
compatible with FOOH such that
Hp(M) ®©q C = (P Hp(M) @5, C (1.10)
TeJE
For 7 € Jg, define N N
h2? (M) = dimc H (M) (1.11)
and for € € {0, 1}, let _
i (M) = dimg HY (M)F==(10" (1.12)

Remark 1.3. These numbers are, in fact, independent of 7, which can be seen by comparing with
the de Rham realization which is independent of 7.

These numbers determine the 7-Gamma factor as follows. Let
Tr(s) := 7 %/?(s/2), Lc(s) :=2(2m)"°T'(s). (1.13)
Define

T(s, M,7) = | [[Tels — )" | x [T [ Trls—i+e™" . (1.14)

1<j =7 e€{0,1}

The completed 7-L-function of M is defined as
A(s,M,7)=T(s,M,7)L(s, M, ) (1.15)

for Re(s) sufficiently large. Again, these can be packaged up for all 7 as A*(s, M).

Remark 1.4. One can define the local e-factors everywhere as in [Ta79, §3], define the global
e-factor as the product of the local ones, and obtain the following conjecture.

Conjecture 1.5. For each 7 € Jg,

A(s,M,7) = e(s, M,7)A(1 — s, M, 7). (1.16)

1.3 Deligne’s rationality conjecture

Definition 1.6. An integer n is critical for M if neither I'(s, M, 7), nor I'(1 —s, MV, 7), has a pole
at s = n. By remark this definition is independent of 7 € Jg. The motive is called critical if
s = 0 is critical for M.

'Since Fs is E-linear.
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Remark 1.7.
(i) If there is an i such that h*%0 = 0 # h%®! then no integers are critical for M.

(ii) In [G89], Greenberg makes the following conjecture: if p is ordinary for M, then
corankp Selq. (H,(M) ® Qp/Z,) = order of the pole of I'(s, M) at s = 1.

Theorem 1 of loc. cit. states that if M is pure, then the inequality > holds.

From now on, assume M is critical and pure of weight w. Thus, if w is even, this forces
F. to act as a scalar (either +1 or —1) on H2'2 (M). Let HE(M) == Hp(M)F~=%1 and let
d*(M) := dimg HE(M). Since F, interchanges H*/(M) and H7(M) and acts as a scalar on
H¥ (M), one of d*(M) is

G

1>7
§ B,
2]

This then picks out F™ and F~ in {Fiz}. Let HdiR(M) := Hyr(M)/F7T. The isomorphism I,
then induces isomorphisms

and the other is

I*: HE (M) @q C — Hp(M) ©q C 2= Hap(M) g C — HE (M) ®q C. (1.17)
Pick E-rational bases of HE(M) and Hj:R(M) and let

¢E (M) :=det I* € (E®q C)* (1.18)

o0

which is well-defined up to an element in E*. Deligne’s conjecture on the rationality of special
values of L-functions is then the following.

Conjecture 1.8. Suppose M is critical and L*(0, M) # 0, then

L*(0, M) ~ ct (M), (1.19)

where ~ means equal up to multiplication by an element of E*.

1.4 Example: Tate motives Q(n)

Let’s begin with Q(1), the Tate motive. It is a motive over Q with coefficients in Q. But what should
it be? Well, we know what we want its ¢-adic realizations to be: the f-adic cyclotomic character
Qq(1). This is the f-adic Tate module of G, q, i.e. the dual of the étale H'. This suggests that
Q(1) is “H1(G,)”. In fact, we can view this as the cohomology of a smooth projective variety.

Lemma 1.9. H(G,,) = H*(P')".
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Sketchy justification. Cover P! by U := P!\ {0} and V := P!\ {cc}, and note that UNV = G,y,.
Mayer—Vietoris gives the exact sequence

HY U)o H' (V) — HY(UNV) — H*(P') — H*(U)® H*(V).
The terms on either end vanish which yields the dual of the isomorphism we stated. O

So, Q(1) is the dual of the motive H?(P'), and hence is pure of weight —2. What is its Betti
realization? It’s H;(C*, Q) which is a one-dimensional Q-vector space generated by the counter-
clockwise circle vy around the origin. Complex conjugation flips the complex plane across the real
line, so it reverses the orientation of v, i.e. Fiwy = —1. A standard fact about the cohomology of
projective space says that

j 0, i#j
HI (P, Qxjc) = { ¢ il3 (1.20)
(see e.g. [Har-AG|, Exercise I11.7.3]). Thus, the Hodge decomposition is

Hp(Q(1)) 8 C = H 7HQ(1)).

This forces the de Rham realization to be a one-dimensional Q-vector space whose filtration is
determined by gr;ﬁ = Q. Of course, the de Rham realization is just the dual of H}g(G,,), the
latter being generated by the differential wy = %.

Then, for n > 0, we define Q(n) := Q(1)®", and for n < 0, Q(n) := (Q(1)")®". For Q(0) = Q,
we can either take Q(1) ® Q(—1), or the motive H°(Spec Q). The weight of Q(n) is —2n.

What integers are critical for Q(n)? Well, the Hodge decomposition of Q(n) is just H~ ™"

and Fpo = (—1)" = (—1)7""¢, s0 € = 0. Therefore,
['(s,Q(n)) =Tr(s+n).
Accordingly, I'(1 — 5,Q(n)¥) = 'r(1 — s + n). Thus, the critical integers for Q(n) are
—n + (negative odd)

and
—n + (postive even).

So, Q(n) is critical if, and only if, n is negative odd or positive even. Note that L(0,Q(n)) = ((n),
so Deligne’s conjecture is about the rationality of these values of the Riemann zeta function in this
case.

What are the periods?

e If n is negative odd, then Foo = —1, so HA(Q(n)) = 0, so ¢* (M) = 1. This agrees with the
fact that ((negative odd) € Q.

e If n is positive even, then Fy = 1, so H(Q(n)) = Hp(Q(n)), Hiz(Q(n)) = Har(Q(n)),
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and It = I,. The complex comparison isomorphism I, for Q(1) is given by the pairing

H,(C*,C) x H (C*) — C
(7,w) > /W-
8

A basis for Hp(Q(n)) is 7™ and a basis for Hqr (Q(n)) is wy ®". Pairing 7™ with w§™ gives

([ £ =

So, the image of v§™ under I is the linear functional on HJ(Gy,)®" which sends wg™ to
(27i)", whereas wy ®" sends it to 1. Thus,

det I'T = ¢l (M) = (27i)".
Thus, Deligne’s conjecture is verified in this case, since we know that, for n positive even,

() g

1.5 Example: Artin motives

Another basic example is that of motives arising from Artin representations of Gq. Of particular
importance to us will be the rank 1 examples as they correspond to Dirichlet characters, and twisting
L-values by Dirichlet characters is a fundamental operation in the theory of p-adic L-functions.

Let p : Gq — Autg(V) be an Artin representation, i.e. £ is some number field and V is a
d-dimensional vector space over F, in particular im p is finite. Let [p] denote the motive over Q
with coeflicients in E associated to p. What are its realizations?

Proposition 1.10.
(i) Hgp([p]) =V with Fsx, = p(Frobs,) and
. VeqC, ifi=j=0
(2% _ Y
H™(lp]) = { 0, otherwise,
(ii) Har([p]) = (V ®q Q)92 with g1l = Har([p),
(1ii) Hx([p]) =V @ Ex,
(iv) the isomorphism I, is the inverse of the map

VeqQ)fewqC — VrqC
(v®a)® z = U o)z,

In particular, [p] is a pure motive of weight 0.
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Sketch of part . We provide suggestive evidence for obtaining part from the Betti and de
Rham realizations. Since H'(Gq, GL(d,Q)) = 1, (V ®q Q)“? is a d-dimensional Q-vector space
and there is a canonical isomorphism of Gg-modules

(V®QQ)GQ ®QQ — V®QQ
(v@a)® s —  v®af

where Gq acts only on the Q factor on both sides. The extension of scalars to C, via too, of this
canonical map would certainly seem like a good thing for (the inverse of) I to be. O

Remark 1.11. We won’t get into the proof of this proposition, but we will make a few leading
statements, in particular addressing the reason we call it a proposition as opposed to a definition.
To start off, how does one find a “geometric avatar” of an Artin representation? Here’s one way.
As noted, im p is a finite set, and it has an action of Gq. Grothendieck’s version of Galois theory
states that there’s an equivalence of categories between finite Gq-sets and finite étale Q-algebras
(i.e. finite products of number fields). The correspondence is the following: to a finite Gq-set S,
associate the ring of Gq-invariant functions S — Q; to a finite étale Q-algebra A, associate the
finite Ggq-set Hom(A, Q) (i.e. the Q-points of Spec A). For example, taking A = F a Galois number
field, the corresponding Gq-set is Jp with Gq acting through Gal(F#/Q). This gives the regular
representation of Gal(F/Q).

To an Artin representation, we’ve attached a zero-dimensional variety X over Q, and we could
suspect that all Artin representations could be found in the cohomology of zero-dimensional varieties
over Q (necessarily in H°). Since dimg H°(X(C), Q) = the number of connected components of
X(C), we see that Q is the only finite étale Q-algebra whose H° will give a rank 1 motive over
Q. Thus, in simply taking cohomology of zero-dimensional varieties over Q, we fail to obtain, for
example, the non-trivial Artin characters over Q. To see an instance of what is going on, consider
F = Q(\/Zi), for d a negative fundamental character, let x4 = (4) be its quadratic character,
and let rq4 be its regular representation. It is easy to verify that im x4; = imry as Gq-sets. Can
this be fixed? Yes. By using correspondences. The idea behind motives is that they should be
those pieces of the cohomology of smooth projective varieties that can be cut out by algebraic
correspondences. Applying this to the situation at hand, one can, with some work, find that every
Artin representation factoring through Gal(F/Q) can be found inside H%(Spec F). One could then
prove proposition by studying the various cohomologies of Spec F. Perhaps this remark will
morph into a proof in a subsequent version of these notes.

We should also remark that since we have taken geometric Frobenii, L(s, [p]) = L(s, p"), where
the latter is the Artin L-function of the contragredient of p.

Now, let [p](n) := [p] ® (Q(n) ®q E). It is pure of weight —2n, with Hodge decomposition
H=™7"_ What are its ['-factors and its critical integers? The answer splits up into three cases.

e pis even (i.e. p(Froby) = 1): then for [p], Fso = 1, so for [p](n), Foo = (—1)" = (=1)7"+0,
so € =0, and h;n’fn’o =d. Its I'-factor at 7 € Jg is thus

I(s,[p](n),7) = 'r(s + n)%
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Accordingly, it has the same critical integers as Q(n), i.e.
—n + (negative odd)

and
—n + (positive even).

Thus, [p](n) is critical if, and only if, n is negative odd or positive even (in particular, [p] is
not critical).

e pis odd (i.e. p(Frobs) = —1): then for [p], Fs = —1, so for [p](n), Fo = (—1)"" =
(=1)""* s0 e =1, and h;y™ ™ = d. Its D-factor at 7 € Jp is thus

L(s,[p](n),7) =r(s +n+1)%
It therefore has “more” critical integers than in the even case:
—n + (positive odd)

and
—n + (non-positive even).

Thus, [p](n) is critical if, and only if, n is positive odd or non-positive even (in particular, [p]
is critical).

e if p is neither even nor odd, there are no critical points by remark [L.7(i).

1.5.1 Special case: Characters

In this section, we restrict to the case of characters p : Gq — E* and determine their periods. Fix
1 a square root of —1E| This breaks up into two cases based on whether F,, = +1.

e p and n have opposite parity (p even, n odd (negative), or p odd, n even (non-positive)): then
Fso = —1,50 HE([p](n)) =0, so

e p and n have the same parity (p even, n even (positive), or p odd, n odd (positive)): then

Fo = 1,50 HE([p(n)) = Hp([p](n)) with basis 1 ®~5", and Hi;([p](n)) = Har([p](n)) with

basis g; , ® w(\)/ @M where i,p is the Gauss sum of the following lemma.

Lemma 1.12. Let f, € Z be the conductor of p and let

gip= Y pla)®i (exp(2mia/fy)) € E©q Q.
ac(Z /1)

Then, g, is a basis of Har([p]) = (V ®q Q)¢<.

2We introduce this choice in our notation because it will be used when discussing the conjectures of Coates and
Perrin-Riou.
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Proof. The action of Gq on g; , simply permutes the factors. O
The inverse of the comparison isomorphism for [p] is (E ®q Q)“@ ®q C — E ®q C given by

Yo pla) @it (exp2ria/fy)) @1 D p(a) ® too (12 (exp(2mia/fy))) |

a€(Z/7p)" a€(Z/7p)"

so, for [p](n) in the basis above

et ([pl(n)) = det I'™ = det I, = Gy(p)~"(2mi)",

where
Gi(p) == Z p(a) ® exp(2mia/f,) € E ®q C
a€(Z/fp)*
(independent of tx,). Actually, both [D79] and [Co91] use the following period
9i(p)(2mi)"
where

3i(p) = G-i(p™1).
They can do this because for every 7 € Jg,
T(Gilp)T(Gi(p)) =Fp € Q

and

SO

Remark 1.13. By class field theory, this example also covers the case of Dirichlet characters.
Specifically, let x : (Z/N)* — C* be a primitive Dirichlet character. There is a canonical iso-
morphism from the ray class group Cégoo to (Z/N)*. Furthermore, the reciprocity map pro-
vides an isomorphism Cﬁgm% Gal(Q(un)/Q). These two isomorphisms then give p, : Gq —
Gal(Q(un)/Q) — C* making the following diagram commute

(z/N)~ C*

A
ZT Px

O™ o> Gal(Q(un)/Q)

We remark that under our convention for the reciprocity map, L(s,x) = L(s, py-1) = L(s, [py])
(where the first object is the usual Dirichlet L-function of x). Accordingly, we define [x] := [py].
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1.5.2 Special case: Spec I

In this section, we restrict to the case [p] = HY(Spec F'), which is the regular representation of
Gal(F/Q) when F/Q is Galois. For any F', we have

L(s, p) = Cr(s)

the Dedekind zeta function of F. By Grothendieck’s Galois theory, we find that we are dealing
with the Galois representation
p:Gq — Autq(V)

where V = Q’F with Gq acting by permutations on Jp. In particular, we can identify Hgg([p])
with F' via ~ _
F — Hag(lp]) € Q" ®qQ

a +— Z er ®7(a),

T€JR
where e, is the vector with a 1 in the 7-component and zeroes elsewhere. The inverse of I, is thus
given by
FeqC — QFegqC — c/r
a®1 — Z er@7(a) —  (1(a))resp.
T€JR

The vectors e, form a rational basis of Hg([p]) and as a rational basis of Hyr([p]) = F we take an
integral basis {ai,...,aq} of F/Q. It is then clear that the determinant of I, in this basis is the
inverse of the determinant of the matrix whose (i, 7)-component is 7(a;). Thus,

det I, = (1.21)

1
VIAFR|
where Af is the absolute discriminant of F.

But when is [p](n) critical? Not very often in fact. Since Fi, = p(Froby), we see that unless F'
is totally real, F, will act on Jr with both eigenvalues 1 showing up, i.e. unless F'is totally real,
p is neither even nor odd and hence has no critical points. Let’s not be too disappointed though
since the functional equation and Gamma factors of the Dedekind zeta function imply that for F
not totally real (p(n) = 0 for all negative integers. Indeed, letting r; (resp. r2) denote the number
of real (resp. complex) places of F', then the Gamma factor is

L(s,[p]) = Tr(s)* " Tr(s + 1),

the functional equation is
1-2s
Als,[p]) = VIARl Al =5, [p]).

Now, let’s consider the case where F' is totally real. Then p is even, so [p](n) is critical if, and
only if, n is negative odd or positive even. Again, one can see that (p(n) is automatically zero at
negative even integers. If n is negative odd, then F, = —1, so ¢X ([p](n) = 1. On the other hand,

when n is positive even, Fp, = 1 and It = I. Using the above calculation of det I, for [p], we
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find that Y
ct ([pl(n)) = m, for n positive even.

|Ar|
What a coincidence! A result due to Siegel shows that (p(n) € Q* for negative odd n. And the
functional equation then confirms the rationality of (z(n)/ct ([p](n)) for n positive even.

Appendix: Properties of the Gamma function

In this appendix, we would like to list some of the well-known properties of the function I'(s) and
translate them into properties of I'g(s) and I'c(s).
To begin, there is the duplication formula

[(s)T(s 4+ 1/2) = 21725 /7(2s) (1.22)
which yields the following.
Lemma 1.14.
FR(S)FR(S + 1) = Fc(s). (1.23)
Proof.

I'r(s)Tr(s+1) = w‘%p(%) 7T_32_11‘<S ;L 1)

= 7722175 /7D (s)
= 2(2m)°T'(s)

= Tcls)
O
Secondly, there is the functional equation
r'(s)r'(1—s) = : 1.24
(Or(1=8) = 5 (1.2
Applying this to I'c(s) yields
Fe(s)e(l—s) = 2(2m)°T(s)2(2m)* 11 — )
_ 4 T
27 sin(7s)
2
= . 1.25
sin(7s) (1.25)
We obtain the following.
Lemma 1.15. For alln € Z,
2
Fe(s—n)T'c(l—s+n)=(-1)" (1.26)

sin(7s)’
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Proof. By (T.25),

(s —n)To(l —s+n) = mwi_n))
2
sin(7s) cos(—mn) + sin(mn) cos(ms)
2

sin(ms) cos(—mn)

We can give a more symmetric form to the functional equation.

Lemma 1.16. For e € {0,1}, let

Pce(s) = e(s) cos(g(s - e)) .

Then,
1
=Tc(l—35).
Foels) <(1-9)
Proof. For e =0,
1 1
Lco(s)  Te(s)cos Zs)
2sin(%s

= Tals) sin(rs) doubl le formul
Fc(s) Sin(ﬂ's) ( ouble angle tormu a)
I'c(1l — s)sin(ms)2sin(5s

N () (by ([L.25)).

2sin(ms)

The claim follows from the easy fact that

sin(gs) = cos(%(l - s)) .

For e =1,
1 1
I'ca(s) Cc(s) (ios(g(s -1))

= — by (|1.28
Ic(s)sin(%s) (by (€28))
I'c(1 — s)sin(ms)

= by (1.25

QSin(%S) (by )
= Tc(l—s)cos(%s) (double angle formula).

(1.27)

(1.28)
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The claim follows from the easy fact that

cos(%s) = cos(%(l —5— 1)) .

O
For T'r(s), the situation is more tedious. The following lemma gives some useful relations.
Lemma 1.17. For e € {0,1},
I'r(s+e¢) T
— =T —(s— 1.2
IF'r(l—s+e) c(s) COS(Q(S 6)) ’ (1.29)
hence, for all n € Z,
I'r(s —n+e) (=1)("+9)/2P (s — n) cos(Zs), n =€ (mod 2)
- 1)(n+e-1)/2 ;= (1.30)
I'rR(l1—s+n+e) (=1)*e V2P (s — n)sin(Fs), n# e (mod 2).
Proof. We being by proving the first relation. For € = 0,
I'r(s) B 7921 (5/2)
Tr(1—s)  «6=D/20((1 —s)/2)
wl'(s/2)['((s+1)/2)sin(7(1 — s)/2
_ V/TL(s/2)T(( Wzil) (r(1—5)/2) (by ((27)
2175 /7T (s) sin(m(1 — s)/2
= Vr2 T (S)silln(ﬂ( 5)/2) (by the duplication formula)
Q
= Tc(s)cos(%s),

as desired, where we have used the simple identity

sin(%(l - s)) = cos(%s) .

For e =1,
Tr(s+1) 7 CPUEP((s +1)/2)
Tr(l—s+1) a6 1=D2T((1—5+1)/2)
_ \/EF(s/2)F((S7T—;11)/2) Sn(ms/2) g,y @21)
_ \/%21*5\/7?153) sin(ms/2) (by the duplication formula)

= Tc(s )cos( (s —1)) (by (L.28)).
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Now, for n = € (mod 2), plug s —n into ([1.29) to obtain

Il'r(s—n+e)
'rR(l1—s+n+e)

Tals — n) cos(g(s —(n+ e)))

= Tc(s—n) (cos(%s) cos(—g(n + e)) — sin(%s) sin(—g(n + 6)))

= Tc(s—n) cos(gs) cos(—g(n + e))

= Tc(s—n) cos(gs) (=1)(n+a)/2,

as desired.
Similarly, for n # € (mod 2),

FR(S—TZ-i-G)
F'r(l—s+n+e)

= Tc(s—n) cos(g(s —(n+ 6)))

= Tc(s—n) (cos(%s) cos(—g(n + e)) - sin(%s) sin(—g(n + e)))
= Tc(s—n) sin(gs) sin(%(n + 6))
= TIc(s—n) sin(gs) (—1)vte=1/2,

2 The conjecture of Coates and Perrin-Riou

2.1 Notation and conventions

Fix a prime p, an algebraic closure Qp of Q,, and an embedding ¢, : Q — Qp. Let C, be the
completion of Qp and fix an isomorphism ¢ : C=C, making the diagram

Qp(H Cp

Q—==C

commute, where i, is the embedding fixed in It will be convenient to denote by i a choice of a
square root of —1, so we do.

We will be using e-factors in this section, so let us fix some choices of data. Let dx, be the
usual measure on R, and for finite places v, let dx, be the Haar measure on Q,, giving Z, measure
1. Depending on the choice ¢, fix the additive character ¢ ; of R given by

Voo,i(7) 1= exp(2miz).

For a finite place v of Q, let
y () == exp(—2mix)
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under the identification of Q,/Z, with the v-primary subgroup of Q/Z. Then, for each place v of
Q and each 7 € Jg, one has Deligne’s e-factor

ev(s, M,i,7)

as defined in [D73] (see also [D79, §5] or [Ta79l §3]).
Let QI be the maximal totally real subfield of Q(pup) and let ' := Gal(QL /Q). Let

Xp : Gq — Z, be the p-adic cyclotomic character. Recall that all algebraic Q; -valued characters
of Gq are of the form xjx for n € Z and x finite order. Such a character factors through It if,

and only if, y has p-power conductor and x(Frob.,) = (—1)". We denote %;rlg the collection of such

characters. If ¢ € ff;lg, let ny € Z and x, be such that ¢ = ng)w with x,, finite order. We use

tp to identify finite order characters valued in 6; with those valued in QX. Then, v gives rise to
a motive over Q with coefficients in E := Q(xy) defined by

[¢] == (Q(ny) ®q Ey) @ [xyl

Given a motive M over Q with coefficients in F, its twist by ) is the motive over Q with coeflicients
in E(xqy)
M(y) == (M ®g E(xy)) ® ([¢] ®5, E(xy)) -

2.2 Introductory remarks

Given a motive M that is good and ordinary at p and critical, Coates and Perrin-Riou formulate
a conjecture on the existence and uniqueness of a p-adic L-function that interpolates L-values of
critical twists of M by characters in 3€:1 - They also describe the poles this p-adic L-function should
have and the p-adic functional equation it satisfies. These conjectures are described in a series of
papers (see esp. [Co91]). The general idea is to modify ¢I (M) to Qs (M) and to try to interpolate

values
A(oo,p) (07 M(w))
Qoo (M)

where the the subscript (oo, p) on A indicates that the Euler factors at oo and p have been modified.
The modification at oo keeps track of the periods of the Tate twists, while the modification at p
does the same for the twists by finite-order p-power conductor characters y. The modification at
p also serves to regularize the p-adic distribution one obtains. One must do these things while
preserving the functional equation.

Since these several modifications are made partially to take into account the change in the
periods under twists, we record here the following lemma.

Lemma 2.1. Let ¢ = x,x € %;ﬁg (with x finite order). Suppose that M is a critical motive with

coefficients in E D Ey and suppose M (1)) is also critical. Then

LM @)) ~ (M) (2ri)a00)" M. (2.1)
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The main idea is to consider

Ly(s,M,T)
€v(s, M,i,7)Ly(—s, MV(1),71)

Ry(s,M,i,7T):= (2.2)

where v is a place of Q and 7 € Jg. One then defines modified Euler factors E,(s,M,i,7) at
v = 00, p such that

- EU(SvMaLT)
Ry(s, M,i,7) = —. 2.3
(6 M 6,7) = s AV (1), = 7) (2:3)
Noting that
(s, M,i,7)ey(—s, MY (1), —i,7) =1 (2.4)
(see e.g. [Ta79l 3.4.7]), we see that
Ry(s, M,i,7) = Ry(—s, MY (1), —i,7)"". (2.5)
Thus, defining
Aoy (s, M3, 7) = H Ey(s, M,i,T) H Ly(s,M,T)
v€{oo,p} vg{oco,p}
gives the functional equation
Aoy (s Mo, m) = | T eols, Mid,7) | Aoy (=, MY (1), =4, 7) (2.6)
vé{oo,p}

Mostly, the modification will define E, (s, M,i,7) = 1 or Ry(s, M,i,7) so that E,(—s, MY (1), —i,T)
will be the opposite. This has the effect of taking into consideration the dichotomy in the periods
of Q(n) and [x]| based on whether Fo, = +£1.

2.3 Modification of the Euler factor at oo

As in the case of the Gamma factors (|1.14]), we define E (s, M, i, 7) as a product over pieces of the
Hodge decomposition. Specifically, for each factor U of the Hodge decomposition define a factor as
follows

o if U=HY & HZ with i < j, define
. _ A\ REI
Ex(s,U,i,T) := (g Te(s — z)) T,

o if U = HY with i > 0, define
Ex(s,U,i,1):=1,

o if U = H"' with i < 0, define

Ex(s,U,i,7) := Roo(s,U, 3, 7).

3The switch 4 to —i here is one of the main reasons to carry around this choice of 3.
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Then,
Ewo(s,M,i,7) = ][] Ew(s,Ui,7) (2.7)
UCH
i) r _J hbde
— H (Z_SFC(S . i))h-,-] H H - R(S 1 +6) hi,jye H 1 (28)
i<j i<0eciony LTR(L—s+i4+ )" iy
(compare with (1.14])).
Let N
r(M) = ih™.
i<0

We then have the following.

Lemma 2.2. Suppose M is critical. Then
Exo(0,M,i,7) ~ (2mi)r D)

with the fudge factor independent of 1.
If M (%) is also critical (and E 2 Ey), then

Eoo(0, M(1),4,7) ~ Eoo(0, M, i,7)(2m) 4" (1),
Let
Aooy(8, M,i,7) == Exo(s, M,i,7)L(s, M, T)

and modify the period as follows

Qe 1 (M) 1= ¢l (M) (2m) . (2.9)

[e.°]

Write (8;(x,7))rety (resp. (Qoci(M,T))re,) for the image of §;(x) (resp. Qoo i(M)) under E ®q
C = C/2. Assuming M(¢)) is critical, let

A(oo) (0, M (¥), i, 7)

Aalg .
Qoo,i (M, 7)0i (X, T)

(oo)(M,Q/),T) =

(2.10)

This is independent of the choice of . We obtain the following equivalent form of Deligne’s conjec-
ture for the motive M (7).

Conjecture 2.3. Suppose both M and M (v)) are critical (and E 2 Ey,). Then, there is an element

A?Clg)(M,w) € E such that

T (Aalg

U (M) ) = AL (M, 46,7), for all 7 € Jp. (2.11)
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2.4 Modification of the Euler factor at p

From now on, we take all our algebraic extensions of Q within Q; in particular, the coefficient field
E. We will then fix 7 = too|p € Jg and drop it from our notation. The embedding ¢, singles out a
prime p of E as well as one of Q. We denote by Gy, the decomposition group of the latter and use
tp to identify G with Gq,.

Let A be a finite prime of E coprime to p. There is a process, described in [D73], §8] and
[Ta79, §4], that turns the A-adic representation py into a Weil-Deligne representation of Wq,
over C. Briefly, one restricts py to G, and then to the Weil group of Q, to obtain a A-adic
representation of WQPH Grothendieck’s f-adic monodromy theorem allows one to transfer this
to a Weil-Deligne representation (1, x, Np ) of Wq, over E). Picking an extension of i, to Ey
allows us to transfer this to a Weil-Deligne representation of Wq, over C which, by our definition
of motive, is independent on the choice of extension (up to isomorphism). We denote this Weil-
Deligne representation by (7, N,). The local L-factor and e-factor at p are defined in terms of
(rp, Np). However, Deligne pointed out in [D79, Remarque 5.2.1] that R, (s, M, i) is unchanged if
one replaces (1, Np) with (rp,0). Coates remarks in [Co91, Lemma 6] that, in fact, it is unchanged
if one further replaces (rp,0) with (1;°,0) (where 7;° is the semi-simplification of rp). The modified
Euler factor E,(s, M, 1) is defined as a product over the irreducible pieces U of ry of Ep(s,U, i) as
follows.

By [D73, §4.20], every irreducible representation U of Wq, over C is of the form U = &y @ wy )
where {7(Wq,) is a finite group, s(U) € C, and w; is the character of Wq, corresponding to the
character z — |z|® of Q, under the local reciprocity map Q= (32 Let @, denote a choice of

(geometric) Frobenius in Wq, (unique up to inertia I,). Let
H,(T,U) := det(1 — ®,T|U).

Assume the roots of this polynomial lie in LOO(Q) Though the inverse roots ay; of Hy(T,U)
depend on the choice of ®,, their p-adic valuation ord,(tptotar,;) is independent of this choice
(since the image of inertia is finite, so the eigenvalues that occur are roots of unity, hence have p-
adic valuation 0). In fact, the p-adic valuation of the ay,; only depends on U (since U = {py @w(rr) )-
We denote this valuation by ord,(U) and impose the following assumption on the prime p and the
motive M:

e assume ord,(U) # —1/2 for all irreducible U in 75°.

This assumption won’t be a problem for us, as the ordinarity hypothesis we impose will force
ord,(U) € Z.
For U C r}® irreducible, define

L[, ord,(U) > —1/2
B0 ={ 300, i) s

4Technically, one does not restrict to the Weil group, rather one composes with the canonical continuous homo-
morphism ¢ : Wq, — Gq,-
®We have assumed that det(l — &, T (ker Np)I” ) is rational, however, as we are not taking the characteristic

polynomial on the unramified part, we do not know that H,(T,U) is rational.
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Then, define
Ey(s,M,i):== [ Eu(s,U.9).

Ucry
irreducible

Note that ord,(UY(1)) = —1 — ord,(U), so (2.3)) is satisfied.

2.4.1 Example: M good at p

When M is good at p (in the sense that I, acts trivially on Hy(M) for all A coprime to p), there is
a formula for the modified Euler factor in terms of some simple data one usually has lying around.
Let d,(M) be the number of inverse roots a of too(Z,(T, M)) such that ord,(iytla) < 0.

Proposition 2.4. Suppose M is good at p and let o Tun over the inverse roots of too(Zy(T, M)).
Then

E,(s, M,i) = [T a-ap™) I Q—=(ep)'p") | Lu(s, M). (2.12)
ordp(a)>—1/2 ordp (o) <—1/2

Furthermore, if x is a finite order character of Gal(Q(ppe)/Q) of conductor f, = p"X) | then

7(x)

Ep(s, M(X), 1) = 6;(x, too) M3 (M) [T o] Zu(s, M) (2.13)
ordy(a)<—1/2

2.5 The conjecture
2.5.1 Ordinarity

We now assume that M is good and ordinary at p. The latter condition is that there is an
exhaustive separated descending G-stable filtration Fg of Ep.—sub‘spaces of pplg, such that I, acts
via multiplication by x; on the jth graded piece gr{, = Fg /Fg“. According to Fontaine (see
[PR94, Théoreme 1.5]), if py is ordinary, then it is semistable (and, a fortiori, Hodge-Tate). The
Hodge-Tate decomposition of py is

NY
pp ©E, Cp = €D Cp(=)"™.
JEZ
We call j a Hodge—Tate weight of M at p if h% # 0 (e.g. Q(1) has Hodge—Tate weight —1 at p, for

all p).
We introduce two new assumptions which should really be part of the definition of a motive to
begin with:

e assume that for all j € Z, b)), = hI“ 7 (where w is the weight of M),

e assume 1, Z,(T, M) = the characteristic polynomial of the Frobenius on Ds;(pp|a,)-
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The second assumption implies that the number for inverse roots of ¢, Z,(T, M) with p-adic valua-
tion j equals hp] . Two important consequences of this are

e ord, a € Z for all inverse roots of all H,(T,U),
o d,(M)=d"(M).
)= (M)

Applying the second consequence to equation (2.13)), shows that a factor of §;(, teo appears
in the modified Euler factor at p of M(x), accounting for that factor occurring in the period of a

twist given in equation ({2.1).
2.5.2 Picking out poles
To pick out the poles that might occur in the p-adic L-function, let

G
Hy"(M) := Hy(M) .

With Gq acting on the first factor of Hy¥“(M) ® E, Cp, there is an isomorphism of G'q-modules
HCYC(M ®Ep p ~ @ ¢e
YeB(M)

that defines B(M) C %;Gg and e(v) € Z>1.
Remark 2.5.

(i) If xpx € B(M) (with x of finite order), then n = —w/2.

(ii) There is a conjecture that e(v) is the order of the pole of L(s, M()~1)) at s = 1 (and that

L(s, M()~1)) is holomorphic outside s = 1).

2.5.3 Statement of the conjecture

Conjecture 2.6 (Coates—Perrin-Riou, [Co91]). Suppose M is critical good and ordinary at p.
Then,

(i) for each choice of ci (M) (chosen up to E*), there is a unique pseudo-measure It (v OM
't such that for all 1) € .'falg satisfying

(a) M%) is critical,
(b) v~' & B(M),
(c) & & B(MY(1)),

one has

A S l
vt = S (2
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(i) there is a non-zero b € Z,, such that, for any choices of vy, v, € I't, one has

bl TI ') =)™ ) | T @) =) | it any € ZoITFD. (2.15)
YeB(M) neB(M)

2.5.4 p-adic functional equation

If we suppose that .+ /) and g4 v py) exist (for some choice of ¢ (MY (1))), then they satisfy

a p-adic functional equation. In order to state this, define an involution on Z,[I'"] by

(geo) -z

Let rec(far) be the Artin symbol of the conductor of p, in I'" and let

(M) = (—1yrr @) 0 Mtoo)  Qooal(M, too)

“oo) €00 (0, M, 1, t00) Qoo g (MY(1), t00)”

Proposition 2.7. One has
Hetan) = €oom M) rec(an) . - (2.16)

2.5.5 Example: Dirichlet characters

Let x : Gq — E* be a finite order character of conductor N (i.e. N is the smallest positive integer
such that x factors through Gal(Q(unx)/Q)). In this example, we will make explicit what the
Coates—Perrin-Riou conjecture says about the p-adic L-function of the motive M := [x].

First off, according to M is critical if, and only if, x is odd, so we restrict to this situation.
Secondly, the assumption that M is ordinary at p implies that p f N, so we fix such a prime. Let
(NS %j;lg' When is M (v)) critical? This again follows from E By definition x(Frobs) = (—1)"¥,
so XXy and n, have opposite parity. Thus, M (1) is critical if, and only if, n, < 0.

Remark 2.8. The Coates—Perrin-Riou conjecture for M will say that the L(ny,xXxy) can be
interpolated p-adically for n,, < 0 and xx, of the opposite parity as n,. These parity conditions
ensure that L(ny, xxy) # 0. For ny <0 and of the same parity as xxy, L(ng, Xxy) = 0.

So, let ¢ € X, with ny <0. For M, H%(M) # 0, so H" =" (M (1)) # 0. Since —ny, > 0,
EOO(SvM(w)al):l? T(M) :0
ct (M) =1, Qooi(M) = 1.

For a finite order character 7, let f, = p”(")ﬁ] where p 1 f%. Since pt N, M is good at p, so we
can use proposition 2.4] Note that

XX, (Frob,) = p~"x(Frob,)
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SO
Zp(T> M) =1~ XX (FTObp)p_an-

Let a be the inverse root xxy(Frob,)p™™ of too(Zy(T, M(¢))), then ord, tpisla = —ny > 0, so
d,(M (1)) = 0. By proposition

N _ ) (= x(Froby)p™"p™*) Lp(s, M(¢¥)), r(xy) =0,
Fple, M), 9 = { 1'Lp)287M(w)];, ! 7"(222) > 1,
=1 (2.17)

Indeed, when 7(xy) = 0, Ly(s, M (1)) = (1 — x(Frob,)p~™p~*)~1, and when r(xy) > 1, the local
L-factor is 1 (since xxy is ramified at p). Thus,

Afso) (8, M, i) = LP) (s, [x]) = (1 — x(Froby)p~*) L(s, [x]) (2.18)
and

A(oo,p) (S? M(w)al) = L(p) (Sa [X] (1[)))

_ (1 - X(Frobp)p_(s+nw)) L(s +ny, [x]), 7(xy) =0,
= { L(s, M (v)), r(xp) > 1, (2.19)

where L®)(s, M) is the L-function with the Euler factor at p removed.
Since pt N, HY*(M) = 0, so B(M) = (). Similarly, B(M"(1)) = (. Thus, the following is the
Coates—Perrin-Riou conjecture.

Conjecture 2.9 (Coates—Perrin-Riou conjecture for finite order characters). Let x be an odd finite
order character of conductor N and let pt N be a prime number. Then, there is a unique measure
ty on T such that for all ¢ € f{;rlg with ny <0

| i = LP (ny, xxy)-

Remark 2.10.

(i) The conjecture as stated is for the choice of period ¢l (M) = 1. It is clear that the full
conjecture (where we don’t fix a period) holds if, and only if, the version stated holds.

(ii) Though the conjecture states the interpolation property at all ¢» with n,, < 0, the interpolation
property obtained by fixing either ny or x, will uniquely determine a measure. That the full
interpolation property is satisfied would then follow from congruence properties of the special
values (i.e. Kummer congruences for generalized Bernoulli numbers).

Since the functional equation (conjecture|1.5)) for the archimedean L-function A(s, x) is known,
we get a p-adic functional equation as in proposition Let us make explicit what it says.
Note that MV (1) = [x~!](1) and x ! is also odd.

Lemma 2.11. MY (1)(¢) is critical if, and only if, ny > 0.
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Proof. Note that M"Y (1)(¢) = [x 'xy](1 + ny). Now, xxy and 1+ ny are of the same parity, so
says that MY (1)(¢) is critical if, and only if, 1+ n, > 0, as claimed. O

So, let 9 € %;rlg with n, > 0. If ny is even, then so is xy, and x 1y, is odd, so for MY (1)(v)),
hflfnw,flfnw,l
Loo

h—l—nw,—l—nw,o

Loo

= 1. But when ny is odd, xy is too, so x 'y is even, and hence for MY (1)(1)),
= 1. Thus, letting €;, = 0 or 1 if ny, is ood or even, respectively, we have

(s, MY (1)(1), too) = TR(5 + 1+ ny + €y).
Since —1 — n,, < 0,

FR(S +1+ Ny + Ew)
ZGwFR(l — (S +ny + 1) + ew) '

Eoo(s, MY (1)(¢),1) =

Taking n = —1 — ny, in (1.30]), and noting that €, and —1 — n, have the same parity, we get

Bo(s, MY(1)(),) = (<1)(717")/2 T (s +ny + 1) cos (35 (2.20)
For MY(1), hio ™' =1, s0
r(MY(1) = -1,
L) = ()2,
and ‘
Qoc s (M(1)) = 8:(x 7).
We have

Zy(T, M (1)()) =1 = X~ "xp(Froby)p~ ' p~"T.
Let 3 be the inverse root x ™!, (Froby)p~(1Fm) of 100 (Z,(T, MY (1)(%))), then ord, 1i;lB = —1—
ny < —1, so dp(MY(1)()) = 1. By proposition [2.4]

. (1= ((x(Froby)p) ~tp)~1p= )y Ly(s, MY (1)(¥)),  r(xy) =0,
E,(s, MY (1 = K
(e ME(1)(4), 9 { 51t t0e) 5, (c(Froby)pH+)" 09 L (s Y1), () = 1.
(1 = x(Froby,)p= ) Ly (s +ny +1,[x ), 7(xe) =0,
— s roby 1+nqy\"(Xy) (2.21)
szj; (X(Fdiz)xizjboo)w) ’ T(Xq/)) 2
Thus,
. _ —(s+ny) )
Aoy (5 MY (1)(),0) _ [ (L= x(FrobpJp™®HM) 1 () em1omi/21=e0 D (s 4 my, + 1) cos(rs/2)
) | el TR boonstt

(2.22)
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SO,
Moo (0, MY (1) (1)), 4) (1= x(Frobp)p™%) | (_1)(ep—1-np)/29;1—¢vpy |
(oo,p) ’ = na AT (X)) - ¥ —1
Qoo i (V1) 1) | Lalbe )70 g iy 0w L I lR23)
i (X1 sboo -

Unfinished: this can be related to L(—ny, [XXTZI]).

3 The p-adic L-function of a Dirichlet character

3.1 Preliminaries

We collect a few basic facts concerning special values of Dirichlet L-functions.

Definition 3.1. Let y be a primitive Dirichlet character mod N. The generalized Bernoulli num-
bers belonging to x are By, for k£ a non-negative integer, given by

N teat e tk
ZX(Q)M = ZBk,xg' (3.1)
a=1 k=0

Lemma 3.2. Let x be a primitive Dirichlet character mod N. Then,

1 N
Bix = > ax(a). (3.2)
a=1

Proof. First, we find an approximate inverse to (e — 1)/t. Consider

N2t
1 = <N+2 +--->(a0+a1t+~-)
CLQN2
= a0N+t(a1N+ 5 >
Thus,
t 1 t+
eNt—1 N
and
N N
tedt 1 1
= — — —t+4- | (I +at
Sx@ gy = Son) (gt ) e
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Since

we get the desired result. O
Recall the following definition of the L-function of .

Definition 3.3. The L-function of x is defined for Re(s) > 1 by the Dirichlet series

L(s,x) = Z x(n)

nS

n=1

where x(n) = 0 if (n, N) > 1. It can be analytically continued to an entire function on C (unless
X is the trivial character, in which case L(s, x) = ((s) has a simple pole at s = 1).

We remark that L(s, x) = L(s, [x]).
We state several standard results without proof.

Theorem 3.4 (Functional equation). Let € € {0,1} be given by x(—1) = (=1)¢. Then,

A(s,x) := A(s, [x]) = Tr(s + €)L(s, x)

satisfies
As,x) = €(s, )AL = s,x71)
where ()
_ X
E(Sv X) - 6(87 [X]) - JENS
and
N
T(x) = Z x(a) exp(2mia/N).
a=1
Theorem 3.5. For positive integers k,
B
L1 —kx) = == (3.3)
and, when k = e (mod 2),
ke T(X By, -1
Dk ) = ()5 T oy Pt 3.9

Proof. We indicate how to derive the second equality from the first using the functional equation
of theorem [3.4. We have that

T(x) TrR(1 — k +¢)
€Nk FR(]C + 6)

L(k7X): L(l_kvx_l)‘
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By equation (1.30) (with s =0 and n = —k), when k = ¢ (mod 2),

T _1\(—k+e€)/2
L(k,x) = 2%2( 130(,{) L1 =k, x7")
() (=Rt B x—1
Nk 2(27) "k (k — 1)! (_ k )

as desired. O

3.2 Construction using Stickelberger elements

We adapt Iwasawa’s construction in [Iw-LpLj §6] which essentially uses the Stickelberger elements
of cyclotomic fields. Similar things are done in chapter 2 of Lang, in KubertLang, and in Rubin
§3.4.

Let’s start with some notation. For a positive integer N, let Gy = Gal(Q(un)/Q). If a is a
positive integer, let recy(a) € G be defined by (y* = recy(a)({n) (this is the reciprocity map,
in particular recy(p) = Frob, for p { N). If M|N, let res} : Gy — Gx be the map obtained by
restricting the action of 0 € Gy to Q(un). Given x a primitive Dirichlet character mod N, we also
denote by x the Galois character on G given by x(recy(a)) = x(a), for (a, N) = 1 (see remark
for a discussion of our normalizations). This also gives a character, still denoted y, on Gy,
for N|M, via composition with resJ]‘V/[ .

Definition 3.6. Let x be a primitive Dirichlet character and let N > 2 be an integer. Define the
x-twisted (shifted) Stickelberger element of level N as

= Y ({5 D) rerent e anion)

a=1

(a,N)=1
where {-} denotes the fractional part.
Remark 3.7. The usual Stickelberger element of level NV is
Y ra
Oy = ; {N} recy(a) € Q[Gn].

The shift by —1/2 we introduce is so that the 6y, behave well with respect to the restriction maps
(see lemma [3.9)). The twist by x(a) is mostly for convenience.

The reason we are interested in these Stickelberger elements is the following result.

Lemma 3.8. Let x be a primitive Dirichlet character. For a Dirichlet character 1, let xy denote
the primitive Dirichlet character attached to xi. If N = fy, then

w(aN,X) = Bl,xz/) = _L(Oa X1/1) (35)
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Proof. We have

N
WOny) = 1 3 ax@pleen(@) — 1 D x(a(reen(a)

a=1 a=1
(a,N)=1 (a,N)=1
1 1 &
= Y @) - Y )
a=1 a=1
(a’N):l (a7 ):1
1 I 1 &
= & 2. () —5 Y b
=1 a=1
(a’N):]' (av ):1
= Bixy -0,

N
> xwla) =) xv
a=1
(a,N)=1
The second equality in the statement of the lemma is theorem O

Thus, the Stickelberger elements are related to the value at s = 0 of Dirichlet L-functions.
We will now proceed to take a limit of twisted Stickelberger elements in order to obtain a p-adic
measure that gives the p-adic L-function of .

Lemma 3.9. Let x be a primitive Dirichlet character of conductor f,. Let N > 2 be a positive
integer such that f|N and let £ be a prime number. Then,

6 if (N
N/Y _ N,x» ;
resy O = { (1= x(£) Frob)0x.y, if £1N. (3.6)

Proof. Note that if N|M and (bN + a, M) = 1, then res¥ (recps(bN + a)) = recy(a), and, since
fx|N, x(bN + a) = x(a). Thus, if £|N, using the fact that (a, N) = 1 implies (a, N¢) = 1, we have

N -1
resN On, = Z Z (bN+ a 1) X(bN + a)recy(a) (3.7)
(@W)=1""
N -1
= Z ( <bN—i—a 1)) x(a)recy(a).
a=1 b=0

(a,N)=1

Now,

<\

1(bN+a 1>_£(€—1)N ta ¢ a

N¢ 2 oNt TN 2T N

i
o
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so the case ¢|N is done.
Now, suppose £ 1 N. We may begin as in (3.7), but we must subtract off the terms for which
¢|bN + a. We obtain

N -1 N
bN + 1 cl 1
resy Ony = E ( - - ) X(bN + a)recy(a) — E (N€ - 2> x(cl) recy (cl)
(N1 T (e =1

= Ony — x(O)recn(0)0N -

Since recy (¢) = Froby, we are done. O
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