Assignment 10 — All 2 parts — Math 411

Due in the class: Friday, Apr. 10, 2015
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this is an inner product on C?.

0
(1) Let M = ( ) € My(C). For v,w € C?, define (v,w) = vT Mw. Show that

01
(2) Let M = (1 O) € My(R). For v,w € R?, define (v, w) = vT Mw. Show that this
is not an inner product on R?. In particular, find a non-zero vector v such that

(v,v) = 0.

(3) Let V in an inner product space and let || - || denote the associated norm function.

Show that the norm satisfies the parallelogram law: for all v,w € V
v+ w||* + [Jo — wl][* = 2(][v]]* + [Jw][).

(4) Let FF = R or C and let V be a vector space over F. A norm on V is a function
|- ]| : V — R such that for all v,w € V and A € F

(@) [[xol] = [A] - [Joll,
(ii) |Jv|| > 0, with equality if and only if v = 0,
(i) (v +w[| < [[o]] + [|wl].
Thus, the norm function associated to an inner product on V is a norm on V in
this sense.

Let V = F™ (for some n € Z>1). For v = (ay,...,a,) € V, define

n
loll = lail.
i=1

(a) Show that || - || is a norm on V.

(b) Show that it does not satisfy the parallelogram law of the previous exercise,
and hence is not associated to an inner product. (Remark: it is in fact true
that a norm on V is associated to an inner product if and only if it satisfies

the parallelogram law.)

(5) Let V = R]z].



(a)

(d)

Let (f(z),g(z)) = 1 f(x)g(x)dx and let S = {1,z,2% z*}. Run through
the Gram—-Schmidt p;(;cess to find an orthogonal basis of Span(S). Compare
these to the polynomials given in Question (3) of Assignment 8. (Starting
with the basis {1,2,22,...} of F[z], applying the Gram-Schmidt process will
yield a sequence of orthogonal polynomials called the Legendre polynomials,
which show up in the theory of differential equations (well, the Gram—Schmidt
process yields the Legendre polynomials up to constant multiples)).

Write down the coordinates of z? in the basis you found in part (a).

oo

Let (f(z),g(x)) = / f(x)g(x)e *dx and let S = {1, z,2*}. Run through the
Gram—Schmidt proc%ss to find an orthogonal basis of Span(S). (Starting with
the basis {1,z,2%,...} of F[z], applying the Gram—Schmidt process will yield
a sequence of orthogonal polynomials called the Laguerre polynomials, which
show up in the theory of differential equations (well, the Laguerre polynomials

are orthonormal, so you need to normalize them appropriately)).

Write down the coordinates of z? in the basis you found in part (c).

©Robert Harron, 2015



