Assignment 4 — All 3 parts — Math 411

Due in the class: Friday, Feb. 13, 2015

(1) Let ' =F5 and let V be a two-dimensional vector space over F.
(a) How many vectors are there in V7
(

b) How many subspaces of V' are there?

)

)

(c) How many bases of V' are there?

(d) How many bases of a three-dimensional vector space over F' are there?
)

(e) How many bases of a two-dimensional vector space over F3 are there?

(2) Let F be a field and let m,n € Zsy. Let M, ,(F') denote the set of m x n matrices
over F (i.e. with entries in F'). For two matrices A = (a;;) and B = (b;;) in M,, ,,(F),
let A+ B = (a;; + b;;) be the usual matrix addition and oA = (aa;;) be the usual
scalar multiplication with o € F'. This makes M,,,(F") into a vector space over F

(no need to show this, though you can think about why).

(a) Find a basis for M,,,,(F).
(b) What is the dimension of M,, ,,(F)?
(3) Let V = M, ,(F) and recall that if A = (a;;) is a matrix, then its transpose is the

matrix A7 whose (i, j)-entry is a;;. A matrix A € M, (F) is called symmetric if

AT = A and antisymmetric if AT = —A.

(a) Let S and A be the set of symmetric and antisymmetric matrices in M, ,,(F),

respectively. Show that S and A are subspaces of M,, ,(F).
(b) Show that M, ,(F) =S @ A.

(c) A matrix A = (a;;) is called strictly upper-triangular if a; ; = 0 whenever j < 4,
i.e. if all the elements on the diagonal and below are zero. Let U be the set of
strictly upper-triangular matrices in M,, ,(F). Is U a subspace of M, ,(F)? If
50,18 Mpn(F) =S @oU? Is M, ,(F) = A U?

et Wy, Ws be two planes through the origin in . ow that dim(WW; NWy) > 1.
4) Let Wi, W5 b 1 h h the origin in R®. Sh hat dim(W; N W- 1

(5) Let V = Func(R,R). Let
P={f:R—=R:f(x)>0forallz} and N ={f:R—=R: f(z) <0 for all z}.

Are P and N subspaces of V7 If so, show that V =P @ N.



(6) Let V be a finite-dimensional vector space and let W; <V for ¢ € I be such that
V=w.
iel
(a) Show that I is finite.
(b) Show that, as claimed in class, dimV = Z dim W;.

iel
(7) Let V be a vector space and let B be a basis of V. For each b € B, let W, = Span({b}) < V.
Go through the details of proving that

V=wm,
beB

as claimed in class.
(8) (a) Let V be an n-dimensional vector space and let W < V' be a d-dimensional
subspace. Let W’ be a complement to W in V. What is the dimension of W'?
(b) Let W be the xy-plane in R?. Find two different complements to W in R?.

(c) Let V = Flx] be the polynomials over the field F. For d > 0, let W = F[z]<4
be the set of polynomials of degree < d. Show that W is a subspace of V' and

find a complement to it in V.

(9) Let V = Func(R,R) and let W < V' be the subspace of functions that are non-zero
at only finitely many places. From the general theorem we proved in class, we know
that W has a complement in V. Let

W' ={f:R—R: f(x) =0 for only finitely many x € R} U {the zero function}.

Is W’ a complement to W in V7
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