Midterm — Math 411

Friday, March 6, 2015

This is a closed-book exam. No calculators allowed.

Justify your answers to obtain full credit (and partial credit, too).
You have 50 minutes.

This exam consists of 4 questions.

The sheets are printed on both sides. Please verify that you have all pages.
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1. Let A € My5(R) be given by

1 —1 38 1 8
2 -2 441
A= 3
3 -3 75 24
2 -2 4 4 18

(a) Find a basis for the row space of A and a basis for the column space of A.
(b) What is the dimension of the null space of A?

(¢) Let V be the polynomials over R of degree at most 4 with basis
B={1,1+z,14+2*142%14+ 2%
and let W be the polynomials over R. of degree at most 3 with basis
C={l+z,z+2°2°+2° 2%}

Suppose T': V' — W is a linear transformation whose matrix [T with respect
to B and C is the matrix A. Is T injective?

(d) Let T be as in part (c¢). What is T(2*)?
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2. In each case, determine if the set S is or is not a subspace of V. Justify.

(a) Let 71 and T, be two linear transformations V' — W (where V' and W are any
two given vector spaces). Let § = {v e V:Ti(v) = To(v)}.

(b) Let V = M, ,(F) be the m x n matrices over a field F' (where m,n € Z,)
and let S := {A € V : Nul(4) = 0}.
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3. Let V be a finite-dimensional vector space of dimension n over a field F'.

(a) Let Wo C W1 C --- C W), be a finite sequence of subspaces W; of V' with W4
strictly bigger than W;. Show that m < n.

(b) In fact, show that there is always a sequence Wo C Wi C -+ C Wy of n+1
subspaces of V' (in other words, the dimension of V' is the biggest m such that

there is a strictly increasing sequence of subspaces Wy C Wy C --- C W,,).
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4. Let V be a vector space and let V; and V5 be two subspaces such that V =V, @ V5.

(a) Show that there is a basis B of V' such that B = B; U B; where B; is a basis of
V.
(b) Let T; : V; = V; be a linear transformation. Show that there is a unique linear

transformation 7' : V' — V such that T(v;) = T;(v;) for all v; € V.
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