Assignment 4 — Part 1 — Math 412

Textbook exercises:ﬂ
None yet.

Other exercises:

(1) An element r of a ring R is called nilpotent if one of its powers is 0, i.e. if there is

an n € Zsy such that v = 0. (In particular, 0 is always nilpotent by definition.)

01
(a) Show that 0 0) is nilpotent in the ring M>(R) of 2 x 2 matrices with

coefficients in R.
010
(b) Show that | 0 0 1| is nilpotent in the ring M;(R).
0 00

(c) Show that 6 is a nilpotent element of the ring Z/12Z.
(d) (WI) Let n € Zs,. Show that Z/nZ has a non-zero nilpotent element if and

only if there is a prime p such that p? divides n (i.e. n is not squarefree).

(2) Let R be a ring where 0 = 1. Show that R has only one element. This ring is called
the zero ring and is denoted by 0.

(3) An element a of a ring R is called a zerodivisor if a # 0 and there is an element
b € R such that ab = 0 or ba = 0. An element a € R is called a unit if there is a
u € R such that au =1 = ua.

(a) Show that a ring R satisfies the Cancellation Law if and only if it has no

zerodivisors.

(b) Show that a unit can’t be a zerodivisor.
(4) Let R = My(Z/2Z) be the ring of 2 x 2 matrices with entries in Z/2Z.

(a) How many elements are there in R?

(b) Determine the units of R, the zerodivisors of R, and the nilpotent elements of
R.

'From Hungerford’s Abstract algebra, An introduction, Third edition
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