Assignment 5 — Part 1 — Math 412

Textbook exercises:ﬂ
None yet.

Other exercises:

(1) Let R = Q be the field of rational numbers and let p be a prime number. Recall
that every element r in Q can be written as r = ¢ with a,b € Z and ged(a, b) = 1;

we then say that ¢ is a reduced representation of r. Let

Zp) = {% cQ: % is a reduced representation and p 1 b} ,

i.e. the set of rational numbers whose denominator is not divisible by p.
(a) Show that Z, is a subring of Q.

(b) Show that if n € Z is not divisible by p, then n is a unit in Z).

(c) Show that p is not a unit in Z,).

(2) Let S = {a+bv/2 +cV/4 : a,b,c € Z}. Show that this is a subring of R. It is
denoted Z[V/2].

(3) (WI) Let R be a ring and let
Z(R) :={z€ R:zr=rzforall r € R}.

(a) Show that Z(R) < R. It is called the centre of R.

(b) Let R be the quaternions H = {a + bi + ¢j + dk : a,b,c,d € R} and let
S ={a+ bi € H}. Show that S is a commutative subring of H, but there are

elements in H that do not commute with elements of S.

(4) Let R be a commutative ring and let n € Zs;. Consider the ring M, (R) and its

subset S consisting of the diagonal matrices whose diagonal entries are all equal,
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1.e.

0
0 a

L\0 ... 0 )

(a) Show that S is a subring of the centre of R.

(b) In fact, S = Z(R). For simplicity, show this when n = 2. (Hint: start by

a b
supposing A = p is in the centre and compare AEMY with E1DA:
c

then compare AE(1?) with E02 A, where

ELD — Lo and EM? — 01 .
0 0 00

(the general n x n case can be handled with generalizations of these matrices
that one would denote E*:9)).



