Assignment 13 — Part 1 — Math 412

Textbook exercises:!
Section 7.5: 1, 2

Other exercises:

(1) (WI) Fourth isomorphism theorem for groups. Let G be a group and let N <G be a

normal subgroup.
(a) For a subgroup H < G with H O N, let H/N = {hN : h € H}. Show that H/N
is a subgroup of G/N.

(b) Let # : G — G/N denote the natural homomorphism m(g) = gN. Given a
subgroup H < G/N, let H := 7~ '(H). Show that H < G, H O N, and that
H=HJ/N.

(c) Conversely, for H < G, show that H = 7#~'(H/N).

(d) Parts (b) and (c) give an order-preserving bijection
{Subgroups H < G : H 2 N} <+ {Subgroups H < G/N}

{Subgroups H < G: H 2D N} +— {Subgroups H< G/N}
H s H/N

7Y (H) < " H

Now, show that this bijection preserves the property of being normal, i.e. show
that H is a normal subgroup of G if and only if H/N is a normal subgroup of
G/N.

(2) Let k,n € Z>, and let 0 € S,, be a k-cycle. Show that #o0 = k.
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