Textbook exercises:

Assignment 5 — All 2 parts — Math 412

Due in class: Thursday, Oct. 3, 2019
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Section 3.3: 8, 38(WI)

Other exercises:

(1)

(2)

(4)

(WI) Let f: R — S be a ring homomorphism.

(a) Show that for all r € R, f(—r) = —f(r).
(b) Show that if r € R is a unit, then f(r=') = f(r)~".

Let R and S be rings and suppose that f : R — S is a surjection such that for all
a,be R,

fla+b) = fla)+ f(b) and f(a-b) = f(a)- f(b).
Show that f(1) = 1. (Hint: the trick here is that the identity in S is characterized

uniquely by its defining property, so show that f(1) satisfies the property defining the
identity in S.)

Let X be a set. There is a standard bijection between the power set P(X) and the
set of functions X — {0, 1}, where the subset ¥ C X corresponds to its so-called

characteristic function xy, namely the function

1 ze€VY
0 z¢Y.

Xy (z) =

Let’s think of {0, 1} as the ring with two elements, for instance think of {0, 1} = Z/2Z.
Then, the set of functions X — {0, 1} is the ring of functions F := Func(X,Z/2Z).
Now, recall that we also have a ring structure on P(X) where addition is symmetric
difference and multiplication is intersection. Show that the map f : P(X) — F sending

Y to xy is in fact a ring isomorphism.

Let ¢ : R — S and ¥ : S — T be two ring homomophisms. Show that Yoy : R — T

is a ring homomorphism.
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(5) (WI) Let m,n € Z>; and suppose n | m. Define the function

p:Z/mZ — Z/nZ
[a]m = [a]n

(where [a],, denotes the congruence class of @ modulo m). Show that this function is

well-defined and a ring homomorphism.
(6) Let ¢ : R — S be a ring homomorphism.

(a) Let S’ be a subring of S. Show that ¢~'(S’) is a subring of R.
(b) Let I be an ideal of S. Show that ¢~'(I) is an ideal of R.



