
Take-home midterm – Math 412

Due in class: Thursday, Oct. 24, 2019, at the beginning of class

Instructions:

• You may use your notes and the textbook.

• You cannot talk about the exam with other people. This should be your own work

entirely. (Though you can talk to me.)

• As with the assignments, please write up your solutions nicely.

• This exam has 5 questions on 3 pages.

Reminder about definitions: Unlike the textbook:

• we define a ring to have an identity element;

• we define a subring to have the same identity as the bigger ring;

• we define ring homomorphisms to bring the identity to the identity.

(1) Consider the ring R = Z/12Z.

(a) For each unit u 2 R, write down u and u�1
.

(b) For each zerodivisor a 2 R, write down a nonzero b 2 R such that ab = 0.

(c) Find all nilpotents in R.

(d) Find all idempotents in R.

(2) Let F be a field and let f(x) = anxn
+ · · ·+a0 2 F [x]. The (formal) derivative of f(x)

is f 0
(x) 2 F [x] given by the formula you learn in calculus, namely

f 0
(x) := nanx

n�1
+ (n� 1)an�1x

n�2
+ · · ·+ 2a2x+ a1.

It satisfies the Leibniz rule for products (just like you learn in calculus):

(fg)0 = fg0 + f 0g.

(You don’t need to prove this, just take it as given.)
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Solutions



(a) Suppose that a 2 F is a root of f(x) and write f(x) = (x � a)q(x). Show that

q(a) = f 0
(a) and conclude that when f(x) is divided by (x� a)2 the remainder is

f 0
(a)(x� a). (Hint: what happens when you try to divide q(x) by (x� a)?)

(b) Suppose that r 2 F . Show that the remainder when f(x) is divided by (x � r)2

is f 0
(r)(x� r) + f(r).

(3) For each field F and polynomial f(x) 2 F [x] below, determine if f(x) is irreducible.

(a) f(x) = x5
+ x� 1, F = Z/3Z.

(b) f(x) = x25
+ 25x+ 5, F = Q.

(c) f(x) = x3 � x2
+ x� 2, F = Q.

(d) f(x) = x3 � x2 � x� 2, F = Q.

(e) f(x) = x5
+ x2

+ 1, F = Z/2Z.

(4) The Subset-that-is-a-ring Test. Let R be a ring with respect to the binary operations

+ and ·, and with additive identity 0 2 R and multiplicative identity 1 2 R. Suppose

S is a subset of R such that

(1) for all a, b 2 S, a� b 2 S,

(2) for all a, b 2 S, a · b 2 S,

(3) there is an element 1S 2 S such that for all a 2 S, 1S · a = a = a · 1S.

Note that 1S need not equal 1.

(a) Show that S is a ring. (Remark: if 1S = 1, then the above conditions were what

we called the “Subring Test” and they show that S is a subring of R; if 1S 6= 1,

then S is not a subring of R, but you are showing that S is still a ring.)

(b) Let R = Z/10Z and let S = {0, 2, 4, 6, 8} ✓ R. Show that S satisfies (1), (2), and

(3) and hence is a ring.

(c) Let R be a ring and S ✓ R be a subset satisfying (1), (2), and (3). Suppose also

that 1S 6= 1. Show that, as an element of R, 1S is a zerodivisor, i.e. there is a

non-zero element a 2 R such that 1S · a = 0.

(5) Let R be a ring and let F denote the ring of functions f : Z�1 ! R as defined in class.

Note that you can think of such a function as a sequence of elements in R, namely the

sequence f(1), f(2), . . . (usually, you’d use the notation a1, a2, . . . for a sequence); you

don’t have to think about it that way, but you can.
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(a) Let C denote the subset of elements in F that are “eventually constant”, i.e.

C consists of the functions f : Z�1 ! R such that there is an Nf > 0 with

f(n) = f(m) for all m,n > Nf . Show that C is a subring of F . (Note that the

number Nf can depend on f .)

(b) For a function f 2 C, define f(1) to be the constant value that f eventually

equals (i.e. f(n) = f(1) for all n > Nf ). Define a function ' : C ! R by

'(f) := f(1).

Show that ' is a ring homomophism.
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Solutions
1 All The calculations willbe easier if thenumbers are
smaller so let's use 21422 90,11 12,13,14 5,61
a a CZane is aunit iff Ca 4 1

a C24122 iff 2X a 43Xor

so units are 111,152 5 5 25 2 12 1 So 5
1
5

so for all u E zzyx.D.in
so 5

b The zerodivisors in 2142 are the non zero non units

Here's a table of zerodivisors a with a b to s t ab o

a b

t



c a isnilpotentin 2111221 i f f Fm EZ St 121am

since 12 2 3 121am implies 2,3 la Thus a 23 k
so 61 0 62 36 0 mod12 KER

d ca is idempotent in 2 21 iff a a modu

iff n la la 1
Get1044,91

2 a Axl x a guy
f XI x al g'tx t l g x

so f ca gCal q a

of a

By the RemainderTheorem

oftxt x a p x q a for some pale
Fox

So f x K a put x a gla
x a pal x a f a

Since deg x al f ca 1 2 deg a 2 x al f is

theremainderwhen flint is dividedby x a 2

b Let gut f x ft r Then r is a rootofgtx soby
part a gL 1 x r pal x r g r for some plxtEFCD
Notey I f I so f x f r x r p x x r l f Cri
i e f X x r12put x r f r ft r withdegkx r f Cri fir 2

as desired QED



3 a fl te l l 1 0 so f has a root so it istreducibI
b flXl satisfiesThe EisensteinCriterionfor p 5 so

f is lived
c f x mod3 is FH X x'txt I

f 07 1 to

f l 2 10

IL l 27 0

So f x has no roots Since degCFI 3 this
impliesFLN is irred Cover2432 By the mod3
irred test fcxlisirredorerQ.fi

d By TheRational RootTest the onlypossible roots
of fuel are 1,1 2

f 27 8 4 2 2 0 so fCx isred.overQ

C f O to Ffl 1 so f x has no degree 1 factors

claim fCx has no irreddeg4 factors
prod If it did then fCx ycx1h41 degg 4 degp.ch

Contradiction V

Claim f x has no irreddeg 2
factors

prod x'txt l istheonly irreddeg2poly over 24223 t x2

Long division x'txt I x 5t
x5t 4 so remainder is
t x't X't I 1 so x'txt lX f

x4tx



Claim fCx has nodeg3 irredfactors
proof If it did Then flxt g.la hlx where

deg g 3 his deg 2 irred
or his pintofdeg 1bothcontradictions

So f x has no lover degreeirredfactors
HfLxlisirred

4 a R is aring with 0 I ER t i Rx R R
subfying conditions i vii in the
definitionof a ring
By l Is Is O E S

Thents ES O s S ES

By l Va b Es a l b atb ES
so the restraints to s of t is abinaryoperation
By 2 s

since 0 ES SER so thattack c es a bc ER
properties i Liv filk of being a ring hold for
S O t s s

By 3 property v holds So S is a ring QED
b s I Ens i n isevent fan n Ed
l 2 u C2nd 2 n m C S
2 2n Chun 2 L2 nm CS
3 6 2 2 6 4 4,6 6 6 6 8 8 so 15 6 QED



O
c If 1st 1 then a I Is 0

Is a Is I Is Is Is Is 0 QED

5 a subringCriterion 1 I E't is the function 1 41 1 th
l et N l thenFm n Ni 17 n1 1 17 n so 1 Itb
2 For m h Max Nf Ng
Cf g ml fCml g m f n g n Cf g n so f yC
For m h Max Nf Ng
g m fun g m fln g n Eg n so fogC8

QED

b l 1741 1 kn so 1761 1
so 41171 1

2 for min max Ny Ng f m flint floe

g m ginkglo
se f g m Hmltglml flnItgln Itg n

so ffty1 l fLm1tglm1 fLoltyCHi.eyIftg Itg lol flottgbo pHtt


