S 0 (uﬁ"ohs

Take-home midterm — Math 412

Due in class: Thursday, Oct. 24, 2019, at the beginning of class

Instructions:
e You may use your notes and the textbook.

e You cannot talk about the exam with other people. This should be your own work

entirely. (Though you can talk to me.)
e As with the assignments, please write up your solutions nicely.
e This exam has 5 questions on 3 pages.

Reminder about definitions: Unlike the textbook:

e we define a ring to have an identity element;
e we define a subring to have the same identity as the bigger ring;

e we define ring homomorphisms to bring the identity to the identity.

(1) Consider the ring R = Z/127Z.

For each unit v € R, write down u and u~*.

(a)
(b) For each zerodivisor a € R, write down a nonzero b € R such that ab = 0.
(c¢) Find all nilpotents in R.

)

(d) Find all idempotents in R.

(2) Let F be a field and let f(z) = apz" +---+ag € F[z]. The (formal) derivative of f(x)

is f'(x) € Flz] given by the formula you learn in calculus, namely
f(x) :=napz" ' 4+ (n — Dap_12" 2 + - + 2a07 + a;.
It satisfies the Leibniz rule for products (just like you learn in calculus):
(f9)' =19+ [

(You don’t need to prove this, just take it as given.)



(a) Suppose that a € F is a root of f(x) and write f(z) = (z — a)q(x). Show that
q(a) = f'(a) and conclude that when f(x) is divided by (x — a)? the remainder is
f'(a)(z — a). (Hint: what happens when you try to divide ¢(z) by (x — a)?)

(b) Suppose that r € F. Show that the remainder when f(z) is divided by (z — r)?
is f'(r)(x —7) 4+ f(r).

(3) For each field F' and polynomial f(z) € F[x] below, determine if f(z) is irreducible.

(4) The Subset-that-is-a-ring Test. Let R be a ring with respect to the binary operations
+ and -, and with additive identity 0 € R and multiplicative identity 1 € R. Suppose
S is a subset of R such that

(1) foralla,be S,a—be S,
(2) foralla,be S,a-be s,

(3) there is an element 1g € S such that for alla € S, ls-a=a=a"1g.
Note that 1g need not equal 1.

(a) Show that S is a ring. (Remark: if 1g = 1, then the above conditions were what
we called the “Subring Test” and they show that S is a subring of R; if 15 # 1,
then S is not a subring of R, but you are showing that S is still a ring.)

(b) Let R =Z/10Z and let S = {0,2,4,6,8} C R. Show that S satisfies (1), (2), and

(3) and hence is a ring.

(c¢) Let R be a ring and S C R be a subset satisfying (1), (2), and (3). Suppose also
that 1g¢ # 1. Show that, as an element of R, 1g is a zerodivisor, i.e. there is a

non-zero element a € R such that 15-a = 0.

(5) Let R be a ring and let F denote the ring of functions f : Z>; — R as defined in class.
Note that you can think of such a function as a sequence of elements in R, namely the
sequence f(1), f(2),... (usually, you'd use the notation aj, as, ... for a sequence); you

don’t have to think about it that way, but you can.



(a) Let C denote the subset of elements in F that are “eventually constant”, i.e.
C consists of the functions f : Z>; — R such that there is an N; > 0 with
f(n) = f(m) for all m,n > N;. Show that C is a subring of F. (Note that the
number Ny can depend on f.)

(b) For a function f € C, define f(co) to be the constant value that f eventually
equals (i.e. f(n) = f(oo) for all n > Ny). Define a function ¢ : C — R by

Show that ¢ is a ring homomophism.
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