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Assignment 5 — Part 1 — Math 612

Let F be a field, K/F a finite Galois extension and E/F any other finite extension
such that EN K = F (and K and E are contained in a common field). Assume
KE/F is Galois. Show that Gal(KE/F) = Gal(KE/K) x Gal(K/F).

There’s a group I somehow managed not to discuss last semester: the quaternion
group Qs. It’s the other non-abelian group of order 8 (the other being D,). I didn’t
mention it because it’s not easy to define without having first talked about the

quaternions H. With H, it’s straightforward. Recall that the quaternions are
H:={a+bi+cj+dk:a,becdeR},

where i? = j2 = k> = —1 and ij = k = —ji (so that for any permutation o of

{i,j,k}, one has o(i)o(j) = sgn(o)o(k)). Then, the quaternion group is
Qs = {*1, £i, £75, £k}.
One can also give a presentation very similar to Dy:

Qs = (ry|at =1y =2’y lay=a7")
(D4 has y* = 1 instead). Here, you can take x = i and y = j, for instance. Anyway.

(a) Show that any non-trivial subgroup of Qg contains {£1}. Conclude that Qg is

not a semi-direct product (of non-trivial subgroups; of course, Qs = Qg X 1).

(b) Show that every subgroup of Qs is normal. Even though it’s not abelian. Wild,
innit?

(c¢) In the previous question, you showed Gal(KE/F) is a semi-direct product.
But that precludes that Gal(KE/F) = Qg. So, if L/F is a Galois extension
with group Qs and K/F' is an intermediate extension that is Galois and E/F
is some other intermediate extension such that L. = K F, what is it that makes
it so that (g not being a semidirect product doesn’t contradict the conclusion

of question (1)7



