Assignment 5 — Part 1 — Math 612

(1) Suppose
0 1

0 y N 45 F0 £ 3y pl ¢ 5 ...

is an injective resolution of N. Show that for all p > 1
Exth,™(M, N) = Ext?, (M, ker ™).

(Hint: Dimension shifting.)

(2) Yoneda Ext. A concrete interpretation of Ext" (M, N) was given by Yoneda as follows
(the case of n = 1 was already known). Let M and N be R-modules (or two objects
in an abelian category which need not have enough injectives). An extension of M by

N is a short exact sequence &
0O=>N—->X—->M-—=0

(one sometimes refers to X as an extension of M by N). More generally, for a positive
integer n, an n-fold extension of M by N (or a degree N extension of M by N) is an

exact sequence &
In+1 fn fi
0—N"S5X, 5 — X —M-—0.

Let’s write this as
E:0—N— (Xo, fo) — M — 0.

Given another n-fold extension of M by N
X:0— N — (Ys,9s) — M — 0,

a morphism m : & — x is a collection of maps 7, : X — Y, making the following

diagram commute

0 y N Iy x ¢ s M > 0
| [
0 y N -2y, y Y —2 M > 0.

(a) Define a relation on the set of n-fold extensions of M by N as follows. Say ¢ is



equivalent to x, written & ~ y if there’s yet another n-fold extension
&:0—N—(X,,fl)— M —0.

and two morphisms 7 : & — & and p : £ — x. Show that this is an equivalence
relation. Hint: The tough part here is transitivity. Suppose you have yet another
extension ¢ = (Z,,he) and x ~ 1 via an extension x' = (Y], ¢.) with maps
™ x' = x and p' : Y — v, show that you can get that £ ~ v via an extension
(Z.,hl,) where Z} := X} Xy, Y/, the fibre product of X} with Y, over Y;. Recall
that the fibre product in the category of R-modules is given by

X xy Yy ={(z,y) € X, x Yy : pp(x) = m(y) }

equipped with the natural coordinate projection maps pj : X xy, Y, — X, and

T o Xp Xy, Y — Y/ as illustrated in this commutative diagram:

/ lA
X Xy, Yy

X, Y,
Yi

We will now denote the set of equivalences classes of n-fold extensions of M by N
by YExt% (M, N). We will be able to drop the ‘Y’ from the notation eventually
because, in fact, there is a group law on this set given by the so-called Baer sum
and a natural isomorphism with the abelian group Ext(M, N). In this part,
you'll prove a little bit about the group law. Suppose & and & are two n-fold

extensions of M by N. Define their Baer sum to be the extension

& 0—N— (X,,fo) — M —0,

where
Xl XM Y1 k=1

Xk = Xn Ly Yn k=n
X, Y otherwise.

Here, X, LIy Y,, denotes the fibre coproduct of X,, and Y,, over N. Recall that the



fibre coproduct in the category of R-modules lives in the diagram

X, UnY,
N
X, Yo
N

and is given explicitly by
X, UnY, = (X, ® Yn)/{(fn+1(z), —gns1(2)) 1z € N}

Now, what needs to be shown is this is well-defined independently of the choice of
representatives of the equivalence classes, but I won’t make you do that because
it sounds terrible. Instead, just show that the sequence £ ® ¢’ is indeed an n-fold

extension of M by N (i.e. that the sequence is exact).

(c) Now, let’s define a map 6 : YExt, (M, N) — Ext,(M, N) that will be the desired

natural group isomorphism. First off, let

be an injective resolution of N. Since an extension £ is an exact sequence, a
result proved in class says that there is a unique (up to homotopy) morphism
of complexes ¢ from £ to 0 - N — E*® with ¢_; = idy, i.e. a unique (up to

homotopy) collection of morphisms ¢y such that

In+1 f f1
0 » N 4 X, —2 .- » X, s M > 0
H l@o l‘pn—l l&on l‘PnJrl
0 n—2 n—1 n n+1
0 y N <5 0 ¢ ... & s pnl & s pn_°¢ , pntl ¢

1

First, show that im ¢, C ime™ !, so that ¢, induces a map B¢ : M — ime™ 1.

Now, consider the short exact sequence

1 1

0> kere” ! = E" ! 5 ime” ! =50

Apply Hompg(M, —) to this sequence and use the long exact sequence and the



result from Question (1) to show that you get a natural map
8¢ : Homg(M,ime" ") — Exth(M, N).

The map 0 is then defined by setting () := d¢(5¢). Of course, you'd now have to
show this is a well-defined group isomorphism, but this question is already long
enough. Anyway, this definition of # is a nice example of how one gets interesting

natural maps via connecting homomorphisms 9.



