
Assignment 3 – Arithmetic statistics – Math 649

(1) Random finite abelian groups. In class, we worked on determining how many multipli-

cation tables on a set of n elements are isomorphic to a given finite abelian group. In

this exercise, you’ll write out a proof of what we worked on. Let G = {g1, . . . , gn} be

a set with n elements and let · be a binary operation that makes (G, ·) into a group.

Given a bijection σ : G→ G, define a new binary operation ∗σ on G by

gi ∗σ gj = σ(σ−1(gi) · σ−1(gj)).

(a) Show that (G, ∗σ) is a group isomorphic to (G, ·).

(b) Show that if (G,,) is isomorphic to (G, ·), then there is a bijection σ : G → G

such that , = ∗σ.

(c) Show that the group SG of bijections from G to itself acts (transitively) on the set

of binary operations that make G into a group isomorphic to (G, ·). (In particular,

determine whether this is a left or right action.)

(d) Show that the stabilizer of (G, ·) with respect this action of SG is Aut((G, ·)).

(e) Conclude that the number of multiplication tables (i.e. binary operations) for G

that are isomorphic to (G, ·) is n!/# Aut((G, ·)).

(2) Some Cohen–Lenstra predictions. Recall that in class, we discussed Corollary 5.5

of Cohen–Lenstra’s article Heuristics of class groups of number fields and its use in

determining predictions for statistics of class groups. Some other useful identities

include (in the notation of that article)

(i) for a prime p, ∑
e≥0

w∞(pe)

pes
=
∏
j≥1

(
1− p−(s+j)

)−1
,

(ii) for a fixed finite abelian group H, with #H = m, and n ∈ Z≥1,∑
#G=n

#{G1 ≤ G : G1
∼= H}w∞(G) = w∞(n/m)w∞(H),

(iii) ζ(s)− 1

s
in analytic on <(s) ≥ 0.

(a) Determine the Cohen–Lenstra prediction for the probability that a given odd

prime ` divides the class number of a real quadratic field.
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(b) In this question, we’ll ask not about a probability, but an average value of a

function. Fix an odd integer m ≥ 1. Show that Cohen and Lenstra predict that

the average number of elements of the class group of an imaginary quadratic field

of order exactly m is 1.

(c) For real quadratic fields K, show that Cohen and Lenstra predict that the average

number of elements of the class group of K of order exactly m is 1/m (for a fixed

odd integer m ≥ 1).
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