Assignment 2 — Parts 1, 2, & 3 — Math 661

(1) Some pure fields.

(2)

(a) Let p be an odd prime such that p? 1 2P~ —1. Let o = 27 € R and let K = Q(«).
Show that
A(K) = (=1)PD/2ppor-1
and
Ok = Z[2"/7).
(Hint: look at what we did in class for p = 3.)
(b) Let p be an odd prime, let & = p'/? € R, and let K = Q(a). Show that
A(K) = (=1)P=D/2p20=1 and O = Z[p'/7].

As mentioned in class Theorem 4.26 of Narkiewicz says: Suppose Ki, Ky are two
number fields of degree ny, ny with relatively prime discriminants. If aq,...,a,, is an
integral basis of K; and i, ..., By, is an integral basis of K, then {a;;} is an integral
basis of KK, and

A(K ) = A(KL )™ A(K)™

Use this to help you do the following.

(a) Let p,q be distinct odd primes that are not both congruent to 3 (mod 4). Find
the discriminant and an integral basis of K = Q(,/p, /q).

(b) Find the discriminant and an integral basis of K = Q(+v/2,(s) (where (5 = ¢>™/%).
In class, we covered a very concrete definition of the discriminant of a number field.
This exercise lays the foundation for a more conceptual definition. Let A be an integral
domain with field of fractions F' and let M be a free A-module of finite rank r (i.e. A
has a basis of r elements). A bilinear form on M (or an F-valued pairing on M) is a

map
V:MxM—F

that is A-linear in each variable, i.e. ¢ is such that for all m,m',n,n’ € M and a € A

e Y(am +m',n) = ap(m,n) + Y(m',n),
e Y(m,an+n') =a(m,n) + (m,n’).

A bilinear form 1 is called symmetric if for all m,n € M
¥(m,n) =P(n,m).
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Let B = {e1,...,e,} be a basis of M (as an A-module). The Gram matriz of ¢ with

respect to B, denoted [¢]g, is the r X r-matrix whose (i, j)-entry is 1(e;, e;).

(a)

For m € M, let [m]s denote its coefficient vector with respect to B, i.e. the column
vector .
[m]s = (a1, ...,a,)" € A" such that m = Zaiei.
i=1

Show that for all m,n € M,

(So that the Gram matrix of v represents i) much in the same way one can

represent a linear transformation by a matrix.)

Conversely, given an r X r-matrix G with entries in F', show that there is a bilinear
form ¢ such that G is the Gram matrix of ) with respect to B.

Suppose B’ = {€],..., e} is another basis and let g € GL,.(A) be its change of

basis matrix so that

Show that for all m € M,
[m]s = g[m]s

and hence that
[Ws = g" [¥]sg.

The determinant of 1) (or of M if 1) is understood) is defined to be the determinant
of the Gram matrix of ¢ with respect to some basis. Show that the determinant
is well-defined up to multiplication by the square of a unit in A, i.e. det(M) €
F/(A*)%. (Hint: use the previous part.)

Recall that if K/F is a finite, separable extension of degree r, then there are
exactly r distinct F-embeddings o, : K — F. For a € K, recall that its trace is
given by

r

trie/p(e) = Y oia).

i=1

Show that the map Tx/r : K X K — I given by

Ty r(a, B) = trgyr(aB)



is a symmetric, bilinear form on K.

(4) Let K/Q be a number field of degree n and let oy,...,0, be the n embeddings of
K into Q (or C if you'd like). For ai,...,a,, let M be the n x n matrix whose
(¢,7)-entry o;(c;). We defined in class A(a, ..., a,) := det(M)? We also used the

notation A(aq,...,a,) for the Z-submodule of K generated by ay, ..., .

(a) Suppose aq,...,q, is a basis of A = A(aq,...,a,). With the notation of Ques-
tion (3) (with A =Z and F' = Q), let T)\ denote the restriction of the trace form
Tk/q to A x A. Show that MT M is the Gram matrix of T}.

(b) Conclude that A(ay, ..., ay) is the determinant of T, and hence that A(K) = det(Tp,, ).
et e an Integral domain and let e 1ts field of fractions
(5) Let Ab integral domain and let F' be its field of fracti

(a) Let M be an A-submodule of F. It is called invertible if there is an A-submodule
N of F such that MN = A. We showed in class that if M N = A, then

N=(A:M)={fe€F:5MC A}

(In class, we stated this for fractional ideals, but the proof in no way needed that).
Show that if M is invertible, then it is a finitely-generated A-module, and hence
a fractional ideal of A. (Hint: since M(A : M) = A, there are finitely many
elements m; € M and n; € (A : M) such that

r
i=1

Show that my, ..., m, generates M as an A-module.)

(b) Conclude that if I is an invertible fractional ideal of A, then (A : I) is also a

fractional ideal.

(6) Let A =Z[\/=5]. Let p; := (2,1++/=5) and let py := (2,1 —+/=5). In Assignment 1,
Question (2b), you showed that pips = (2).
(a) Show that, in fact, p; = po, so that (2) = p?.
(b) Let q; := (3,14 v/=5) and let g := (3,1 — v/=5). Show that q.q2 = (3).
(c) Show that each of py,qi, and g2 are prime ideals. (Hint: think about the norm
function.)

(d) Use the factorization 6 = 2 - 3, to factor 6Z[v/—5] into prime ideals.



