
Problem set 3 – Math 699 – Algebraic number theory

(1) Show that every UFD is integrally closed. (Hint: show that if f is a monic poly-

nomial over a UFD A, then any root of f in the fraction field of A is actually in

A)

(2) Let L/K be a finite separable extension of fields of degree n. Show that there are

exactly n K-linear embeddings of L into an algebraic closure K of K. (Hint: write

L = K(α) and let f be the minimal polynomial of α over K. Under a K-linear

embedding of L into K, α must go to a root of f .)

(3) Let L/K be a finite extension of fields of degree n. For α ∈ L, let mα : L→ L be the

“multiplication by α” map a 7→ αa. Note that it is a linear transformation of the

n-dimensional K-vector space L. Define the trace of α to be trL/K(α) := tr(mα),

the norm of α to be NL/K(α) := det(mα), and the characteristic polynomial of α

to be charα(x) := det(xI −mα) ∈ K[x].

(a) Show that these are group homomorphisms trL/K : L→ K and NL/K : L× →
K×.

(b) If L/K is separable, and σ1, . . . , σn denote the n K-linear embeddings of L

into K, show that

trL/K(α) =
n∑
i=1

σi(α), NL/K(α) =
n∏
i=1

σi(α)

and

charα(x) =
n∏
i=1

(x− σi(α)).

(4) Consider Rn with the standard inner product 〈 , 〉, and let v1, . . . , vn be n linearly

independent (column) vectors in Rn. Let A be the matrix whose columns are

v1, . . . , vn.

(a) Explain why the volume of the parallelotope (higher-dimensional parallelo-

gram) generated by the vi is | detA|.

(b) Let B be the Gram matrix of the vi, i.e. the matrix whose (i, j)-entry is 〈vi, vj〉.
Show that the above volume is

√
| detB|. (Hint: what is ATA?)

(5) Let α = a + bi and β = c + di be two complex numbers and consider the rank 2

lattice 〈α, β〉 ⊆ C generated by them (ugh, the notation for a lattice generated by



two elements is the same as for the inner product of two elements. When did this

happen?). Show that ∣∣∣∣∣ a+ bi c+ di

a− bi c− di

∣∣∣∣∣
2

.

is −4 times the square of the area of the fundamental parallelogram of this lattice.

Hence, as far as measuring area of rank 2 lattices in C, we can use the above

invariant instead of the area.

(6) (Vandermonde determinant) Show that∣∣∣∣∣∣∣∣∣∣
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(αj − αi).


